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Laguerre-Freud Equations Associated with the H,;-Semiclassical
Forms of Class One

Mohamed Zaatra®
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Abstract. We give the system of Laguerre-Freud equations for the recurrence coefficients B,,, V41,1 = 0 of
orthogonal polynomials with respect to a H;-semiclassical form (linear functional) of class one. The system
is solved in the case when g, = t,_1 — t, and Y1 = —t2 with t, # 0,n > 0 and t_4 = 0. There are essentially
three canonical cases.

1. Introduction and preliminary results

Let L to be a lowering operator, that is, a linear operator that decreases in one unit the degree of a
polynomial and such that L(1) = 0. Among such lowering operators, we mention the derivative operator
D, the difference operator D, and the Hahn operator H;. The concept of L-semiclassical orthogonal
polynomials {S,},>0 of class s > 0 were extensively studied by Maroni and coworkers for L € {D, D,,, H;}
through the following distributional equation satisfied by the regular form v (linear functional) associated
with a such sequence:

L(Pv)+Wv=0,

where @ is a monic polynomial and W a polynomial with degW > 1. For L € {D, Dy, H;}, L-semiclassical
of class zero are usually called L-classical and are completely described in [1,8,13]. For L € {D, D}, the
system satisfied by the coefficients of the recurrence relation of L-semiclassical orthogonal sequences of class
one are established in [2,10]. So, the aim of this paper is twofold. First, to establish the Laguerre-Freud
equations corresponding to L-semiclassical orthogonal sequences of class one in the general case when
L = H;. Secondly, to solve the system in a special nonsymmetrical case (since the symmetric case is treated
in [5]). Indeed, we exhaustively describe the family of H;-semiclassical sequences {S,},0 of class s = 1,
verifying the following three-term recurrence relation:

Sea(®) = (¥ = (tn — tns1))Sea () + £28,(x), 120,
Si(x) =x+1to, So(x) =1,

with t, # 0, n > 0. This family have been the subject of some works: for instance, Maroni [14, 15]
characterized such sequences by a particular quadratic decomposition and by a perturbation of a symmetric
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form. see also [7,11].

The structure of the manuscript is as follows. The first section is devoted to the preliminary results and
notations used in the sequel. In the second section, the system of Laguerre-Freud equations is built. In the
third section, first we give some properties of the sequence {S,},»0. Specially, we focus our attention on the
case when it is H;-semiclassical of class one. Second, using these proprieties and the system, we obtain all
the sequences which we look for. Finally, we show that there are essentially three canonical cases.

Let P be the vector space of polynomials with complex coefficients and let £’ be its dual. The elements
of P will be called either form or linear functional. We denote by (v, f) the action of v € £’ on f € P. For
n >0, (v), = (v, x") are the moments of v. In particular a form v is called symmetric if all of its moments of
odd order are zero [3].

We define in the space #’ the derivative v of the form v by (v/, f) := — (v, f’), the left multiplication by a
polynomial hv by (hv, f) := (v, hf), the shifted form h,v, by (h,v, f) := (v, h,f) = (v, f(ax)), the Dirac form at
origin 6y by (b, f) := f(0) and the inverse multiplication by a polynomial of degree one (x — ¢)~!, through

f() f(

<(x - c)‘lv,f> := (v, 0.f) with (Gcf)(x , feP ceC.

Let us recall that a form v is said to be regular (quasi-definite) if there exists a sequence {S,},>0 of
polynomials with deg S, = 1, n > 0, such that

(©,5,5m) = 1Opm , 1#0, n>0. 1)

We can always assume that each S, is monic, i.e. S,(x) = x"+ lower degree terms. Then the sequence {S,},>0
is said to be orthogonal with respect to v (monic orthogonal polynomial sequence (MOPS) in short). It is a
very well-known fact that the sequence {S,},>0 satisfies a three-term recurrence relation (see, for instance,
the monograph by Chihara [3])

Spe2(x) = (x = Pus1)Sns1(X) = Ypr1Su(x), n20,

Si(x)=x—Bo, So(x) =1, (2)

with (‘Bn, )/,,H) €eCx(C-{0}) , n=0. By convention we set yo = (v)o.
The form v is said to be normalized if (v)g = 1. In this paper, we suppose that any form will be normalized.
Let us introduce the g—derivative operator [6]

flax) - f(x)

(Hyf)(x) = e ,x#0, (Hf)0) =f(0), feP, qeC,

where € :=C - ({0} U ( U{z eC, Z'= l})) . When g — 1, we meet again the derivative D.
n>0

By duality, we can define H; from #’ to #’ such that
(Hpo, f)=—(0,Hyf) ,feP vefP .
In particular, this yields (H;0), = ~[]4(0)s-1 ,n > 0 with (v)_1 = 0and [n], := =L, n>0.

T
Forv € " and f, g € P, we have the following results [5, 8, 9]

Hq(fv) = (htflf)qu + q_l(Hq’lf)v ’ 3)

Hy(f9)(x) = (hy ) (x)(Hy9)(x) + g(x)(Hy f)(x) , (4)
quhq—l = q_lqul , nP. (5)
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Now, let us recall some features about the H;-semiclassical character [5,9].

DeriniTION 1.1. A form v is said to be Hy-semiclassical when it is reqular and there exist two polynomials ® (monic)
and ¥, deg(®) =t > 0, deg(V¥) = p > 1, such that

Hq(CDU) +Wo=0. (6)

The corresponding MOPS {S,},,>¢ is said to be H;-semiclassical.

