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Abstract. Let A be a Banach algebra and T be an A-module homomorphism from UA-bimodule B into
A-bimodule A. We investigate module amenability (resp. module approximate amenability), module
character amenability (resp. module character approximate amenability), module character biprojectivity
and module character biflatness of A X1, B for every two Banach A-bimodule A and B.

1. Introduction

Let A be a Banach algebra and let ¢ € A(A). Kaniuth, Lau and Pym in [12], have recently introduced
and studied the interesting notion of p-amenability. Specifically, A is called (left) p-amenable if there exists
m € A™ such that m(¢) = 1 and m(f.a) = ¢p(a)ym(f) for alla € A and f € A*. Also, the notion of (right)
character amenability was introduced and studied by Monfared in [16]. He called a Banach algebra A
character amenable if it is both left and right character amenable.

Moreover, the notion of approximate character amenability of Banach algebras was introduced by
Aghababa, Shi and Wu in [19]. They called a Banach algebra A is approximately right character amenable,
if for every ¢ € A(A) U {0} and every A-bimodule X, that the left module action is a.x = p(a)x (a € A, x € X),
every derivation D : A — X" is approximately inner. Approximately left character amenability is defined
similarly and A is called approximately character amenable if it is both approximately left and right character
amenable. Also, various notions of character amenability such as module approximate amenability and
module character inner amenability of Banach algebras are introduced and investigated in [7] and [21].

The notion of Biprojective Banach algebras and biflatness Banach algebras were introduced by A. Ya.
Helemskii in [10, 11]. A Banach algebra A is called biprojective if the map A : AA — A has abounded right
inverse which is an A-bimodule map (i.e. a bounded linear map which preserves the module operations).
A Banach algebra A is said to be biflat if the adjoint A* : A* — (A®A)* of A has a bounded left inverse
which is an A-bimodule map.

Let A and B be Banach algebras with spectrum A(B) # 0. Let 8 € A(B), then the direct product A X B
equipped with the algebra multiplication

(a,b).(c,d) = (ac + O(d)a + O(b)c, bd), (a,ce A,b,deB),
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and the I'-norm is a Banach algebras which is called the 6-Lau product of A and B and is denoted by
A xg B. This type of product was first introduced by Lau [14] for certain class of Banach algebras and was
extended by M. S. Monfared [17] for the general case. Many basic properties of A Xg B such as Biflatness
and biprojectivity are investigated in [17] and [13].

Recently, in the case where A is commutative, a new extension of Lau product introduced and has been
studied by Bhatt and Dabhi [4]. In [1], the authors, by slight change in the definition of multiplication given
by Bhatt and Dabhi on A X, B, investigated the two notions, biprojectivity and biflatness on A X, B for an
arbitrary Banach algebra A, where ¢ is a Banach algebra homomorphism from B into A.

The notion of module amenability was introduced by Amini [2] for a class of Banach algebras that are
modules over another Banach algebra with compatible actions. Let ¢ € A(2) U {0} and consider the set (24
of linear maps ¢ : A — A such that

@(ab) = p(@)p(b), p(a.a) =@a.a)=¢@)p@a) @ beA ac).

The concept of (¢, p)-module amenability and module character amenability for Banach algebra A, where
¢ € A(Y) and ¢ € Q4 were introduced by Bodaghi and Amini in [6](see also [8]). In [5], the authors have
introduced and investigated the concept of module biprojectivity and module biflatness of Banach algebras.

The purpose of the present paper is to investigate module amenability (resp. module approximate
amenability), module character amenability (resp. module character approximate amenability), module
character biprojectivity and module character biflatness of A X1, B in terms of the same properties for A
and B.

We briefly summarize the results in this paper. In section 3 we investigate relations between module
amenability (resp. module approximate amenability) of A, B and A X, B. We also prove that A Xt, B is

(((p, @oT), qb)—module amenable and ((O, V), cp)-module amenable (resp. (((p, @oT), qb)-module approximate

amenable and ((0, V), qb)—module approximate amenable) for every ¢ € Q4,1 € Qp and ¢ € A() if and only
if both A and B are module character amenable (resp. module approximate character amenable).

