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Abstract. In this paper we consider the class of Bessel functions and the class of Struve functions. We
obtain some univalence criteria for two general integral operators.

1. Introduction and preliminaries

Let consider U the unit disc. Let H(U) be the set of holomorphic functions in the unit disc U.
Consider A = {f € H(U) : f(z) = z + a2z + a3z> + ...,z € U} be the class of analytic functions in U and
S={f€A: fisunivalentin U}.

Theorem 1.1. [1] If the function fis reqular in unit disc U, f(z) = z + axz* + ... and

2y . Zf”(z)
(1-1f) | l <1 1)
forall z € U, then the function is univalent in U.

Theorem 1.2. [4] If the function g is regular in U and |g(z)| < 1 in U, then for all £ € Uand z € U the following
inequalities hold

g(é)_— 9(z) P 2)
1-g@)-g&)] 11-%-¢
and
g1 < 17 ©
g T o122
., ) zZ+1u
the equalities hold in case g(z) = € T+, where || = 1 and |u| < 1.
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Remark 1.3. [2] For z = 0 from inequality (2) we obtain for every & € U

9(5);9(0) <l
1-9(0)g(¢)
and hence
€] +19(0)]

< 2 M7
= g0
Considering g(0) = a and & = z, then

|z| + |al
1+ lallz|

lg(z)| <

forallz e U

Let us consider the second-order inhomogeneous differential equation(([? ]), p-341)

) / 4(§)v+1
22w’ (2) + zw (2) + (22 — P)w(z) =

\rl(v + %)

6838

(6)

(7)

whose homogeneous part is Bessel’s equation, where v is an unrestricted real(or complex) number. The
function H,, which is called the Struve function of order v, is defined as a particular solution of (7). This

function has the form

(o8]

(-1)" . (;)2n+v+l

Hy(z) = forallze C

3 3
=0 =). -
n F(n+2) F(U+n+2)

We consider the transformation
-v-1

3 —_—
0.2) =2 VAL@+3) -z 2 Hy(VE)
After some calculus we obtain

s (CYTONIE+ )
Z”

gv(z): 3 3 :
n=0 4" . T'(n + z)l’(v+n+§)

3
Using Theorem 2.1 ([5]) for our case with b = c =1,k = v + = we obtain that:

2

V3-7
8
The Bessel function of the first kind is defined by

Theorem 1.4. [5],[3] If v > then the function g, is univalent in U.

(o]

(_1)n 2n+v
M= Y e a)

n=0

We consider the transformation
v

fol2) = 2T(1 +0)z 2],(V2)

(8)

(10)

(11)

(12)
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After some calculus we obtain

oo

f =Y DA (13)

— nTn+v+1)-4"

Theorem 1.5. [7],[9], [3] If v > =2 then Ref,(z) < 0 for z € U1(0,4(v + 2)) and f, is univalent in Uy(0,4(v + 2)).

2. Main results

Theorem 2.1. Let f,, be Bessel functions, z € U, v; € (-2, -1), a; € C where

[e9]

fol= Y A0 i1, m)

n!-T(n+ov;+1)-47

n=0
If
Zfz;(z) _fvi(z)
———— <1, forallie{l,2,..,n}, V)zel 14
e () (14)
lag| + |ao| + ... + || <1 (15)
|Ol1 L0 % I anl
lag - g - oo ay] < ! (16)
1 2. nl = i [(1 ~ |Z|2) . |z| ) |Z| + |C|
lz1<1 1+ |z]|c|
where |c| = — - ‘ L + L + ..+ L then
32 |+ +v) RAv)1+wm) T 2+v)1+1,)
Z a t [251 - t ap a t Qp
G(Z):f (fl( )) .(fZ()) '.”'(fn()) thS,
o Ut t t
Proof. We have f,, € S,i€{1,2,..,n} and @ # 0.
For z = 0 we have f (f—vl(z)) . (f—w(z)) — (f—v"(z)) =1
0 z z z
Consider the function )
1 G'(2)
h(z) = C—.
@) lay - -yl G(2)
The function & has the form:
z- o (2) = fo(z z- o (2) = fo,(z
S SN 10 1 b 1 SRS SN0 A0 b A1
|Dé1 [N % I Oénl Zfzzl(z) |CK1 RN % ) va”(z)
We have: . .
h)= ——— a1 a1 + . + ————————— -y Aoy
lor - ap - .-yl o1 -an .. -ay
where ay 1 = [(d+o) _ !
T3 TG +01) 32Q+u)(1+m)
1
a2