ProrosritioN 1.2. The Hy-semiclassical form v satisfying (6) is said to be of class s = max(t — 2,p — 1) if and only if
the following condition is satisfied

H {lahgW(c) + (H@)(©)] + [0, (000D + g0, W)]} £ 0, (7)
ceZo

where Lo is the set of roots of O.
The H;-semiclassical character of a form is kept by shifting. Indeed, the shifted form = h,1v, a € C—{0}

is also H;-semiclassical having the same class as that v and fulfilling the equation
H,(®5) +¥5 =0,
where
D(x) = a'D(ax) , P(x) = a ' W(ax) .

The sequence {S1}us0, where S,(x) = a™"S,(ax), n > 0 is orthogonal with respect to 9. The recurrence
coefficients are given by

~ ﬁn - Vn+l
ﬁn:7/ Vn+1=a—2,n20‘

The next result [5] characterizes the elements of the functional equation satisfied by any symmetric H,-
semiclassical form.

ProrositioN 1.3. Let v be a symmetric Hy-semiclassical form of class s satisfying (6). The following statements hold.
(i) When s is odd then ® is odd and \V is even.
(ii) When s is even then @ is even and W is odd.

2. The Laguerre-Freud equations

In this section we will establish the non-linear system satisfied by f, and y,, simply by using the
functional equation.

In the sequel we assume that {S,},5, is a H,-semiclassical sequence of class one verifying (2) and its
corresponding form v satisfying (6) with

D(x) = 33 + cx® +c1x + co Y(x) = x> +ax+ag, ezl +la] #0. (8)
Let us define forn > 0
L ji(q) = (0, xS, (x)Su(g %)) , 0 < k<2,
Juk(@) = (0, X*Su()Sp1(g7'x)) , 0 <k < 2,
Ko@) = (0,2 H(Su()Su(q7'9)) () , 0 <k < 3,
Luk(9) = 0,3 Hy(Sunr (47 9)Sa(9)) @), 0 <k <3.

Lemma 2.1. For n > 0, we have the following results:
a2l2(q) + arln1(q) + aolno(q) — c3Kin3(q) — c2Kin2(9) = c1Ki1(q) = coKio(q) = 0, (10)
2Jn2(q) + a1]n1(q) + a0]n,0(q) — c3Ln3(q) — c2Ln2(q) — c1Ln,1(9) — coLno(q) = 0 . (11)
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Proof. By (6), we get (H,(®v) + Vo, Su(¥)Su(q71x)) = 0, n > 0 it is equivalent to

(W0, S,(x)Su(q7%)) = (D0, Hy(Su(E)Su(g'8))(x)) =0, n >0,

then from (8) and (9), we can deduce (10).
We have (Hy(®v) + Wv, 5,(x)Sy1(77'x)) = 0, n > 0, then

(W0, $,(x)Sns1(7 %)) = (P, Hy(Su(E)Suna (7' 8))x)) =0, n 20,
it follows (11). O

In order to determine {I,, x(9)}n=0, {Jnx(@)}nz0, {Kik(9)}nz0 and {L x(9)}n=0, we need the following results:
LemwMma 2.2. We have the following formulas:

(@1 =Po,
@2 =71+,
(©)s = B3+ (2Bo + By .
(©)a = (y1+y2+265 + (Bo + f1)*}y1 + B -
Lemma 2.3. [10] Let {xp}us0 with x, # 0, n = 0, {yx}uso two sequences and {z,},>0 the sequence satisfying the

recurrence relation:
Zn4l = XnZpn t Yn, N >0, zp=a€eC-{0}.

We have
n k

n
o= Tsfo 330
k=0 k=0

xv)_lyk), n>0.
0

y=

LEmMA 2.4. For n > 0 we have

(0,%"18,,(x)) = (Z ), 53. (12)
v=0
n n n-1 n -1
@228, = (Y e+ Y B+ Y B Y BefosD, Y =0, (13)
v=0 v=0 v=0  k=v+l 0
n v+1 n v n n-1 n k
@8, = (Y Y Bt Y B Y v+ Y B Y B Y By Bio S (14)
v=0 k=0 v=0 k=0 v=0 v=0 k=v+1 i=v

Proof. From the orthogonality of {S,},>0 and (2), we get respectively for n > 0
<U/ xﬂ+25n+1(x)> = 7/71+1<vl xn+1sn(x)> + ,Bn+1<vl Si+1>/
(0, X351 (%)) = Vi1 (0, X" 25,(X)) + Puar (v, X" 28,41(0)) + (0, S2,,),

and (0, X""8,11(x)) = Y10, X738, (X)) + 1 (0, X3S ,11.(X)) + (0, X4 S,040(2)).