In section 4 we show that under some conditions A X, B is (¢, ¢ o T)-module biprojective (resp. (0, ¢)-
module biprojective) if and only if A is p-module biprojective (resp. B is i»-module biprojective) and show

same results for approximate property. Finally, we prove that A Xr, B is (((p, Qo T),¢))-module biflat and
((O, V), (p)—module biflat (resp. (((p, poT), qb)—module approximate biflat and ((O, V), ¢)—module approximate

biflat)for every ¢ € Q4,9 € Qp and ¢ € A(Y) if and only if both A and B are module character biflat ( resp.
module character approximate biflat).

2. Preliminaries

Let A be a Banach algebra, and let X be an A-bimodule. Then X is a Banach A-bimodule if X is a Banach
space and there is a constant k > 0 such that

lla.xll < Kllallllxll, llx.all < kllallllx]] (2 € A,x € X).
Let A and A be Banach algebras such that A be a Banach A-bimodule with compatible actions
a.(ab) = (a.a)b, (ab).a = a(b.a) (a,beA,ae),
Let X be a Banach A-bimodule and a Banach A-bimodule with compatible left actions defined by
a.(ax) = (aa).x, a(ax)=(@a).x, (ax)a=a(xa) @A ac xeX),

and similar for the right or two-sided actions. Then we say that X is a Banach A-A-module. A Banach
A-U-module X is called commutative A-UA-module, if a.x = x.a (@ € A, x € X). Note that in general, A is not
a Banach A-A-module because A need not satisfy the compatibility conditions a.(a.b) = (a.a).b (a,b€ A, a €
).
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If X is a (commutative) Banach A-A-module, then so is X*, whenever the actions of A and 2 on X* define
by
(a.f,x) =(f,xa), {a.f,x)=(f,xa) @€cAacAxeX feX),
and similarly for the right actions.
Let X and Y be two A-UA-modules, then a bounded map & : X — Y is called A-A-module map if
h(x £ y) = h(x) + h(y) and

h(a.x) = a.h(x), h(x.a) = h(x).a, h(a.x) =ah(x), h(x.a)=h(x).a,

forx,yeX,ac A ,and a € .
Let A®A be the projective tensor product of A and A which is a Banach A-bimodule and a Banach
A-bimodule by the following actions:

a.(a®b)=(aa)®b, c.(a®b)=(ca)®b (xeW,a,b,ceA),
similarly for the right actions. Let I;3, be the closed ideal of A®A generated by elements of the form
{a.a®b—-—a®a.b |aeWabe A}l (1)

Consider the map w4 € L(A®A, A) defined by w4(a ® b) = ab and extended by linearity and continuity. Let
Ja be the closed ideal of A generated by

w(lz,) = ((@a)b —a(ab) la,beA,a e )

Then, the module projective tensor product A®yA, which is (A®A)/I 5, by [20], and the quotient Banach
algebra A/J4 are both Banach A-bimodules and Banach U-bimodules. Also, A/J4 is A-A-module with
compatible actions when A acts on A/J4 canonically.

Define @4 € £(A§9[A,A/]A) by @al@a®b +1,5,) = ab + Ja and extend by linearity and continuity.
Obviously, @4 is A-A-bimodule map. Moreover, @, the first adjoints of @ is also A-A-module map.

Let X be a Banach A-UA-module. A bounded map D : A — X is called an A-module derivation if

D(a + b) = D(a) + D(b), D(ab) = D(a).b + b.D(b) (a,beA),

and
D(a.a) = a.D(a), D(a.a) =D(@).a (ae€ A,acN).

Although D in general is not linear, but still its boundedness implies its norm continuity. For every x € X,
we define ad, by ad.(a) = a.x — x.a (a € A). A A-module derivation D is said to be inner (resp. approximate
inner) if there exists x € X (resp. there exists a bounded net (x,) C X) such that D(a) = ad,(a) (a € A) (resp.
D(a) = lim, ad, (a)(a € A)). A Banach algebra A is called -module amenable (resp. A-module approximate
amenable) if for any commutative Banach A-A-module X, each A-module derivation D : A — X" is inner
(resp. approximate inner)(see [2] and [18]).