T 322+ )1+ 0)
1

T 3202+ o)1+ 0,

azn
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By using the relations (14) and (15) we obtain |h(z)| < 1 and

|0¢1'6121+...+6¥ ) |
h(0) = ‘ == — |c| where
|0é1 M2 % O (Xn|

1 1 1 1
R |2 rmd+o)  Qropd+m) T Qo) +on)

|c| =

Applying Remark 1.3 for the function & we obtain

1 G'@| _ _ll+d
lag -yl |G(2)| ™ 1+]c]- |z
F'(2) 2 lz| + Ic]
1- < . R I . . ,
’( o) 2 iy | Sl ad - (U= ) e
forallz e UL
Let’s consider the function H : [0,1] - R
X+ ||
H(x) = (1 - *)x=—;x =
() = (1 —x)xg— i |z
1 3 1+]|
== h H
(2) 8 2+ >0t eng}gl,ﬁ (x)>0
We obtain
F'(z) |z| + |c|
1=1z%)-z- < Qo - . [1_ 2y 14| - ]
'( |zI) - z F,(Z)l Sl -ag - ayl max A==l B
Applying the condition (16) we obtain:
F'(2)
(1 <1, M) zelU
( )
and from Theorem 1.1then F€ S. [J
For a; = ap = ... = a; in Theorem 2.1 we obtain the next corollary:
Corollary 2.2. Let f,, be Bessel functions, z € U, v; € (-2, -1), a; € C where
= (=1)"-T(1+ ;) .
Ui = : n/ 1/ YRIVRLI
fo®) ;n!-r(n+vi+l)-4” <ietl2.n
If
2f5,(2) = fu(2)
—— | <1, forallie{l,2,..,n}, Mzel 17
|z| + |c|
1=1zP) -1z - ] <1 1
e [( ) e ] o
1 1 1 1
where |l = 75 ’(2 oo T @rodroy T @rond oy e

f fur8) fvz D fu®

t

dt € S.
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Theorem 2.3. Let g,, be Struve functions, z € U, v; € (-2, 1), a; € C where
3 3
s (CDTGIE+3)

gZJ,'(Z) = 3 3
n=0 4" . T'(n + E)F(U +n+ E)

If

2q., (2) — g4.(z
M <1, forallie{l,2,..,n}, V)zel

20,(2)
|+ o] + .. + |a
lag| + |asl lay| <1
|0(1 H2 % I (Xn|
| < L
a1 Ay " ... Ayl =
n max(1 = ) bl £
L<1 1+ |zllc|

1 1 1 1
5 ‘(zm 13)201+5)  Qua+3)2m+5) T 20, +3)(20, + 5)

90O\ (92D Jo, (D™

Proof. We have g,, € S,i € {1,2,...,n} and Ju(2) 40,

where |c| =

then

z
o o Qay
For z = 0 we have (—gvl(z)) . (—ng(z)) g et (—gv"(z)) =1.
z z z
Consider the function
1 G'(2)
h(z) = B
() |0(1'0(2'...-Ctn| G(Z)
The function i has the form:
1 2+ §,(2) = 90,(2) 1 z2- gy, (2) = g0, (2)
h(z) = Lot + ..+ cay
|C¥] cp anl ngl(z) |al LR 7] ngn(z)
We have:
I’l(O) = ;'al‘bzﬂ + ...+ ; 'D(n'bz,n
| - an - ... -yl lar - an - ... - vyl
3 3
I(3)- Ty +2) .
where by, = — ; ~ 15201 + 3)(201 + 5)
I(5) T(w1 +5) oL
2 2
by = 1
>2 " 1520, + 3)(2v2 + 5)
1
by, = .
’ 1520, + 3)(2v, + 5)
By using the relations (19) and (20) we obtain |h(z)| < 1 and
b1+ .+, by,
h(0) = - bz n - Dol = |c| where
|0£1 st Oénl
1 1 1 1
|cl

15 20 +3) 20 +5) | Q0 +3)2n+5) T Qon+3)2u, +5)|

6841

(19)

(20)

(21)
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Applying Remark 1.3 for the function & we obtain

6842

1 G'@|_ I+
lag-ag-..-ay] |G(z)| ™ 1+]c|-|z|
G'(2) lz| + Ic]
1z 2 = <« AP (1 =1zP) - |z| -
= ‘(1 ) 2 G| <@l (U= )
forallze UL
Let’s consider the function H : [0,1] —» R
X+ ||
H(x)=(1-x X =
() = (1 —x)xg— o~ Izl
1y 3 1+]d
(2) =8 271 > 0 then g}gj(}H(x) > 0.
We obtain
G'(2) |z| + |l
1-1zP3) . z- —| < N A . [1_ 2y .|z - ]
(=P = G| Sl aod -max | (L= ) -l
Applying the condition (21) we obtain:
2G"(2)
1-z2P)|=—| <1
(1-1P) |Gy | <1 (N zel
and from Theorem 1.1 then G € S.
In Theorem 2.3 we consider a1 = a; = ... = @, = 1 and obtain the next corollary:
Corollary 2.4. Let g, be Struve functions, z € Uy, v; € (=2, -1), a; € C where
(DT to)
(z) = . 1,2,...,n}.
gv,(z) nZ:()n.l—-(n+vl+1)4n lee{/ 7 /n}
If
2g, (2) — gu.(z
M <1, forallie{l,2,..,n}, V)zel (22)
ngi(z)
|z| + |c|
1=1zP) -1z - ] <1 2
THer [( ) e ] )
where || = L ’ L + ! +..+ ! then
15 |Qv +3)2u1 +5) Qo +3)2u+5 T (20, +3)(20, + 5)
“ t t t
Glz) = f gol) 90 900y g
o ¢ t t
O
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