Thus, from the Lemma 2.3, we can deduce respectively (12), (13) and (14). O
Lemwma 2.5. We have

Snaa(x) = X3 + dypx™? ey X+ X+ .., n>0,

1
Sy(x) =x*> +dix+ep, Si(x) =x+dy, (15)

with forn >0

dy =- Zn: ﬁv ’ (16)
v=0
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n+1

w=-Trar B $a, a7)
v=0 k=v+1
n+2 n+1 n+1 n+2
fu= ZymZﬁk+2ﬁv2yk+1—2ﬁv25k2ﬁz. (18)
v=0 k=v+2 v=0 k=v+1 k=v+1  i=k+1

Proof. The relations (16) and (17) are well known (see [3]).
According to the orthogonality of {S,},>¢ with respect to v, by the relation (15) it follows that

Ful0, X"8,(x0)) = —(0, X"35,(%)) = dy12(0, X725, (%)) = ensa (0, XS, (%)), 120,
then using (12) — (14) and (16) — (17), we obtain (18). O
Lemwma 2.6. We have

Lo(@) =4 v, 85) , n=20, (19)
n-1

i@ = q"{pa+ (=) ) B0, 82, n>0, (20)
v=0

LIop(@) = y1 + 65, (21)

Ina(@) = B2+ yu+ yun + (1 =)0 + q)ZVm +ﬁn25v

+(1—q)z(;ﬁv+1Z‘Bk+Zﬁ§] ©,82, n>1, =
Juolg) =471 = Q)(ZO‘BV)@, $),n>0, (23)
Joa@ = g7y + (1 = g)[(1 + ) i Yve1 + Z B
+(1—q)ZOﬁV+1Zﬁk] ©,8%, 120, -
Jn2@) = (B + Bust)yner + (1= )| kZa e+ (1—q) g Brs1 vz:‘ﬁ%
+1-9) i B Zk, pu+ 2 Ven Zk, pu+ i Vit (@ + DBt
HL+)B) + (1 - g)? Zﬁm I:Z;ﬁm Y b+ =g >"Zi Bint Z Yus ~
~ nzlymZﬁ Jo, 82, n>0,
Kuolg) =0, n20, (26)
Kua(@) = (" + DInly(v,S3) , n 20, (27)

n—1
Koo(@) = {1+ g™)nlgn + @7 +47) ) Beféw, 82, n20, (28)
k=0
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Koas(q) =0, (29)
Kua(@) = {(@" + Dnlyn + yus1) + (L + Q)" +4"2) Z_j‘ Pvrt
+q 7" 2n]gB2 + (@7 + 4" ) (B Z_; By + HZ_;/%%) (30)
+Hq -1 - fi‘”)niiﬁv Z‘Z ffo,S2), n>1,
Luo(@) = " [n+11,(0, S3) nv_zo 0 ’k=v+1 (31)
Lua(q) = g7 ZO B, 2y, n>0, (32)
Loa(9) = ' (B +_71) , (33)

n-1 n
Luo(@) = g 20+ gywa + A+ 9) Y yva + ) B
v=0

n—1 v v=0 (34)
H1=0)) ot Y Bio,S2y, n21,
v=0 k=0
Los(g) = q_1<7/1(,31 +2fo) + ,33) p (35)

n

Ln,S(q) = q_n_1{7n+1([2n + 1]qﬁn+1 + [2n]qﬁn +(1+ 172") Z ﬁv)

v=0
n—1 n n—2 n-1

+(q +2) Z 7/v+1(,8v+1 + ,BV) + Z ,83 +(1- qz)( Z By Vi+1

- v=0 . n‘i:20 o . v=0  k=v+1 (36)
Yy Y B)HA—? Y B Y B Y B

v=0 nk_=1v+2 , n_1v=0 I;:v+1 i=k+1
=g Y B Y e+ Y B Y 0,5y, n=1.

v=0 k=0 v=0 k=0

Proof. From the orthogonality of {S,},>0, we can deduce (19). We have Iy1(7) = (v);. Thus, from the Lemma
2.2, we get

Toi(q) = po - (37)

For n > 0, by (2) we have
Lis1.1(9) = 0, {Su42(X) + Br+1Sns1(X) + V150 (X)}Sns1(g %)) -

By the orthogonality of {S,},»0, we can deduce that

Lis11(q) = 7" Bu1€v, S2, ) + Yus1Juo(q) , 20 (38)
On other hand from (2) and the orthogonality of {S,},0, we have

Jno@) = 7 n1(q) = 7" Bu0, S3) , n2 0.

By virtue of the last equation, (38) can be written

Liv11(q) = yue1lni (@) + 47 Bust — Bu){v, S2,1) , n > 0.
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Consequently, from the Lemma 2.3 and (37), we can deduce (20).
We remark that by (20) and (38), we obtain (23).

We have Ij»(9) = (v)2, from Lemma 2.2, we obtain (21).

For n > 0, by (2), we can write

Lus12(q) = €0, X{(Sp42(x) + Bus1Sns1 () + Vus1Su (N Sus1(g7'%)) , n 0.

Taking the orthogonality of {S,},s0 into account, we obtain

Liv12(9) = 47" X0, S2,,) + Busrilus11(q) + Vur1Jua(q) , n2 0.
We can write Jo1(9) = ¢~ (v)2 — Bo(v)1, by the Lemma 2.2, we obtain

Joa(q) =g Hy1 + (1 —q)B3}.
Making n = 0 in (39), by (20) and (40), it follows that

Lp@) =g 'yl + 72+ B2+ (1= Bo(Bo + B1)} -
When 7 > 1, by (2) and the orthogonality of {S,}.>0, we get

Jn1 (@) = 47 1n2(@) = Pulna(@) — ' "yu(v, S3) -

From (20), we can deduce that

n-1
Joa@ = 7 L2 (@) = 7 aqyn + B+ A=) ) B0, S0, n=1.
v=0

By virtue of (42), (39) becomes

In+1,2(ﬂ) = q_lymlln,l(Q) + q_”_l{ymz + ﬁiﬂ - qz%z - qﬁ%z
n n—1
(1= B ) Br =L =By Y BKO,S2), n21.
v=0 v=0