3. Module amenability of A Xr, B

Suppose that A and B are Banach algebra and Banach U-bimodule with compatible actions. Then, an
A-module homomorphism is a Banach algebra homomorphism T : A — B with

T(a.a) = a.T(a), T@.a)=T@a).a @eAac.

We denote by Homy (A4, B), the all A-module homomorphism from A into B.
Let T € Homy(B, A) with ||T]| £ 1. The cartesian product space A X B equipped with the following
algebra multiplication

(a1,b1).(az, b2) = (@102 + a1 T(b2) + T(b1)az, b1b), (a1,a2 € A, b1, by € B),
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and the norm [|(a, b)|| = llalla + |Ibllz, defines a Banach algebra which is denoted by A Xt B. Furthermore,
A Xt Bis a Banach A-bimodule under the module actions

a’.(a,b) = (@,0).(a,b), (a,b).a’ = (a,b).(a’,0) (a,a’ € A,b € B),
and is A-bimodule under the module actions
a.(a,b) = (a.a,a.b), (a,b).a=(a.qa,b.a) (@a€eAbeB,ac).

For this reason we denote A Xt B by A Xr, B which we call it the module Lau product of A and B.
We note that the dual space (A Xr, B)* can be identified with A* X B, via

(f,9),(a,b)) =<a, ) +<b,g) (@€ A feA,beB,geB),

when we consider A* X B* under the norm

ICE Il = 1A+ gl (feA,geB).

For more details see Theorem 1.10.13 of [15]. Moreover, (A Xr, B)" is a (A X1, B)-bimodule with the module
operations given by

(f,9)-a,b) = (fa+ fT(W), fo (L,T) +gb) (@€ A feA,beB,geB), 3)

@b)(f,9) = (a.f + TO).f, fo (R,T) +b.g) (@€ A feA,beB,geB), (4)
where L,T : B— Aand R,T : B — A are defined by L,T(b) = aT(b) and R,T(b) = T(b)a (b € B).

Theorem 3.1. Let A and B be two N-bimodule Banach algebras and let T € Homy(B,A). Then the following
statements are valid:

(i) If A Xt B is A-module amenable, then so are A and B. In the case that A has a bounded approximate identity
the converse is also valid.

(ii) If A X7, B is W-module approximate amenable, then so are A and B.

Proof. (i) Suppose that A Xr, B is A-module amenable. Letd : A — X" be an A-module derivation for a
commutative Banach A--module X. Define d : A X {0} — X* X {0}. by d(a,0) = (d(a),0)(a € A) and define
P:AXp, B— AXx{0} by

P(a,b) = (a + T(b),0) ((a,b) € A X1, B).

ThenD =doP: AXr, B— X*x {0} is an A-module derivation on A X7, B. From the A-module amenability
of A X, B it follows that there exists (x*,0) in X* X {0} such that

D(a,b) = (a,b).(x",0) — (x", 0).(a, b) (a,b) € A Xz, B).

Hence

d(a) = d(a,0) = D(a,0) = (a,0).(x",0) — (x*,0).(a,0) = a.x* —x".a (a € A).

This means that 4 is inner. Therefore A is A-module amenable. Similarly, by taking P : A X1, B — A x {0} as
P(a,b) = (0,b), we can show that B is A-module amenable.

Conversely, suppose that both A and B are A-module amenable. Since A is a closed U-invariant ideal in
A Xt, B with a bounded approximate identity and (A Xt, B)/A = B, then A Xr, B is U-module amenable, by
Corollary 2.2 of [2].

(ii) Suppose that A X1, B is W-module approximate amenable. Letd : A — X" be an A-module derivation
for some commutative Banach A-2-module X. As above there exists an A-module derivation D = d o P :
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A X1y B — X*x {0} on A X1, B. Since A xr, B is A-module approximate amenable, there exists a bounded
net ((x},0)) in X* x {0} such that

D(a,b) = lim (@,0).(x;, 0) = (x;,0)-(a, b)) ((a,b) € A X7, B).

In particular,
d(a) = d(a,0) = D(a,0)

= lim (@,0).(x;,0) = (x;,0).(a,0))
= lign (a.x; - x;.a) (aeA).

