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Abstract. This paper is concerned with a class of exponential dispersion distributions. We particularly
focused on the mixture models, which represent an extension of the Gaussian distribution. It should be
noted that the parameters estimation of mixture distributions is an important task in statistical processing.
In order to estimate the parameters vector, we proposed a formulation of the Expectation-Maximization
algorithm (EM) under exponential dispersion mixture distributions. Also, we developed a hybrid algorithm
called Expectation-Maximization and Method of moments algorithm (EMM). Under mild regularity, several
convergence results of the EMM algorithm were obtained. Through simulation studies, the robustness of
the EMM was proved and the strong consistency of the EMM sequence appeared when the data set size
and the number of iterations tend to infinity.

1. Introduction

Analyzing and interpreting statistical data and preparing them for application is an important step in
order to have the best approximation of the parameters in different fields, such as finance, medicine, and
insurance [14, 15].

In 1977, Dempster, Laird, and Rubin derived several convergence properties of the Maximum Likelihood
from incomplete data via the EM algorithm in a general context [1]. Dempster’s results were applicable
to many practical problems, such as the exponential dispersion models mixture which has been exten-
sively developed in the field of statistics and classification literature in particular in image segmentation
[9, 8, 15, 2, 11, 22]. This mixture was a convex combination of two or more probability density functions.
So, by combining the properties of the individual probability density functions, the mixture models were
able to approximate any arbitrary distribution. Consequently, finite mixture models constitute a powerful
and flexible tool for modeling complex data [11]. In our work, we introduced a finite mixture of exponential
dispersion distributions [3, 4] which represent a generalization of the natural exponential family which
mixture has been developed in [22]. The exponential dispersion distributions include several well-known
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families of distributions as special cases, giving a convenient general framework like the exponential family
and the Tweedie distributions. This finite mixture represents a natural extension of the finite Gaussian
mixture of distributions, with a special emphasis on the reproductive and additive cases and their use of
both continuous and discrete data. In fact, we considerd the basic examples of exponential dispersion mod-
els such as the closed Normal, Gamma, Poisson, Inverse Gaussian, Laplace and the Tweedie exponential
dispersion models closed under a scale transformation. Indeed, the exponential dispersion models have
proved to be very successful in terms of increasing the modeling flexibility while remaining within a well
understood inferential framework. A good treatment of this theory and application can be found in [3, 4]. It
is well known that the exponential dispersion models constitute the major tools of the parametric modeling
theory. Hence, in order to estimate the mixture of exponential dispersion distributions, we proposed a new
algorithm called the Expectation and Method of moments-Maximization algorithm (EMM). This algorithm
can be obtained by combining the EM algorithm [1, 13, 21] and the method of moments [16]. The exponen-
tial dispersion model is parameterized by the mean parameter y and the dispersion parameter A. For the
parameters estimation, it employs the EM traditional mixture, but equipped with a method-of-moments
procedure to estimate the unknown dispersion parameter. Furthermore, this combination was achieved
because some of the exponential dispersion models (like Laplace exponential dispersion model) have a
closed form where the maximum likelihood estimation of the dispersion parameters do not exist [3, 4, 17].
In fact, the Laplace exponential dispersion distribution is a convolution family given by

(LEED

u

flx;u,A) = c(x, A)e (’\)

x-log (1—(—

For a suitable function, c is given in Table 1.

These models are very useful in several applications. Indeed, they can be used in modeling and analyzing
real world data.

The proposed model has the following advantages: the simplicity and efficiency of its computation using
the EMM algorithm. The latter constitutes an iterative approach which components are the standard tool for
maximum likelihood estimation and the moment estimation in a probability distribution. Therefore, it can
easily be extended to the finite mixture of exponential dispersion models. So, it can become a very popular
computational method in statistics. The implementation of the E-step and the MM-step is easy for many
statistical problems, thanks to the complete likelihood function form. However, the main drawbacks of the
EMM algorithm are its slow convergence and the dependence of the solution on both the stopping criterion
and the initial values used. Hence, studying the asymptotic properties of the EMM sequence represents
the major issue of this work. We proved that the propose estimators of a finite mixture of exponential
dispersion models are asymptotically consistent. The finite sample property of these estimators is proved.
By using a set of simulation studies of Tweedie exponential dispersion model, we evaluated the finite
sample performance by varying the sample size. From the simulated data, we estimated the mixture
models parameters. As a result, the EMM sequence estimators are asymptotically convergent and this
has been proved by computing the mean squared error MSE. So, we are able to support our theoretical
results regarding consistency of the EMM algorithm. The remaining of this paper was organized as follows.
Section 2 reviewed some properties of the Exponential Dispersion Models (EDMs). Section 3 introduced
a finite mixture of Exponential Dispersion Models and described the proposed EMM algorithm. The
asymptotic properties of the different EMM sequences were studied in section 4. Section 5 was devoted to
the conclusion.

2. Properties of the Exponential Dispersion Models

The EDMs constitute some statistical models in which the probability distributions are characterized
by a special form [3, 4]. In fact, this class of models represents a generalization of the Natural Exponential
Families (NEFs) which play an important role in the statistical theory as a result of its special structure that
allows making deductions dealing with appropriate statistical inference.
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The EDMs represent a large class of models, characterized by a high number of important mathematical
properties [5, 3, 4].
Let v be a o- finite positive measure on (IR, B(IR)). We denote by

L,(0) = fR ev(dy) 1

the Laplace transform of v, whose effective domain and cumulant function are, respectively, given by
D(v) = int{0 € R; L,(0) < +oo}, and C,(6) = log(L,(0)).