Using (41) and the Lemma 2.3, we can deduce (22).
We can remark that by the relation (22), (40) and (42), we have (24).
We have Jy2(9) = 71(0)3 — Bo(v)2, from Lemma 2.2, we get

Jo2(9) = 7 H(Bo + B1)y1 + (1 — 9)Bo(y1 + B3)} -
When n > 0, from (2) we have
Ji1.2@) = (0, %(Sns2(2) + Brs1Sua (%) + Vus1 Su@)H(@ 2% = Bus1)Sr1 (71)
_7/n+15n(q_1x)}> .
By the orthogonality of {S,},»0, we can deduce that for n > 0

Ju12(@) = 47 Wit n2@) + 47 Burlusr2(9) = B2 Lus11() — V2, Lnn (@)
_ﬁn+1yn+1]n,1 (17) - q_n_l,gn+1(qyn+1 + Vn+2)(71, Sfl+2>
+t1_1<0, x25n+2(x)5n+1(q_1x)> .

Taking into account (2), we obtain

7' xS041(07'%) = Sns2(q7%) + Brus1Sna1(§7IX) + Yur1Su(@'x), n > 0.

6775

(39)

(40)

(41)

(42)

(43)

(44)



M. Zaatra / Filomat 32:19 (2018), 6769-6787 6776

Then, from the last equation and (44), we get

]n+1,2(q) = q_lyn+1]rz,2(Q) + q_lﬁn+lln+l,2(Q) + In+2,1 (Q) - ﬁi.ﬂbﬂl,l(ﬂ)
=12 D1 @) = Bus1VnirJui@) = " Busryns1 v, S2,) , 120

Consequently, from the Lemma 2.3, (20), (22), (24) and (43), we can deduce (25).
The relation (26) can be obtained directly from the definition of K,,(g).
When k > 1,n > 0, we have

4 Su®)Saqx) - Su(x)Su(q'x)
(g-1x

- L k-1 _L k-1 -1
= q_1<v,x S5n(¥)Sn(gx)) q_1<v,x Su(*)Sn(q™ x))

Ko i(q) (v,

)

1 1
= qjln,k—l(‘p P wke1@h)

Which give Ky, x(9), 1 < k < 3 from (19) — (22).
On the other hand, we have

Sn+1(x)Sn(gx) = Su(x)Sps1(q %)

Lio(q) = (o, CESI: )
N S5u(qx) = Su(x) Sn+1(x) — Spe1(x)
= (o, S”H(x)(q——l)ac) +(o, S"(x)(q——l)x>

= ¢""n+1],0,S3),

L@ = q_%w,sm(x)sn(qx»—q%lw,sn(x)sm(q‘lx»
= -7l

Lo = q%lw, 1 (5:(0) ~ - 10,35, (95147 0)
- oS- 0,

Lis@) = q%l@,szm(x)sn(qx»—q%l<v,x2sn(x>sn+l<q1x)>
- - (0, 51 (WS (g) - q%l 2@ -

But, from (2) we have

<U/ X2Sn+1 (x)sn(qx» = <Ur x{Sn+2(x) + ﬁn+1sn+l(x) + Vn+15n(x)}sn(qx)>
= (0, XSp42(%)5n(g%)) + Br+1(0, X541 (%) (g%)) + V1€V, X54(x) S0 (9%))
= qnﬁn+17/n+1<vz S%> + Vn+1In,1(q) ’
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which implies
n

Lia@) = g Brauns(®, 5D + g 7ethia @) - o)
Hence, we can deduce the de51red results (31) — (36) from (20) and (23) - (25). O
The following is the main result of this section.
ProrositioN 2.7. We have the following system
a1 =-Y(Bo) , (45)

n-2

(a2 = [20143)(n + Vi) = (L + Q)1 + 2 2)C3ZVV+1 = —W(B)

n-1
HL+ 7)) (05,9)8) + (L - {1 -4 2)63Zﬁv Z i »
v=0 . 1v 0 k=v+1

n-2
~(1+q)a Z Yot = (1= ) Z Bran Z B - Z B.(05,%)(8))
v=0

([Zn],7 ( + P 1)n)c3ﬁn ( 2n], — (1 + g2 1) )(czﬁn +c1), n>1,

S Vne1 — 1+ q)Cz Z Vv+l — q + 2)c3 Z Vv+1(ﬁv + ﬁv+1) = Z q)(ﬁv
v=0

v

n—-1
1 - 07) C2 Z ,Bv+1 ﬁk + (1 + 4)C3 Z ,Bv Z Vi+1
k=0

v v= O k= v+1
+<1+q>c32ym Y ﬁk+(1—‘1)5325v Z 6y ﬁﬁ%ZlMZﬁk
V= 0 k= v+2 v=0 k v+1 i=k+1 vnol 1lf:O

+03;ﬁv+12ﬁk Zﬁv‘y(ﬁv)—(1+q)a12yv+1—(1 q)algﬁv )b
-, 2 Brayun — (L + s Z Vet By + Bren) = a2 Z Yort 2 P
-(1- )ﬂzZﬁmZﬁk (1- q)anZOﬁMZﬁk—u q%a{éﬁMZM
+°a Z yrn Z B = (1 - 4Vaz 2 Bt Z P Zk] B

=R e =M~

-2

+([n+1]q—n—1)c0,n20, Z=O,

0

(47)

with forn >0

En = (a2 - [Zn]qC3)(ﬁn + Bus1) + a1 — qznﬁn+1c3 —[2n+ 1]qC2 -1+ 072”)63 Z By -
v=0