So d is approximate inner derivation. Therefore A is A-module approximate amenable. Also, by taking
P:Axr, B— Ax{0}as P(a,b) =(0,b), one can show that B is A-module approximate amenable. [J

The following example shows that the converse of the (ii) from the previous theorem is not valid in
general case.

Example 3.2. Let [! denote the well-know space of complex sequences and let K(I') be the space of all
compact operators on ['. It is well known that the Banach algebra K(I') is amenable. Renorm K(I') with
the family of equivalent norm IIl.IIF such that its bounded left approximate identity will be the constant 1
and its bounded right approximate identity will be k + 1. Let A = & (K(I"), |lI), then A has a bounded
left approximate identity but no bounded right identity (see page 3931 of [9]). Now by choosing T = 0 and
A =Cwehave AD A% = A Xy, A?. Aand A%, the opposite algebra, are boundedly approximate amenable
(see Theorem 3.1 of [9]) but since A X1, A% has no bounded approximate identity, it is not A-module
approximate amenable (see Theorem 4.1 of [9]).

Let A be a Banach UA-bimodule and let ¢ € A(A), where A(A) denote the character space of A. Consider
the linear map ¢ : A — A such that

p(ab) = p@)p(b), @la.a)=ga.a)=p@)p@) (@beA ac).

The set of all continuous such maps denoted by Q4. A bounded linear functional m : A* — C is called a
(@, p)-module mean on A* if m(f.a) = ¢ o p(a)ym(f), m(f.a) = p(a)ym(f) and m(¢po@) = 1foreach f € A", ae A
and a € A. A Banach UA-bimodule A is called (¢, ¢)-module amenable if there exists a (¢, ¢)-module mean
on A*. Also A is called module character amenable if it is (¢, ¢)-module amenable for each ¢ € Q4 and
¢ € A(N) U {0} (see [6]).

One should remember that if A = C and ¢ is the identity map then the module (¢, ¢)-amenability
coincides with g-amenability [12].

For every ¢ € Q4 and 1 € Qp, we define (0,9) : A X, B— Wand (p,poT): A Xr, B— Aby

O, 9)a,b) = (b), (@, ¢oT)a,b)=q¢@)+e@oTk) (acAbeB).

Then it is easy to see that (0, 1) and (p,p o T) € QAXT,I B.

Theorem 3.3. Let A and B be two W-bimodule Banach algebras and let T € Homy(B,A). Then the following
statements are valid:

(i) AXr,Bis (((p, poT), q))—module amenable for every ¢ € Qu and ¢ € A(N) ifand only if A is module character
amenable.

(ii) A X1y B is ((O, V), ¢)—module amenable for every \ € Qp and ¢ € A(Y) if and only if B is module character
amenable.
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Proof. (i) Letg € Q4 and ¢ € A(Y). Since AXr,Bis (((p, @oT), qb)-module amenable, there exists m € (AXt,B)"
such that

m((f,9)-@,b)) = (¢ o (p, @ o T)a,B)m((f, 9)), m((f, 9)-a) = pl@m((f,9)),

and m(cj) o(p,po T)) = 1, for each (f,g) € (A X7, B)" ¥ A* X B* and (a,b) € A X1, B. Define my € A™ by
ma(f) =m(f, foT) (f € A"). By (3), for everya € A and f € A*, we have

ma(f.a) m(f.a,(fa)oT)
m(f.a,f o L,ZT)
m((f, f © T).a, 0))

= ((p o(p,poT)a, 0))711((f,f o T))
¢ o p@ma(f),

and for every a € ¥,

ma(f.a) = m(f.a,(fa)o T)) = m((f, f o T).t) = d(@)m(f, f o T) = d(@)ma(f).

Also
ma(p o @) = m(((p op,pogpo T)) = m((p o(p,po T)) =1.
Then A is (¢, ¢)-module amenable. Therefore A is module character amenable.