We denote by M(IR) the set of ¢ - finite positive measures, such that D(v) is not empty and v is not a Dirac
measure.

For all measures v € M(R), the NEF [4, 12, 18] generated by v is defined by

F = F(v) = {IP(0, v)(dy) = "~ COv(dy); 0 € D(v)}. )

Let us notice that 0 — C,(0) is strictly convex, infinitely differentiable, and its differential is given by
C,(0) = f]R yIP(6,v)(dy). The open interval M = C,(D(v)) is called the mean domain of F. We state that

C,:D(v) — Mg
0 — C,0)=u

defines a bijection. So, we denote its inverse function by ¢, and y — Vr(u) = [17[/1/(;1)]_1 = C, (W)
represents the variance function of the NEF F [4, 12, 18].

We obtain a new parametrization called the mean parametrization [18]. So, the NEF is given by F =
{P(u, F) = P(Y (1), v), 4 € Mr}. Note that the variance function Vr characterizes the NEF F [10].

We define the Jorgensen set of v by

AW) ={A>0,3vy € M(R); Ly, (0) = (L(0))" YO € D) = D(vy)). 3)

Hence, the measure v is infinitely divisible, if A(v) =]0, +ool.
For a fixed A € A(v), we equivalently say that

Fi = F(v) = {P(u, Fp) = ¥ WASWEON, (dy); 1 € AME) 4)

is the NEF generated by v, which verifies
VE () = AVE(D Y 1 € Mr, = AMr. (5)

In what follows, we consider F = F(v) as a natural exponential family, and we denoteby C = C,, ¢ = ,,V =
Vr.
Let Y be a random variable with distribution IP(6,v,) and 6 = gl)v(%).
Then, the expectation and the variance of Y are, respectively, given by

E(Y) = AC'(0), and Var(Y) = AC”(6) = AW(%). (6)
These models draw their richness from a dispersion parameter 0> = + which is equal to 1 in the case of
NEF.
Consequently, the EDM constitutes a useful generalization of the NEF, and it is a generated form given by
ED(v) = {P(t, F1), it € AM, A € A()}
For both theoretical and practical reasons, the Gaussian distribution is probably the most important dis-
tribution in statistics for example in modeling applications, such as linear and non-linear regressions. So,
Jorgensen [4] proposes the reproductive EDMs as an extension of the Gaussian distribution given by

_ 2
L e (1) xeR (7)

f(X)=Gm
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indeed Jorgensen [4] defines a dispersion model by extending the Euclidean distance (x — u)* to a general
discrepancy function d(x; u)* between the observation x and the mean . So, many commonly used
parametric distributions, such as those in Table 1, Table 2 and Table 3 below, are included as special cases
of this extension. From more on, we used the reproductive EDMs.

According to Jergensen (1997), we considered the following transformation [4]. If Y ~ P(u,F,), where
u = E(Y) = AC'(0) is the expectation and A is the dispersion parameter. Then, X = % follows the
reproductive distribution defined by

P*(t, va)(dx) = & VD CO (d) ®)
and is characterized by its expectation and its variance function given by
V(&
E(X) = C'(6) = % and Var(X) = gA) )
where y € AMF, A € A(v), and v} denotes the image measure of v; by the map y — $=x

Let us assume that there exist a ¢ finite measure C and a positive function c(x, 1), such that v (dx) =
c(x, A)C(dx). Then,

P, v2)(d) = e LU e(e, 1)), (10)
where C denotes the Lebesgue measure, if IP* is a continuous probability, and it is the counting measure, if
IP* is a discrete probability. Moreover, if IP* is the sum of discrete and continuous measures, then C is the

sum of a Lebesgue measure and a counting measure.
Some examples of absolutely continuous EDMs [4, 5] are summarized in the following Table.

Gaussian | Gamma | Inverse Gaussian Laplace
o) | et |t | R [ [ene- Ayt
D(V) R (—OO, 0) (_001 0) ] - 1/ 1[
C(0) g —log(-0) -V=20 —log(1 - 6?)
= [V(+u?)-1]
) u 2 L oy
\Y 1 2 3 [Va+2-1
(W) H H N v

Table 1: Examples of absolutely continuous EDMs.

The Stable and the Tweedie Compound Poisson EDMs are presented in Table 2 below.

Stable,a € 10, 1] Tweedie Compound Poisson, p €]1,2[
e Tk =T
o) | 23 TG G T LI T
D(V) (—OO, 0) (—OO, 0)
o 2p
C(9) el L 2%;,[6(1 -pl
1 _
() (a - Duis e
V(w) ,Lli%% ur
Table 2: The Stable (a) and the Tweedie Compound Poisson (p) EDMs.
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Finally, in the last following Table, we presented the Cosinus Hyperbolic EDM and some discrete EDMs.

Binomial | NegativeBinomial | Poisson | CosinusHyperbolic
o(x,A) )\( A ) /1( Aol ) mo | pelC
D(v) R R~ R -5
C(O) | log(1+¢%) —log(1—¢Y%) e? —log(cos(0))
P(u) log(lf—lp) log(%) log(u) arctan(u)
V) | pd-p p(l+ ) 1 L+y?

Table 3: The Cosinus Hyperbolic EDM and some discrete EDMs.

We now consider the estimation of the vector parameters (u, A) of the exponential dispersion distribu-
tion. So, if (x1,x2, ..., xn) are independent and identically distributed observations from the distribution
considered here, then the maximum likelihood estimate for u is given by

1 N
y:ﬁ;xi. 11)

In general case, the maximum likelihood estimate of A = % doesn’t exist and it is estimated by the Pearson
estimator (see [3, 4]). In the last part of this work, we focused particulary on the mixture of exponential
dispersion distributions.