Proof. Making n = 0 in (10) and taking the relations (19) — (21) and (26) — (29) into account, we can deduce
(45).
Let n > 1, by virtue of the relations (19) — (21), (26) — (28) and (30), the equation (10) becomes

n-2

(ﬂz - [Zn]qc3)(yn + )/n+1) - (1 + 4)(1 + an—Z)CB Z Vv+l = _025121 - ﬂlﬁn —ap + [271]11‘:35%
v=0
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+(1+ 7 e Zﬁ (Bu + Bo) + 201402 + (L + 7" Vez Z B

v=0
n-2 n-1 n-2
+(@2nlger + A= I@ 2 =Des Y Bo Y Be—(1+9a2 Y yunr
v=0 k=v+1 v=0
n-1 n-2 v n—1
—a2 ) BolBu+ B = (L= a2 ) Pra ) fe—am )Pl
v=0 v=0 k=0 v=0

But, (05, ®)(B) = ca(B2 + Bub + B2) + ca(Bu + Bu) + c1 and (05, )(B.) = ax(B + B) + a1
Then, we can deduce (46).

Let n = 0in (11), by virtue of (23) — (25), (31) — (33) and (35), we get (47) for n = 0.
Where 1 > 1, on account of (23) — (25), (31) — (32), (34) and (36), (11) becomes

{(a2 — [zn]qc3)(ﬁn + ﬁn+1) +a; — qzn_lﬁml% —[2n+ 1]qc2 -1+ (12”)03 Z ﬁv}%m
v=0

n—1 n—1 n n n
—A+ )y =@+ Y Bt ) = ) B ) fira) B
v=0 v=0 v=0 v=0 v=0

v-1 n-2 n—-1
Fq T+ e+ (L= Y B Y Pt (L+a)cs Y Bu Y Vhon

v=1 k=0 v=0 k=v+1

=

14

n n—1
1+¢7)Csz7/v+12ﬁk+(1— )C3Zﬁv2ﬁk2ﬁi+632ﬁ5+l B
k=0

k=v+2 v=0 k=v+1 i=k+1 v=0

4

1
+C32,3v+12[3k—LIOZﬁv—(lJrq)ﬂlZ)/wl —ﬂlzﬁv—(l L])ﬂl Bv ) Pk
v=0 k:

=0

n—-1 n—-1 n

- Z Bv+1Yv+1 — (1 + q)az Z Vos1(By + Bra1) — a2 Z B —a Z Vsl y Br
k=0

v=0 v=0 v=0

- (1 -9 Z Bv+1 Z B — (1 —q)a Z [ Z B — (1 - gHa, Z ,Bv+1 Vsl
v=0 v=0 k=0
v-1 k
—q’a Z Vv Z B —(1-q)a Z Pr+1 Z Bre1 Z Bi}-
v=0 k=0 v=0 k=0 i

i=0

Here, we can deduce (47) forn >1. O

Remark 1. If g — 1in (45) — (47), we obtain the result given in [2].

3. H,-semiclassical forms of class one: specially case

From now on, let v be a H;-semiclassical form of class s, = 1 satisfying (6) and its corresponding MOPS
{S,}uso fulfils

Sua () = (x = (b = £a41))Swi1 () + £S,(x), 120, )
S1x)=x+to, So(x) =1,

witht, #0, n > 0.
The next Lemma will play an important role in the sequel.
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Lemma 3.1. [15] The following statements are equivalents:

(a) The MOPS {S,,},.>0 satisfying (48).

(b) (V)2n+2 =0, n > 0 and the form xv is reqular.

(c) There exists a reqular symmetric form u such that v = (v)1x ™ u + 8.

ReMmaRrk 2. The form v is quasi-antisymmetric (i.e (v)2,+2 = 0,1 > 0). For more information about these
forms see [12,15].

3.1. Class and functional equation of the form u = (v);'xv

In the sequel our aim is to characterize the structure of the polynomial elements of the functional
equation (6) satisfied by the form v which its corresponding MOPS (S, },»o fulfils (48). This is possible
through the study of the H;-semiclassical character of the symmetric form u define by

Au=xv, A=) #0.
Consequently, according to [4], the form u is regular if and only if
S,(00#0,n>0.
Now, multiplying equation (6) by 472x? and on account of (3), we obtain

Hy(Eu)+Fu =0, (49)
with

E(x) = x®(x), F(x) =g 2x¥(x)—q 1+ Hdx) . (50)
Tueorem 3.2. The form u is Hy-semiclassical of class s, satisfying

Hy(Ew)+Fu=0. (51)

Moreover,

(@) If ©(0) # O, then
E(x) =E(x), F(x)=F(x),

and s, = 2.
(b) If ®(0) = 0 and W(0) # 0, then
E@) =), F@)=q"(¥-6D)x),
and s, = 1.
(c) If (0) = 0 and W (0) = 0, then
E(x) = (60®)(x), F(x) = (OW)(x),

and s, = 0.
For the proof, we need the following lemma.
Lemma 3.3. (i) For all root ¢ of @, we have

2 -1
(1, 0(qF + 0. E) = S (0, 0(g¥ + 0.9)) = “—((H,®) + (1, V)©), 2)