Conversely, suppose that A is module character amenable. Let ¢ € Q4 and ¢ € A(N). Then there exists
m € A™ such that

m(f.a) = ¢ o p@ym(f), m(f.a)=p@)ym(f), mpop)=1 (feA",acA aec).
Define m € (A xr, B)* by W((f, g)) =m(f). By (3), for every (f, g) € (A X1, B)" and (a,b) € A X1, B, we have

m((f,9)a,b)) =m(f.a+ fT(b),f o (LT)+ g.b)
=m(fa+ f1())
= m(f.a)+m(£.T())
= ¢ o p@m(f) + & o p(T())m(f)
= (9o (9,0 0 T)(a, b))F(f, 9),

and for every a € ¥,

m((f, 9).c) = ((f.cr, g.0)) = m(f.x) = plym(f) = playim((f, 9))-
Moreover
m(po(@poT)=T(popdopoT)=mdoT)=1.
Somisa ((qo, poT), qb)-module mean on A Xr, B. Therefore A X7 B is ((qo, poT), qb)-module amenable.

(ii) Let i € Qp and ¢ € A(N). From the ((0, V), (p)—module amenability of A xr, B it follows that there
exists m € (A Xr, B)” such that

m((f,9)@,b) = (¢ © O, )@ b)m((f,9), m((f,9)-a) = p@)m((f,9)),

and m(qb o (0, 1/))) =1, for each (f, 9) € (A Xr, B)* and (a,b) € A X1, B. Define mp € B* by mg(g) = m(0, g). As
in (i) we can show that mjp is a (¢, ¢)-module mean on B*. So B is (¢, ¢)-module amenable. Therefore B is
module character amenable.
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Conversely, suppose that B is module character amenable. Let ¢ € Qp and ¢ € A(N). Thus there exists
m € B such that

m(g.b) = ¢ o P(bym(g), m(g.a) = Pp(a)ym(g), m(@oy)=1 (g€ B",beB,ac).

Define m € (A X1, B)” by ﬁ((f, g)) =m(g)—m(f oT). We show thatmisa ((O, V), (j))—module mean on A Xt, B.
By (3), for every (f, g) € (A X1, B)" and (4, b) € A X1, B, we have
m((f,9)(a,b)) = wm(fa+ fTW),fo (LT)+gb)
= m(f o (L) + g.b) - m((fa+ £T(1))o T)
= m(gb) - m(f.T(b)o T)
= m(g.b) - m((f o T).b)
= ¢ oy(bym(g) — ¢ o P(b)ym(f oT)
= (9o Oy)ab)m((f,9)

and for every a € ¥,
m((f, 9)-) = 7((f.2, g.@)) = m(g.a) = m((f o T).cx) = p(eyim((f, 9)).

Also ﬁ(gb o (0, ¢)) = ﬁ(O,(j) o 1;)) =m(po1) =1 Thusmisa ((O, V), (j))—module mean on A X, B, and so
A X, Bis ((O, V), qb)-module amenable. [J

Corollary 3.4. Let A and B be two U-bimodule Banach algebras and let T € Homy(B, A). Then A Xr, B is (((p, o

1), (p)—module amenable and ((0, V), qb)—module amenable for every @ € Qa, P € Qp and ¢ € A(N) if and only if both
A and B are module character amenable.

Definition 3.5. Let A be a Banach U-bimodule and let ¢ € A(N) and @ € Qa. A net {m;} € A™ is called a (¢, P)-
module approximate mean, if m;(¢ o ) — 1, |la.m; — ¢ o p(a)ym;|| — 0 and ||a.m; — Pp(a)myl| — O foralla € A
and a € . A Banach N-bimodule A is called (@, p)-module approximate amenable if there exists a (@, p)-module
approximate mean on A*. Also A is called module character approximate amenable if it is (¢, ¢)-module approximate
amenable for each @ € Q4 and ¢ € A(N) U {0}.

Note that by Theorem 5.2 of [7], and from the fact that

lla.m; — ¢ o p(aym|| < lla.m; — p(a).my|| + llp(a).m; — ¢ o p(a)mil|,

and
lla.m; — @(a).m;l|| < lla.m; — ¢ o p(aym;|| + ||p o p(a)ym; — @(a).m;l,

one can easily show that the concept of (¢, ¢)-module approximate amenability in Definition 3.5 and the
concept of module approximately (¢, ¢)-amenability introduced in [7] are equivalent.