3. A Finite mixture of Exponential Dispersion Models

In the following, we showed the generalization of the EDMs for a finite mixture [9, 8, 15, 2, 11, 20, 21, 23].
In this section, we introduced the finite mixture of EDMs, especially the finite mixture of distributions.
Let u € Mf, A € A(v), and let X be a random variable with a probability distribution IP*(u, v,). This random
variable has a probability density function, with respect to C, which is given by

FO6; 1, A) = e, A)e VD CWEL, (12)

We say that a density f is a mixture of K components of exponential dispersion distributions fi, f, ..., fx, if

K
flx) = Z T fi (% bk, Ak) (13)
k=1

where 7 represents the mixing weights, 0 < 71 < 1, Y0, 7 = 1 and fi(; i, A) denotes the exponential
dispersions density function with parameters p; and Ay.

Let © = (u1,..., ux, ™, ..., Tk, A, ..., Ax) be the parameter vector of the mixture models. So, the mixture
density of the exponential dispersion distributions is given by

K
Hleyy— i
£ = Y mets, Age L] (14)
k=1

Now, we are interested in estimating the vector parameter © of the mixture models. To resolve this problem,
we proposed an iterative algorithm. This new algorithm was obtained by combining the EM algorithm
[1, 13] and the method of moments [16].

The proposed, so called EMM algorithm, consists of the following two steps: Expectation and Method of
moments-Maximization.
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The issue of using a combined maximum-likelihood and moment estimator could first be considered for a
single distribution and then can easily be extended to the finite mixture case.
So, we applied the EM algorithm in order to estimate the parameter vector

ﬁ:(nll"'InKl‘Llll"'/["lK)l (15)

and we proposed to estimate the unknown dispersion parameter A; by using the method of moments.

In the statistical world, there exist some statistical dispersion models for which their density function
has a special form, and the maximum likelihood of the dispersion parameter A; cannot be found as a mix-
ture of Laplace EDMs (See Figure 1). So, to resolve this problem, we resorted to use the method of moments.

From the Laplace exponential dispersion density(see Figure 1) the maximum is not achieved.
So, a modification of the M step of the EM algorithm was proposed to estimate the dispersion parameter A.
This modification can lead to a new algorithm: Expectation and Method of moments-Maximization (EMM)
which constitutes the solution.
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Figure 1: Curve of the Laplace exponential dispersion density distribution with respect to A.

Itis impossible to determine the maximum likelihood of the dispersion parameter associated with a mixture
of Laplace EDMs.

In fact, the conditional expectation of the complete-data log-likelihood Q given the observed data X and
a parameterizations @7 (the parameter vector in the I" iteration) associated with the mixture of Laplace
exponential dispersion distributions found in the Expectation step of the EM algorithm [1]. It is a multimodal
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function with respect to the dispersion parameter A, it has more than one global optima (see Figure 2).
Consequently, the estimator of the dispersion parameter does not exist. So, the maximum likelihood
estimator is undefined.

Q(A)
g

Bl o e
f S T

-1308

4310 | ! I | | | | 1 |
0

Figure 2: Illustration of the Q conditional expectation of Laplace exponential dispersion distribution with
respect to A.

3.1. Parameters estimation

Let (Xj, ..., Xn) be N independent random variables with the same density function f (i.i.d) given by
(14), and let (x4, ..., xN) be N associated observations.
The incomplete likelihood function / of (x1, ..., xn) is given by

- (s M[pm-c)
(x1, 32,0 0) = [ [ £ = [ ]| D ronees A 1F 70 (16)
i=1 i=1 \k=1

Since, we need to use the logarithm in order to turn multiplication into addition, then the log-likelihood L
is

N K
Lx, %2, xn; ©) = loglx1, x2, ..., 2n; ©) = Z log [Z T fie(xi; Ak, uk)] : (17)
k=1

i=1

A mixture model is a convex combination of K distributions. It has a complex distribution of an observed
variable X; given by (13). Therefore, maximizing the incomplete likelihood function over © is a difficult
task. So, in order to estimate the parameter vector ©, for each observed data point X; we associate a discrete
random vector Z; = (Zj, ..., Zix) following a multivariate Bernoulli distribution with vector parameters
(mtq, ..., k). That is

K
P(Z; = z) = H e, (18)
k=1
K
where z; = (z1, ..., zik) € {0, 1)X, and Z Zix = 1. The random variables (Z;)1<j<y are called latent variables or
k=1

missing values which indicate which component X; is drawn from. Furthermore, if Z; = 1 this means that
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the observation X; exists in the class k.
Note that

V()

Ax

EXi|lZx=1) = — £ and Var(Xi|Zyx =1) = (19)
Ak

The maximum likelihood function from complete data I, is given by

N K
H P(Z; = z) H i (i Ak )
1]:\]1 . k=1 )

H (H (nkfk(xi; At 1) Ik] :

i=1 Uk=1

In addition, the log-likelihood function L, from complete data is written as

lC(xll‘ . '/lezll‘ . '/ZN;®)

K

N K
Z Z zi log(t) + Z log {Z T fie (X3 Ak, Hk)]
i=1 k=1

i=1 k=1

Lc(xlrx2/ < s XN,21,22, - -rZN;G))

z
=

zik log (ru fic (xi5 Ak, i) ,
i=1 k=1

where Y5, zy = 1. The EMM algorithm is an iterative approach for finding estimators for models with
latent variables. It consists of two steps: the expectation step (E), which computes the expectation of
the log-likelihood evaluated using the current estimate for the parameters, and the Method of moments-
Maximization step (MM), which computes the parameters maximizing the expected log-likelihood found
at the E step and estimate the dispersion parameter by using the Method of moments.