((HyB) + 901 ) )() = 47" o (H; @) + q(hy ) () - (53)
(ii) The class of the form u depends only the root x = 0 of E.
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Proof. (i) Let c be a root of ®. Then we can write
E(x) = x(x — ¢)(6.D)(x) . (54)
Using the definition of the operator 6., it is easy to prove that, for f ,g € £, we have
(0:(£9))®) = (0 f))g(x) + F(©)(Ocg)(x) - (55)
From (50) and (54), we have

(1, 00.E) = 720, 0((©2)0)
Taking f(x) = x and g(x) = D.(x) in (55), we obtain

(x0, Ocg(£Dc) () = 247(V, 0y D) + (1 + 9)(0, D) + (0, D) — cq(H,P)(c) ,
since x = (x — ¢) + ¢ = (x — ¢q) + ¢q. Therefore,

g (1+q)c
(u, 0,6.E) = T(vr 00.P) + 1

Proceeding as in (56), we can easily prove that

1 c
@) + ~(0,@) = LHD)E) (56)

(u,q0F) = CZ%(U, Ocg W) + 34, (7% + W) = (1 + ) §(v, Oy @)
1+

1 (0, ®) — (1, W)(0) + 2L (h,D)(c) .
Adding (56) and (57), we get

(57)

(14, 0 (OE + GF)) = S0, 20,0.D + 0, W) + L0, (6, — 6,,)D)
+1{—cq(H,®)(0) + (1 + ) (B ®)(©)} — £ (11, W)(©)
+3(0, =71 D(x) + (7% + ) P(x)) .

This yields (52), since
(hy@)(c) = (g — De(HyD)(c), (6c — Ocg)® = —(g — 1)c040,P, and
(0, =71 D(x) + (7 x + )W (x)) = (Hy(Pv) + Wo,q 'x +¢) = 0.
Next, it is easy to find (53) from (50).
(ii) Let c be a root of E such that ¢ # 0. According to (50) we get ®(c) = 0. We suppose (q(th)+(HqE))(c) =0.
According to (53), we obtain
((H,®) + q(h¥))(c) = 0,

and
2

(it, 0y (0.E + qF)) = %(v, Ocg(0D + qW)) # 0,
since v is H,-semi-classical and so satisfies (7). Therefore, equation (49) is not simplified by x—cforc # 0. [J
Proof. (of Theorem 3.2) We may write ((HqE) + q(th))(O) = —q~1®(0).

(a) If ®(0) # 0, then ((HqE) + q(th))(O) # 0. Thus, equation (51) cannot be simplified and so the form u is of
class
su = max ( deg(E) — 2, deg(F) — 1) = max ( deg(®) — 1, deg(¥)) .
Hence, s, = 2.
(b) If ®(0) = 0, then
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((HyE) + q(1gF))(0) = 0 and (u, Oo(6oE + qF)) = 0,
according to (52) and (53). So, equation (51) can be simplified by the polynomial x and becomes

Hy(Ew)+Fu=0, (58)
where
E() =), Fx)=q"(¥ - 0P)x). (59)

It is easy to see that (58) is not simplified, since from (59), we have ((HqE") + q(hqﬁ))(O) = W(0) # 0. Therefore
s, = 1.
(c) If ®(0) = 0 and W(0) = 0, then

((HyE) + q(hyF))(0) = 0.
A simple calculation gives (i, 09(6oE + gF)) = 1(v, W) = 0. So, (58) is simplified by the polynomial x and it
becomes

Hq(Eu) +Fu=0, (60)
where
E(x) = (B0®)(x), F(x) = (BW)(x) . (61)

If 0 is a root of Oy, then ((H,®) + 4(h,W))(0) = 0. Assuming that ((HyE) + q(1,F))(0) = 0.

A simple calculation gives from (61) (u, B0(6F + qf)) = %(v, 00(0p® +qW)) # 0, since v is a H,-semiclassical
and it satisfies (7). Hence, equation (60) is not simplified and so, s, =0. [J

3.2. Structure of the polynomials O and ¥V
Let us spilt up each polynomial form @, ¥, 6y® and 6,W according to its odd and even parts that is to
say
D(x) = P°(x?) + xD°(x?) , W(x) = Pe(x?) + xW°(x?) ,

(OD)() = % (2) + xD(2) , (BoW)() = W (2) + 2W ) (©2

ProrosiTioN 3.4. If v be a Hy-semiclassical form of class one satisfying (6) and {S,}.»o be its corresponding MOPS
fulfilling (48), then

(I)EZO, \I]():O (63)
Proof. Writing
E(x) = E¢(x) + xE°(x), E(x) = F°(x) + xE°(x) .

We have to examine the following situations:
(a) @(0) # 0. According to (62) and from the expression of polynomials E and F given in Theorem 3.2, we
get

Ef(x) = x®°(x), E°(x) = D°(v),

Fo(x) = 72000 —q ' (1 + 97D (), Fo0) = q20°(0) — g (1 + 47 HP(x) .
Then, E° = F¢ = 0, from Proposition 1.3, since s, = 2. This gives (63).
In the other cases, we are going to proceed with the same techniques.
(b) ®(0) = 0 and W(0) # 0. Similar as above,

Ef(x) = 0°(x), E°(x) = °(x),
Fo =g W) —q ' @{(x), F(0) =q7"W(x) — 7' 0{(x) .
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If s, = 1, then E¢ = F° = 0. This leads to result (63), since ®(x) = x(0yD)(x).
(c) ©(0) = 0 and W(0) = 0. In this case, we obtain

Br) = @2(x), E(x) =),
Fer) = We(v), Fo(x) = WO(x) .