Theorem 3.6. Let A and B be two W-bimodule Banach algebras and let T € Homy(B,A). Then the following
statements are valid:

(i) A Xy Bis (((p,(p oT), qb)—module approximate amenable for every ¢ € Qp and ¢ € A() if and only if A is
module character approximate amenable.

(ii) Axr, Bis ((0, V), (p)—module approximate amenable for every € Qp and ¢ € A(N) if and only if B is module
character approximate amenable.
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Proof. (i) Let ¢ € Q4 and ¢ € A(Y). Since A Xr, B is (((p,(p o T),d))—module approximate amenable, there
exists a net {m;} C (A Xt B)* such that

@, b).m; = (¢ © (@, 9 © )@, b) Jmill — 0, llov.m; = p(@)mil] — 0,

and m;(¢po(¢, poT)) —> 1,foreach (a,b) € AxrBand a € . Let {m?} c A” defineby m?(f) = my(f, foT) (f €
A"). By (3), for every a € A, we have

o = o p@mll = sup lam(f) = ¢ o playm(f)
feAliflisl
= 2 sup |mf(%f.a) —¢o (p(a)mf(%f.a)l
feAnliflis1

1.1 1 1
2 I(a,0)mi(5sf, =foT)—(po(p,@oT)a,0))m(sf =foT)
S l@0.m Sfi5f (¢ 0 (@@ o T)a,0)mi(5f, 5 f

2/|(@, 0.1 ~ (¢ © (¢, @ © T(a, 0))mil] —> 0,

and similarly one can prove that IIa.miA - qb(az)mfll — 0, for every a € A. Also

IN

mMpop)=ml(@op,popoT)=m(po(peoT)— 1.

Then {m!'} is a (¢, $)-module approximate mean on A*. So A is (¢, ¢)-module approximate amenable.
Therefore A is module character approximate amenable.

Conversely, suppose that A is module character approximate amenable. Let ¢ € Q4 and ¢ € A(Y). Then
there exists a net {m;} ¢ A* such that

lla.m; — ¢ o playmi|| — 0, |la.m; — p(a)ym;i|| — 0,mi(p o p) — 1@ € A, a € N).
Define the net {m;} € (A Xr, B)" by ﬁ,-((f, g)) = m;(f). By (3), for every (4, b) € A X, B, we have

(@, b).77 = (¢ © (¢,  © T)(a, b) s
= sup (@, D)7 ((f,9) = (¢ © (@, 9 © D@, b))7i((f, )|

(frpeAxeByI(flI<1

= sup mi(f.a + £T(®)) - (¢ o (¢, @ © T)@, b))mi(f)]

(frpe@AxeByI(fl<1

< sup  (lami(f) — ¢ o p@mi( )l +IT®)mi(f) = o o(T(B))mi( )

(FDeAXTBY I(f9)li<1
< llam; = ¢ o p(@myl| + I T(b).m; = o (T(B))milll —> 0.

It is easy to check that ||la.m; — p(a)m;|| — 0 (a € A). Moreover
ﬁ(<¢> o(p,po T)) = mi(d) op,pogo T) =mi(poT) — 1L

So {m;} is a(((p, poT), d))—module approximate mean on (A X, B)*. Therefore A X, B is (((p, poT), qb)—module
approximate amenable.
Similarly, we can show that (i) is also valid. O

Corollary 3.7. Let A and B be two U-bimodule Banach algebras and let T € Homy(B, A). Then A Xr, B is ((go, Qo

1), (p)-module approximate amenable and ((0, V), qb)—module approximate amenable for every ¢ € Qu,1 € Qp and
¢ € A(N) if and only if both A and B are module character approximate amenable.
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4. Module character biprojectivity and module character biflatness of A X, B
We commence this section with the following definition from [3]:

Definition 4.1. We say a Banach algebra U acts trivially on A from the left (right) if for every o € and a € A,
a.a = f(a)a (resp. a.a = f(a)a), where f is a continuous linear functional on U.