The Expectation step computes the conditional expectation of the complete data log likelihood [14, 1] for
Z1, .., Zx given Xq = x1, ..., Xy = xy in the I iteration.

Q@I8") = E(L (X1 =x1, . Xy = XN, Z1, -, Zn; ©) 10, X1 = 31, 0, Xy = 30
N K
4P log (1t fi(xi; Ak, ),

i=1 k=1

where

v = E(Zu®" X1 =x,.., Xy =) = E(Zx10", X; = x;)
) i AL 1)

4

Z H(l)f (xi; /\(1), ‘u}(cl)

withi=1,...,N, k=1,...,Kand ®Y = @0(X, ..., Xy).
So, the conditional expectation of the complete-data log likelihood Q associated with the mixture of expo-
nential dispersion distributions [14, 1] is given by

N K
Q@10 = ), ¥, 18 [tog () + log txi, 1) + Auxig (55 — 25| (20)

i=1 k=1

The MM step (Method of moments-Maximization) consists in estimating both the dispersion parameter
A = (A4,..., Ak) using the method of moments, and the vector parameter = (u1,..., ux, m1,...,7k) using
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the maximum likelihood method.
Hence, by maximizing the concave function § — Q(||f")), we obtain the estimated vector parameter
Y = ArgmaxQ(BlIf?) in the (I + 1) iteration, such as

B

QU VIE") = Q1) ey

In the (I + 1) iteration of the EM algorithm, it follows that the updated estimate g(*? for f is obtained by
solving

QL) _ 0
B

According to Dempster, Laird, and Rubin [1] and by applying Jensen’s inequality, the Incomplete-likelihood
function was not decreased after each EM iteration.

In the last part of this section, we consider two cases of the EMM algorithm where the dispersion parameter
A is known and unknown.

(22)

3.1.1. Known dispersion parameter
Theorem 3.1. Suppose that Ay, ..., Ax are known. Then, in the (I + 1) iteration, the EM results are

N

wy _ 1 0
ko TN LTk (23)
P
and
N
¥
)
Mk(M) = A ! N ) (24)
0
Z Tik
i1
Proof:

Let us recall that the conditional expectation of the complete data log-likelihood is defined by

N K
Z Z Tﬂ? log (7t fi (xi; Ak, k)
i=1 k=1
N [ K K
Z [Z Tﬂ? log (mu fx (xi; Ak, pik)) + Tg) log [1 - nk] fi (i Ay, ) )l ‘
i=1 k=2

k=2

Q(IIB™)

We calculate the first derivative function of Q, with respect to i, which is given by

HQ(ﬁ“,B(l)) S o1 a ) fi (xi; A, )
e — = T, — — T.

3nk pm ik T = il K
1-Y | fi(xi A, 1)

k=2
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By making it equal to zero, we obtain

£ = ) 25
= 25)
YA
il
i=1
Furthermore, we have
N
)
K - K Z; Tik
K\ _ i=
kZl‘ (7?1 ) Bl ;‘
= = )
T,
il
i=1
As, Y, m=1and ¥f 11() = 1 we obtain
!
1 Zz 1 Xt T()
R
Consequently, we have
N
Ly o
P
i=1
By replacing it in equation (25), and in the (! + 1) iteration, we get
1 &
(+1) _ 20
T[k = IT] 1k (26)

i=1

nl({l“) represents the maximum likelihood estimator of the mixing proportion .

Since ¢ is a bijective function, then (u1, ..., uix) — (lp(ﬁ—j),,lp(ﬁ—i)) = (t,..., tx) is bijective. So, a new
parametrization by (f, A, 7) of the conditional expectation of the complete-data log-likelihood Q is ob-

tained. Hence,

N K
Argmax  Q(BIIB") Argmax [ZZT DAk xlllf( ) C(l/}( ]

=1, i) EMK = pi)eME =1 k=1
A A

N K
Argmax [Z Z Tz( rlxite — C(t)} ]

t=(t1,.t)eDW)* i=1 k=1

Therefore, we calculate the Hessian matrix of

N K
(B ti) — ) Y T Aty = €t} = Hit, o )

i=1 k=1

which is a diagonal matrix. So, Yk =1, ..., K we get

JH(t, ..., tk) - 20
— Z; ¢ Akl = C (1),
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Therefore,

aZH(tll / S (l) “ azH(tlr ey tK)
aZtk ;‘ MC (ty) and T&t] =0.

So, we deduce that the Hessian matrix is given by

N
H'(t, ... tx) = diag —ZA1T§?C“(t1), ZAKT(DC (to) ],

i=1

where diag denotes the diagonal matrix.
Since C is strictly convex on D(v) then, H is strictly concave on (D(v))X. So, the maximum of Q is achieved
dH(t, ..., tx)

when i =0, Yk=1,.., K
9Q(@]|e"
%}'{) = ) [Akxi = A€ (1)

~,l()/\k [x,‘ - C/(i‘k)] =

This means that

By using equation (9) we obtain Yk = 1, ..., K, C' () = £.
Hence,

1=
Ny
==
=

1l
—_

i

Fl (l+1) _ Ak

(27)

oy
==

1l
—_

1

3.1.2. Unknown dispersion parameter

The method of moments [16] is an estimation method of population parameters, using the law of large
numbers. We introduced this technique in order to approximate the unknown parameter A;. Since the
conditional variance of X, given Zyx = 1, is defined by

v(5)
Var(Xq|Zy) = d (28)
Ak
then, by applying the method of moments, we get
WV (&
A= (%) (29)

(+1) ’
S
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where

s = = k (30)

denotes the empirical variance data in the (I + 1) iteration.