Since u is of even class, E° = F* = 0. This gives the desired result (63), since W(x) = x(0oW)(x). O

Turorem 3.5. If v is a Hy-semiclassical form of class one satisfying (6) and {S,}uo be its corresponding MOPS
fulfilling (48), then

dx)=x, W) =amx®, ;m#0, (64)
or
D(x) = 2 +eix, Y(x) = ax? , aye; #0. (65)

Proof. We have to consider four cases:

A. deg(®) = 0. We have ®°(x) = 1 and ®°(x) = 0. From Proposition 3.4, we get ®°(x) = 0 which yields a
contradiction.
B. deg(®) = 1. In this case, we have c; = 1, ¢ = ¢3 = 0 and a4, # 0. Then, we obtain ®°(x) = ¢y, P°(x) = 1,
We(x) = ax + a9 and W°(x) = a;. Following Proposition 3.4, three situations to establish.

B;. ®(0) # 0, then ¢y = 0 and a4; = 0 which yields a contradiction.

B. ©(0) = 0and W(0) # 0, herecy = 0Oand a; = 0. Thus, a9 = 0since from (6), we have (H,(Pv)+Wo, 1) = 0,
which yields a contradiction.

B;. ©(0) = 0 and W(0) = 0, then ®{(x) = 0 and a; = 0. This gives (64).
C. deg(®) = 2. We havec; =1, c3 = 0 and a; # 0. Then, we obtain ®°(x) = x + ¢y and P°(x) = ¢;. By virtue
of Proposition 3.4, such assumptions lead us to a contradiction.
D. deg(®) = 3. In this case, we get ©°(x) = cox + cp, P°(x) = x + ¢1, WPé(x) = ax + a9 and W°(x) = a;, because
1 < deg(W) < 2. We have to examine three subcases:

D;. ©(0) # 0, then c; = ¢y = 0 and a1 = 0, which yields a contradiction.

D;. ®0) = 0 and W(0) # 0, here c; = ¢9 = 0 and a; = 0. Thus, g9 = 0 since from (6), we have
(Hy(®o) + Wo,1) = 0,which yields a contradiction.

D;. @(0) = 0and W(0) =0, thus ¢c; = 0and a; = 0.

Now, we assume that ¢; = 0. Then, from (6) we have (a; — [1 + 1];)(0)2443 = 0, n > 0. So, after a certain

rang the Hankel determinants [12] associated with v are equal to zero, by following v is not regular. This
leads to result (65). O

3.3. Recurrence coefficients of {Sy}n=0
First, let us recall the following standard material needed to the sequel [3]

n

@apo=1, @qhn= H(l —ag"), n>1.

v=1

Second, we assume that {S,},>0 be a H;-semiclassical sequence of class s, = 1 satisfying (48). By virtue of
the Theorem 3.5, it follows that v satisfying (6) with

Dx) =3 +c1x,  W(x) =ax® . (66)
ProrositioN 3.6. The sequence {t,},>o is define by

ton = toAn(cs, 1), tons1 =ty Qu(cs, c1) , (67)



Qn (C3! Cl) =

Equivalently,
{[2n + 1]4c3 — a2} Ty,

So, we get from (70)

[n+1]4[n + 2]4c1
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"((2;23" if (c3,c) = (0,1),

An(C3/C1): q)nw q)(q i Q)n ifC3=]_, C1w¢0,

q" (qqz)n(q Tw=1g2),(qu=1q4), 7

(74" _ —
W,lng,—l,w—O,in,

-q" ai?q ‘742‘; ,if(c3,c1)=(0,1),

3:02)(qwL;02)n (q 04, .
(@"3)n g g (g™ ") ifez=1,

—wlag'(q - 1)(1—w‘lq“””)(qz;qz)n(w'l;q2>n(r13W‘1:q4)n ’

3.2 )
cl(q—l)%,#%:l,w=0,61¢0,

w=(@g-1a+1.

Proof. Taking into account (48) and (66), the system (45) — (47) becomes for n > 0

n-1
@@+ DI+ 33 + (= a2} Y tobver +q(q + DI[21 = Blycs = aaltatas = [2n]ye1 =0,
v=0

n-1

(@* — Dics + (9 — Daz) Z tutvar — {[2n + 1gc3 — Aaltutuar + {[21 = 3lycs — axdtutyr + 1 = 0.

v=0

Subtracting identities (68) and (69) after multiplying respectively by 4> and g + 1, we obtain

{(1 + q2rl)c3 + (q - 1)”2} Z tvtv+1 + Q{[Zn - 1]qC3 - aZ}tntn+1 - [l’l + 1]q2C1 =0

v=0

—qi[2n =13 — a2} Ty = [0+ 1] e, n 20,

tvty+1 7 n ZO .

21+ 13 ~@)T,y =1 ) q" [k +1]p, n>0.
k=0

- (q+ D{[2n + 1]yc3 — a2}’

Now, from (71), we have

tontons1 = Tow — Ton-1,  tonsitons2 = Topr1 — T2y, 20, T =0.

Then, from (72) we obtain for n > 0

[2n+1],{[2n-1];c3—az}c1

{[4n-1],c3-ax}{[4n+1]4c3—a2} 7

[2n+2],{[2n];c3—az}c1

tops1tons2 =4

{[4n+1],c3—az}{[4n+3],c3—aa} ~

6783

(68)

(69)

(70)

(71)

(72)

(73)
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This leads to
tonea (204 2]g{[2n]gc5 — ax}{[4n — 1]zes — a2}

ta 121+ 1, ([4n + 81,05 — aa) (20 — 11,05 — a2}

Here,
tons2 = toAysa(cs,c1), n20.