We recall the following remark from [5] for the proof of the next results:

Remark 4.2. LetI,5, and J4 be the closed ideals defined in (1) and (2), respectively. Suppose that A has a
bounded approximate identity and 2 acts on A trivially from the left. Then (A®A)/I 5, is an A/J4-bimodule
with the actions given by

(@+]Ja)(c®b+1I,5,) =ac®b+1,35,, o)
and

(c®b+1,5,).(a+]a)=c®ba+l,g,, (6)
fora,b,ce Aand a € W.

Throughout the next results, when we consider (A®A)/I 5, as A/J4-bimodule, we have suppose that A
has a bounded approximate identity, and 2 acts on A trivially from the left.

Recall that a Banach algebra A is called A-module biprojective if @4 has a bounded right inverse which
is an A/J4-A-module map, and A is called A-module biflat if @ has a bounded left inverse which is an
A/Ja-q-module map (see [5]).

Let ¢ € A(Y) and ¢ € Q4. Clearly (p((a a)b —a(a. b)) =0 (0 € Aya,b € A), hence ¢ = 0 on J4 and
¢ :A/Ja — Ugiven by ¢(a + Ja) = ¢(a) is well defined. Then ¢ € Qyuyj,.

Let ¢ € A(A). Then ¢ has a unique extension qb € A(A™) which is denote by gb(F) F(¢) forevery F € A™.

Definition 4.3. Let ¢ € 4. A Banach U-bimodule A is called gp-module biprojective (resp. @-module approximate
biprojective) if there exists A/ ]a-U-module map g : A/Ja — AQA/I iga (resp. there exists a net of A/Ja-U-module
maps pi : AlJa — A®A/l ,5,) such that ¢ o @a o pa(a+ Ja) = @a+ Ja)(resp. ¢ o @40 pi(a+ J4) — @a+ Ja)).

Definition 4.4. Let ¢ € A(N) and ¢ € Qu. A Banach A-bimodule A is called (@, p)-module biflat (resp. (¢, P)-
module approximate biflat) if there exists A/Ja-U-module map ga : AlJa — (A®A g A) (resp. there exists a net

of AlJa-U-module maps p; : AlJa — (A®A/IA®A) ) such that qb ofo@yopa@+t]a) = ¢o@a+]a) (resp.

gb ooy o pila+Ja) — ¢ o @(a+ Ja)). Ais called module character biflat (resp. module character approximate
biflat) if it is (@, ¢)-module biflat (resp. (@, ¢)-module approximate biflat) for each @ € Q4 and ¢ € A(A) U {0}.

Lemma 4.5. Let A and B be two Banach W-bimodules and T € Homy(B, A). Then | AxryB = Ja X1y JB-
Proof. For everyaj,a; € A, by,b, € Band a € A, we have
(@1, b1).-a)(@, bo) = (@1, 1) (a2, b)) = (((@1.0)a2 = a1(a.m)) + (@1.2)p(b) - ar(@.p(b2))
+((@(b1)-a)az — p(br)(@.2)), (br.a)by — by (b)),
That is Jax,B C Ja Xq Jp. Also for every aj,a, € A, bi,b, € Band a,a’ € ¥, we have
((a1-@)a2 — ar(@.a), (b1.0" )by — b (e b2)) ((@1-a)az — ar(@.a2),0) + (0, (b1 )by — b (" )
= [((@,0).a)@,0) - (@1,0)(x.(az,0))]
+(0, 51).0")(0,b2) = (0, b1)(' (0, b)) .

So Ja X¢ Jg C Jax,- Therefore Jax g = Ja Xy Jp. O
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We note that (A Xr, B)/ ]AXT?[ p is an A/Ja-bimodule through the actions given by
@ + Ja)((@,b) + Jaxey8) = (@, 0) + Jaxe, 5)((@ b) + Jaxr,5), 7)
and
(@,b) + Jaxry )@ + Ja) = (@, 6) + [z, 5)((@', 0) + Jaxr, 5), ®)

foralla’,a € A and b € B. By Lemma 4.5, one can easily check that these actions are well defined. Also
(A Xty B)/]. Axry B AN be made into a Banach B/Jg-bimodule in a similar fashion.