My
V(%)

T as data size
k

We will prove that the empirical variance ;) converges in probability to Var(X;/Zy) =
N tends to infinity.
So, the estimator of Ay in the (I + 1) iteration is given by

N
N,
2T
i=1
N
)
2.

i=1
(I+1)
5

Vv

A = : (1)

and will converge, as N tends to infinity, to A;.
Maximization of Q with unknown dispersion parameter was proved in the following Theorem.

(I+1

¢ ) the estimator of Ay in the (I + 1) iteration is given

Theorem 3.2. Suppose that A1, ..., Ax are unknown. Let A
by equation (3.29). Then, in the (I + 1) iteration, we have

N

1
= =Y (32)

k N ik’

and

IUk(H—l) — /\k(l+1)l— (33)

We now considered a description of the EMM algorithm with unknown dispersion parameter which
combines the EM algorithm and the method of moments.

Algorithm 3.3. The EMM algorithm

1: begin
2. Initialisation: ©© = (/\k(o), yk(o),nk(o))
N 0NN
) P
N YO
3 Sk(O) «— i=1 k
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5: (1) — —Z T k(O

6: O (Ak“) 1w, nk(”)
7: Iteration (I+1) :

8: Expectation:
(”fk(,c /\2’) ‘Ll(l))

Z ﬂ(l)f (xi; /\(l), ‘uk

10: Method of moments-Maximization:

N 02
ol. M
Tik X _(l)
A
N

11: § ) — 2L

-
9 Tzk —

12: Ak(1+1) - i=1

13 D — A EL

N
2

i=1

14: D — 1 Z 730

15: @(l+1) — {A (l+1) Mk(l+1)/ 7.(k(l+1)}
16: If @Y — @Y < € is not satisfied return to step 2.
17: end

3.2. Example

Now, let us consider an estimation example of the dispersion parameters Tweedie models [3, 4] with
variance function V(u) = p” and 1 < p < 2. The estimators of the parameters (i, A, 7t) in the (I + 1)”1 iteration
are, respectively, given by
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the mean estimator

. = ﬂ-MZ

1l
—_

eV = AN =—, (34)

1

the dispersion parameter estimator

a+nY o
(+1) _ (Hk )
/\k = [W , and (35)

the mixing weight estimator

1
m* = =3 1. (36)

In order to illustrate the EMM algorithm performances, we considered an example of mixture with 3
components of Tweedie distributions (see Figure 3) with true parameters p = [u1, 2, uzl, A = [A1, A2, A3]
and 1 = [m1, 712, T3] (see Table 4). We simulated a sample with different sizes N = 10000, 15000, 20000, 30000
from a mixture of 3 components of Tweedie distributions.

Note that the histograms have the form of the mixture of 3 components Tweedie distributions. We
generated n = 10000 samples of size N = 10000 observations (x;?,x,?, ..., xx?),1 < i < n from a mixture
of 3 components Tweedie distributions and we, then, computed the estimated parameters using the EMM
algorithm.

In order, to prove the consistency of the EMM sequence and to further test the accuracy of the proposed
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N=10000 N=15000

N=20000 | N=30000

Figure 3: Histograms of mixture of 3 components of Tweedie distributions with p = 1.7

algorithm, we calculated the mean squared error between the estimated parameter 0 and the true value of
the parameter

— — 2
0 (i.e. MSE6,0) =1 y1, (Gi - 6) ) we then computed the mean squared error between the estimated den-
sity ]"\and the true density f
— - \\2
(MSE(f, H=LTr, ;-\il (f (xj(’)) - f(xj(’))) ) which are reported in Table 4 below.

True parameters | Estimated parameters MSE(6, 0) MSE(f, f)
u=1[010.390.5] | [0.10020.3931 0.5011] | [0.00231 0.00323 0.003432]

A=1[146] [1.0041 4.00207 6.1032] | [0.00202 0.00133 0.00426] 0.0063
m = [0.290.31 0.4] [0.2871 0.3011 0.410] [0.01101 0.00150 0.01210]

Table 4: Estimated parameters by EMM algorithm and the MSE values.

For different true values of parameters vector ® and for a small sample size N = 10000, Table 4 shows
that the MSE values for the EMM approach are clearly low. We notice that the latter gives good practical
results.

In the second experiment, we proved the performance of the EMM algorithm by the curve of the true
and the estimated mixture density distributions of Tweedie EDMs with p = 1.7. These are very close, the

estimated density j?converges to the true density f (see Figure 4).



M. Zitouni et al. / Filomat 32:19 (2018), 6575-6598 6590

07—

= The estimated density
0sf- = The true density

Figure 4: Curve of the true and the estimated mixture density of 3 Tweedie EDMs.

When comparing the true and the estimated parameters of a Tweedie mixture with p = 1.7, we con-
cluded from the MSE that there exists a tiny variation between the true and the estimated parameters.
From these results and the curve of the true and the estimated mixture density distributions of Tweedie
EDMs with p = 1.7, we suggested performing the EMM algorithm for the exponential dispersion mixture
densities.

Another experiment is to evaluate the algorithm convergence with respect to the sample size N. So, several
simulations are created using samples with different sizes N varying from 100 to 10000.

N 100 200 500 1000 2000 5000 10000
MSE | 0.12369 | 0.02208 | 0.01002 | 0.009514 | 0.0078 | 0.0071 | 0.00631

Table 5: The MSE values with respect to the sample size N.

From the Table 5, it is clearly seen that the proposed algorithm EMM converges. Therefore, we observe
a rapid decrease of the MSE values when the sample size N is greater than 500.