On account of (73) and the above equation, we have
[2n + 1]4{[2n — 1]4c3 — ao}ey .
T ol — Ty — aalln + e —aalAn(en ey

bony1 =

Hence the desired result (67). O
3.4. The canonical cases
Before quoting the different canonical situations, let us proceed to the general transformation.
{S,(x) = a™"S,,(ax)} =0 MOPS satisfies (48) with f, =a't, , n>0.
Then, the form ¢ = h,-1v fulfils
H,(a ' ®(ax)0) + a'"W(ax)o = 0, t = deg(®) . (74)
Any so-called canonical case will be denoted by f,, 0.

TueoreM 3.7. The following canonical cases arise:
(a) When ®(x) = x, we have

th— /\qn(qq 7’120,

(@4%)n
7 ('7 q )n
t2}’l+1 q 2/\(17 qZ)n n Z 0 7 (75)
H,y(x0) +2x%5=0.
(b) When ®(x) = x> + ¢1x, ¢1 # 0, we have the following canonical cases
@1+@-1ax#0
o @GP O )
=—Aq (@990 (a5 -12) @@, " 20,
7 — 1242 @40 OG0 G453
B = =040 = Do, cemamm, - 20 (76)
. PP-1 o
Hq((x3 - x)v) - #{il)xzv =0,
P-1+0.
(ii)ap = —(g -1
AN ()
t2n - /\qz;x(q;qz)n , n > 0 s
-~ 3..2
tons1 = —(q — 1)% ,n=0, (77)

Hy(( +x)8) = (g - 1)2%5 =
Proof. (a) In this case (67) and (74) become

1 @PPn

by = toq @O ,n=>0,
t21’l+1 = _tO qn aiqq qqg; , > 0 ’

Hq(xv) +ax*v=0.
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With the choice a = /24;" and putting A = —to, we get (75).

(b) (i) In this case (67) and (74) reduce to

1 @7)n@;P)u(q ;g )
@)@ w;0%)n (qig*)n 20,

_ -1 (@57 (qwsg*)n (qsg*)n
t2n+1 - tO - wclqn (q - 1)(1_wq4n+1)(q2;q2)n(w;qZ)n(qsw;qz;)n , > 0 ’

thy = tog

Hq((x3 + c1x)v) +ax*v=0.

2.2
The choice a = v/—c; and putting —% =a, A = —ty, we obtain (76).

(ii) In this case (67) and (74) become

(@599
= >
ty = to P n>0,
(e

bons1 = tglcl(q - 1)m ,n=0,

Hq((x3 + clx)v) +mx*v=0.

The choice a = +/c; and putting A = —ty, we obtain (77). O

RemaRks 3. (i) The form defined by (76) is regular if and only if b # ¢~"*D , n > 0.

(ii) The canonical cases (75) and (77) are studied in [9] and the corresponding linear forms have respectively
the following integral representations:

+00 f(x)
0)+P dx, g>1, ,
o f(0) + foo (=20 - 0, x,q>1, fe
0,f)= 1 202(1 — g)x2; 2
f(0)+Pf” i (0o q)“’f(x)dx,0<q<1,fe’ﬂ,

qy2(1-9)

@ )= f(0) +P f

~ ),

+00 1

fx)ydx, 0<g<1, feq,

where

P[:o @dx = }551<£; @dﬂ f:m @dx), 78)

with V is a locally integrable function with rapid decay and continuous at the point x = 0 and

@Do = [0 -ag"), gl <1.
v=0

ProrositioN 3.8. The form ¥ define by (76) has the following integral representation

N I S U
P 1 1
f(o) + I x(b_lq_lx; q_l)m(—b_lq_lx; q_l)oo f(x) dx 7 q > 7 b > 7

(7% @)oo (=b7'%; @)oo
o X(=x; q)oc(-x/' q)oo

@,f)= (79)

fO)+P fx)dx,0<g<1,0<b<1.

Proof. From (76), we have

o=A"1xu+0o, (80)
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where u is symmetric Hy-classical form satisfying the g-Pearson equation [8]

g? -1
2 - I =
H,,((x 1)u) P = 1)xu 0
This form has the following integral representation [8]

T g e e
g 017G e (b7 4 oo

(075 Poo(—b71%; @)oo
K xX)dx,0<g<1,0<b<1,
? L e N i

Kq

fx)dx,g>1,b>1,

w, f)= (81)

with

U G e S U dx)_l

K =
= L 07 g )G (b G 0 e

P (071% @)oo (D715 )0 dx)_l

L=( ] oo

Thus, by (80) and (81), we have
SETRNOET RS
(0775 7 D eo(=071 7 oo

b_l ; o _b_l ; o0
f(0)+)\—11<2pL( xf_iﬁq)(m(x;;j) (F(x) - FO)dx, 0<g<1,0<b<1.

f(0)+)\‘1K1Pfq (f(x)—fO0)dx,qg>1,b>1,

@ f)=

But from (78) it easy to see that

P f" (%0 D@ x9N0
L X769 Do (71971597 oo '
and b 1 1
b_ ; 00 _b_ ; o
O %P (0" %)

b X% 9)eo (X 9)oo

Therefore, with the choosing
o Ki,g>1,b>1,
| Ky, 0<g<1,0<b<1,

we obtain the result (79). O
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