4. Asymptotic properties

In this section, we studied the asymptotic properties [9, 14, 19, 21, 7, 23] of the maximum likelihood

estimators of 7x and iy determined by the EM algorithm [1] and the estimator of the dispersion parameter
A using the method of moments [16] for the mixture model of exponential distributions, with fixed number
K of components.
The EMM algorithm is the combination of the EM algorithm (based on the method of maximum likelihood)
and the method of moments. However, it does not have the same properties of the EM algorithm [1, 6] .
Using the moment estimates here makes little difference. Indeed, in our work there is no guarantee that the
incomplete likelihood increases after each EMM iteration with the unknown dispersion parameter. In this
section, we provided a proof of the EMM sequence consistency [17, 1, 16].
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This consistency is a condition which ensures that, for large data set size N tends to infinity, the estimators
will converge to the true parameters. In what follows, we denote by = (71, 712, ..., k), A = (A4, ..., Ag) and

po= (Ha, f2, ey PK)-

Theorem 4.1. Suppose that @) = @MV (Xy, ..., Xy) = (r™V, u*D, A+D) is the EMM sequence.
Then, in probability we have

: (+1) _
N = &
lim 7" = 7. (38)
N—+o00
lim A®D = A, (39)
N—+00

The proof of Theorem 4.1 necessitates the following technical lemmas.

Lemma 4.2. Let (Wn)n>1 be a sequence of i-i-d random variables in the space of square integrable functions L* with
a common mean i, and let (Vn)ns=1 be a sequence of random variables. Then,

E(Wx|Vy) o Hin L? (40)

where Wy = £ YN, W,

Proof of Lemma 4.2:
Let us denote 6% = Var(W;) < +oo.

Since (Wy)n»1 are i-i-d, then
2
— o
Vi = ool

It is well known that

2 — — —
% = Var(Wy) = E (Var(W|V)) + Var (E(Wx| V).
Then, we have
2
— o)
0 < Var (E(WnIVy)) < =
This implies that
Var (E(WN|VN))N:>mO.
Hence,

E(WnIVN) N E(W1) = p,in L*

which completes this proof.

Proof of Theorem 4.1:
Let Fy" = 6(@0(Xj, ..., Xy), (X4, ..., Xn)) be a o-algebra .
1) We will prove that Nlim n]((m) = Ty, in probability.
—+00
Recall that
1y o
I+1) _
ﬂk = ZT] Tik .
i=1
Mention that

) = E(ZulFy").
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By applying Lemma 4.2, we obtain

N
20D o_glL J—_— 2
=N Z [N Z Zi|En ] oo B(Zu) = i, in L.

i=1

Therefore,

Nlim n(m) = T, in probability.
—+00

2) We will prove that hm [J(M) = U, in probability.

ZIH

Recall that, the mean estlmator in the (I + 1) iteration is given by
N N
!

2T 2 X
(+1) _ y (+1) =1 @)=L

=M N e
D) 1 h
2% YL

i=1

i=1

ik

and we have
E(Z1X1) = BE(ZuX1lZyx = 1)P(Z1x = 1) + E(Z1x X11Z1x = 0)P(Z1 = 0)
K
ZEQM&ZMZDPQMZD+OZ%ﬂk (41)

Let us note that
N
D~r. —
(o X;i=E
i=1

1 1 i
N < 2 ZuXilEy® .
N N &

Then, according to Lemma 4.2, we have

lim ]E[ Z ZaXi|Fy® ] = —nk, in probability

N—+o00

which implies that

0
(I+1) Z X

im Hi = lim = B He
S0 1(HD) T NS teo h
N—+ /\I(€+) N—teo 4 N 0 ArTtg /\k

N 1k
N i=1

in probability.

3) We will now prove that lim M = Ay, in probability.
—+00

(Hk(lﬂ) )
(+1) _ LS

We see that, 1" is the solution of the equation Ay S
k

Observe that
E(Z1X2) = E(ZuX3|Zy = DP(Zy = 1) + E(ZX3|Z1x = 0)P(Zy = 0)

= (Var(Xi|Zy = 1) + (B |Zy = 1)) )m—(—w >+;‘k . (42)
k
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After some calculations, we have

(1)

(U]
. 0 (x, _ Mk _ L 215, O
NEIBWNZ ( ) = LER ZZMX <1>)”F :
- &%E“Xzﬂzlﬂ@)

. Auk 1 (1)
_¢$mw NZMMM)

+  Jim YH—ZZMW)

N—>+c>o A 0
we
= E(Xlzzlk) ZIT(]( + Xﬂk
- vy,
B )\ Ak
Consequently, we obtain
lim s*V —W Hx
N—o+co Sk Ak (Ak
As
TG

1\]1_>rJrr1oo PC = in probability,

and since V is continuous on M, then we have

(1+1)
. 12553 1% . ..
Nli)r-{loo Vv (Ak o ) vV ()\_) , in probability.
Hence,
v Hk(m) e
(+1) . (Ak(”” ) V(Y)
lim A = lim T =
N—>+oco N4>+oo Sk /\_kv(}[_k)

6593

We conclude that, for large data, the estimator of the dispersion parameter converges in probability to the

true parameter Ax. Which completes this proof.

Theorem 4.3. Suppose that, almost surely, we have

lim A® = ’/\\,
[—>+00
lim y(l) = y
[—>+0c0

and

lim = =7

[—+00

(43)

(44)

(45)

Then, (T, %) is the maximum likelihood estimator of (T, ﬁ—i), k=1,.. Kand )’\\k is the estimator of Ay by the method
k

of moments.
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Proof:
Note that, the mapping

(U)o 1K) — (% Z—I;) =t tg) = £

is bijective. Hence, we obtain a new parametrization by (¢, A, ) of the mixture model. Then, the density
mixture is given by

K
f) = Z Te(x, Ag)e P =CR e, o
k=1

Let Xy, Xo, ...., Xy be a sample with mixture density f(x) givenby (46). So, the log-likelihood with ® = (t, A, )
is given by

N K
L(X1, Xa, ..., Xni©) = Y log (Y 7 (X i, M),
i=1 k=1

Note that, t, — (fx)x — C(1(t)) is a strictly concave function. Then, the mixture density f is also strictly
concave with respect to t = (1, ...t).
Observe that, a-s

lim A® =72
I>+0c0

and
lim u® =7
[>+0c0

0 —

. —~
Therefore, t;{l) = Lf,) converges to t; = &

Al A

As ¢ is a continuous function, we obtain

as the iteration / tends to +oo.

lim () = (o).

Now we show that,
aL(XDXZ/ oo IXN/E]:) _
oty -

0,

gives that the maximum likelihood estimator for f is ?;;
Indeed, we have fork € {1, ...,,K},

[W(t,(il))]_1 [/\,((l)Xi - /\]((l)tl((’)]eA(k”[w(t(k”)XrC(lp(t‘k’)))]

K 1 ) 1
Yo (X 0, A0y

IL(X1, Xa, ..., Xn; t0)
oty

1 1
i o(Xi, )

-1
OV A0 - 10,

0] A0 L0 — R
lim T(l) - lim T[k fk(Xi/ Ak ’tk ) _ T(kfk(Xi,' /\k, tk)

K K
R
=) k=1
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because f; is a continuous function.

T fi(Xi; Ao b
K

Z 7:(\kfk(}(l/ Z(/E]:)
k=1

By using, Tk = , and computing the first derivative of L with respect to t;, we obtain,

aL(Xrll XZ/ ceey XN/’t\)

o~ o~ -1 —
o0 Ta [ V(t)]  [Xi — t]

D o

Il
—_

N
TV X - ZT AN

©

This result implies that, f;: = % is the maximum likelihood estimator

k
of t = §, Vk e {1,.., K}.
2)N ow we Consu:ler the log-likelihood function with ® = (u, A, ) which is given by

N N K
L(X1, Xs,..., Xn;©) = ) log(f(X))) = ) log [Z Sl X A, uk)],
i=1 i=1 k=1
where the component density f; is given by

Fels Ay 1) = c(x, A PG COGN

Clearly, the mixture density f is a concave function with respect to the mixing weight. On the other
hand, observe that
yN 0
lim @ = lim ==& = 7.

[—>+00 [>+00

Now, we show fork € {1, ...,K},
8L(X1,X2, .. .,XN,'?D

37Ik

=0

gives that the maximum likelihood estimator for 7 is 7.
Recall that, the posterior probabilities are given by

0 a0 0
(1) nk fk(Xi/ /\k ,[le )

zk K

Z 70 (% A0, 10

by letting | — +0o, we obtain

IL(X1,Xs,..., XN;T0) iT
aﬂk zkA

From this result, it follows thalt\ Tk is the maximum likelihood estimator of 7y, Vk € {1, ..., K}.
3) By hypothesis, llim MO =2, as
—+00

where

Y, 0%,
V(s
2,040 = i=1 Tig
=1
S
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and by letting | — 400, we obtain

N u® 2 N m 2
1)} k —~
ZTz‘k[ i W] ZTik[Xi— /\:]
S (1+1) _ i=1 k N é; - i=1 k )
N [—>+0c0 N
2 2
i=1 i=1
and
N N

ox) (Lax|

= —v| L& = v(&).
N I) I>+00 N . k
Z le Z le
i=1 i=1

V(&)

Then, A%V converges to Ay = ,f “ as | — 400, which is the estimator of A; by the method of moments
Sk
[16], which completes this proof.
Theorem 4.4. Suppose that
O(Xi, ., Xi) = (u”, 70, A0) =5 B(Xi, .., Xi) = (0,7, ). 47)
Then,
O(X1, ... Xn) = (I,7,A) T2 Xy, e, Xn) = (,m, ), in probability. (48)
Proof:
Note that
O ox. O L0 — X1 T
nk fk( ir by /[Jk ) T(kfk(Xlr Ak/ ‘le) _ ’f\
= = Tik

lim 7% = lim
[Stoo K [—+00 K K
] n — =
E n,(c)fk(xi;A](c)/H](()) z T fi(Xi; Ak, k)
=1 =1

because f; is a continuous distribution.

1 &

1) First we will prove that, ng:r}m Ty = N Z; Tix = T, in probability.
=

Mention that
Tk =E (Zik|FN)

where, Fy = a(@(Xl, s XN), (X1, ..., XN)) be a o- algebra.
By applying Lemma 4.2, we obtain
1

— Z . R — i T2

E [N L sz|FN] N E(Z1x) = m, in L°.

Therefore,
Nlim Ty = Tiy, in probability.
—+00
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2) In the second part of this proof, we will show that Nlim [k = Uk, in probability .
—+00

On the other hand, we have
LY =B Yz
— ) 4 Xi=E|[= ) ZaXilFn|.
N i=1 N i=1

Then, according to Lemma 4.2 and equation (41) we have

=E(Z;Xy) = —nk, in probability.

i=

This implies that,

1
Lo He =1 _ Mk Pk .
Nli)r&o A:k = Nll)r&o N = /\k,m probability.
%] Tik
i
3) We will now prove that Nlim Ak = Ay, in probability.
—+00
n _ v(®)
We see that, A is the solution of the equation Ay = Ay
Sk
And _
_ V(L)
Iim Ay = 1li =
N—-+c0 N—+c0 Sk

according to equation (42) and by using the fact that

N —~\2
1 —~ | Hk _ 2 2
Jim N;m [xl )Tk] Jim (5 Zzlk(x ) [Fx)

= lim lE(—ZZlklePN)— lim_ 2( )]E(—ZZlkX IFn)

N—+oo

+ lim ( )Z]E(—ZzlleN)

2 2

= E(X:%Zy) - ink + i—};nk
= —V( )ﬂk,
we obtain 1w
e VL
Since —~
Nl_i)r?w% = i—};, in probability

and since V is continuous on Mf, then we have

Uk (.u) . Y.
Iim V V{— bability.
NEPM (/\k] 1) in probability
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Consequently,

which completes this proof.

5. Conclusion

In this paper, we tried to answer two major issues raised in the introduction. First, we proposed an
iterative algorithm called the EMM algorithm in order to estimate the parameters of the finite mixture of
exponential dispersion distributions. The EMM algorithm is the combination of the EM algorithm (based
on the method of maximum likelihood) and the method of moments. The proposed algorithm determines
the estimators of the mixing weight 7, the mean y, and the dispersion parameter A. Second, we presented
the asymptotic properties of the EMM sequence when the data set of size N tends to infinity, and the
number of iterations [ tends to infinity. These results suggest that the mixture of exponential dispersion
distributions is proved to be an efficient solution for an estimation framework. In a future work, we propose
to use the EDM in an unsupervised image segmentation.

References

[1] A. Dempster, N. Laird and D. Rubin, Maximum likelihood from Incomplete Data via the EM Algorithme, Journal of the Royal
Statistical Society B (Methodological)39 (1977) 1-38.
[2] A.T. Mendoza-Rosas and S. De la Cruz-Reyna, A mixture of exponential distributions for a simple and precise assessment of the
volcanic hazard, Natural Hazards Earth System Sciences 9 (2009) 425-431.
[3] B.Jorgensen, Exponential dispersion models (with discussion), Journal of the Royal Statistical Society Series B 49 (1987) 127-162.
[4] B.Jorgensen, The Theory of Dispersion Models, London, Chapman & Hall/CRC Monographs on statistics & Applied Probability,
1997.
[5] C.C. Kokonendji, S.Dossou-Gbété and C.G.B. Demétrio, Some discrete exponential dispersion models: Poisson-Tweedie and
Hinde-Demétrio classes 28 (2004) 201-214.
[6] C.EJeff Wu, On the Convergence Properties of the EM Algorithm, The Annals of Statistics 11 (1983) 95-103.
[7] C.Yeojin and B.G.Lindsay, Convergence of the EM algorithm for continuous mixing distributions, Statistics & Probability Letters
96(2015) 190 — 195.
[8] D.M. Titterington, A. F. M. Smith, U. E. Makov, Statistical analysis of finite mixture distributions, Wiley series in probability and
mathematical statistics, 1985.
[9] D. Nityasuddhi, D.Bohning, Asymptotic properties of the EM algorithm estimate for normal mixture models with component
specific variances, Computational Statistics & Data Analysis 41 (2003) 591-601.
[10] G. Abdelaziz, M.Afif, Characterization of multinomial exponential families by generalized variance, Statistics and Probability
Letters 80 (2010) 939-944.
[11] G.J.McLachlan, D. Peel, Finite Mixture Models, Wiley series in probability and statistics, New York, 2000.
[12] G. Letac, Lectures on Natural Exponential Families and their Variance Functions, Numéro 50 de Monografias de Matemadtica
Pura e Aplicada, 1992.
[13] G.Maclachlan, T. Krishnan, The EM Algorithm and Extensions, (2nd edition), Wiley Series in Probability and Statistics, 2007.
[14] J-L. Foulley, Algorithme EM: théorie et application au modeéle mixte, Journal de la société Francaise de statistique 143 (2002)
57-109.
[15] J-M. Marin, K.Mengersen, C P.Robert, Bayesian modelling and inference on mixtures of distributions, In Dey, D. & Rao,C.R.(Eds.)
Handbook of Statistics, 2005.
[16] K. O.Bowman and L. R. Shenton, Estimator: Method of Moments, Encyclopedia of statistical sciences, 1998.
[17] K. Tanaka and A. Takemura, Strong Consistency of the Maximum Likelihood Estimator for Finite Mixtures of Location - Scale
Distributions When the Scale Parameters are exponentially Small, International Statistical Institute (ISI) and the Bernoulli Society
for Mathematical Statistics and Probability 12 (2006) 1003-1017.
[18] O. Barndorff-Nielsen, Information and Exponential Families: In Statistical Theory, John Wiley and Sons, New York, 1978.
[19] R. A.Boyles, On the convergence of the EM algorithm, Journal of the Royal Statistical Society, Series B (Methodological) 45 (1983)
47-50.
[20] R.A. Redner and H F. Walker, Mixture Densities, Maximum Likelihood and the EM Algorithm, SIAM Review 26 (1984) 195-239.
[21] R. Sundberg, Maximum Likelihood Theory for Incomplete Data from an Exponential Family, Scandinavian Journal of Statistics
1(1974) 49-58.
[22] V. Seshadri, Finite Mixtures of Natural Exponential Families, The Canadian Journal of Statistics 19 (1991) 437-445.
[23] Y. Miyata, Maximum likelihood estimators in finite mixture models with censored data, Journal of statistical Planning and
inference 141 (2011) 56-64.