Lemma 4.6. Let A and B be two W-bimodule Banach algebras with bounded approximate identity. Define the
mappings ra : (A Xty B)/Jaxy,8 = A/Jaand qa : A/Ja — (A X1, B)/]ax;B by

ra((@b) + Jaxe8) = (a + T(0)) + Ja, qa(@+Ja) = (@,0)+ Jaxsp (@€ A,bEB).
Also define pg : (A X1y B)/Jaxr, 8 = B/Jp and sg : B/Jg — (A X1y B)/Jaxs, 8 by
Ps((@,0) + Jaxi,5) = b+ Jp, 560 +J5) = (= T(0),b) + Jax,s (@€ A,bEB).
Then ra, qa are Banach A/ ]a-U-module maps and pg, sp are B/ Jp-A-module maps.

Proof. By Lemma 4.5, it is easy to see that 74,44, pp and sp are well defined. Let (¢;) (resp. (e;)) be a bounded
approximate identity for A (resp. B) with bound m > 0 (resp. m’ > 0). For every a € A and b € B, we have

lga@+ Il = 11@,0) + Jax,sll = lim @ + Ja).((ei, 0) + Jax,s)l

< limklla + Jalllltei, 0) + Jax, sl
< limkla + Jalllleill < krlla + Jall,
and
lisg(0+ Je)ll = [I(=p(b), D) + Jax,sll
= limlim [0 + Ja)(=€ir€)) + Lax, )
<

lim li§n klib + Jsllll(—ei, €)) + Jax,sll

< lim lignkllb + Jslllleillllell < kmm’||b + Jgl|.

Thus g4 and sp are bounded. By using Lemma 4.5, we obtain

lla + Jall + 11b + Jsll < [l(a, b) + Jax,8ll (@ €A,be€B).

It follows that [[ps((a, b) + Jax,s)ll = lIb + Joll < II(a, b) + Jax,sll, and since @(J) € Ja,

lra((@,B) + Jaxys)l = li(a +@(@)) + Jal
la + Jll + llp(®) + @(p)l
2, b) + ax, b1l

Therefore pp and 7, is bounded. Also one can easily check that 74,44 are Banach A/J4-bimodule and
A-bimodule and pp, s are B/Jg-bimodule and A-bimodule. Then 74,94 are Banach A/]4-A-module maps
and pg, sg are B/Jp-A-module maps. [

IA A

For the proof of the following result we refer to Proposition 2.6 of [22].
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Proposition 4.7. Let A be a Banach algebra with a bounded approximate identity and W acts on A trivially from the
left. Let @y : (A®A) /L5, — A/Ja®A/ ] be defined by

Da((1 @) + Lgy) = (@1 +Ja) ® (@2 + 1) (1,82 € A).
Then @4 is a bijective A/ ] 4-W-module map.

Lemma 4.8. Let A be a Banach algebra with a bounded approximate identity and W acts on A trivially from the left.
Let @4 be as in Proposition 4.7. Then the inverse of @4 that we denote by @21 is a A/ ]a-U-module map.

Proof. Let (¢;) be abounded approximate identity for A with bound m > 0. By (5) and (6), for every aj, a; € A,
we have

197 (@1 + Ja) @ (a2 + )

[lar ® ap + IA@A“ = li%’n llare; ® ejap + IA@A“

liml(a + Ja)((ei ®@ei + Ligy)-(az + Ja))

klign lle; ® e; + Iygallllar + Jallllaz + Jall

IN

IN

klign lle; ® eillll(ar + Ja) ® (a2 + Ja)ll

IN

km?||(a1 + J4) ® (a2 + Ja)ll.

Therefore @' is a bounded and it is also easy to see that @' is an A/Js-bimodule and A-bimodule map.
So @,! is a A/Ja-A-module map. [

Theorem 4.9. Let A and B be two -bimodule Banach algebras and let ¢ € Qa, ¢ € Qp and T € Homy(B, A). Then
the following statements are valid:

(i) A Xty Bis (¢, o T)-module biprojective (resp. (¢, ¢ o T)-module approximate biprojective) if and only if A is
@-module biprojective (resp. @-module approximate biprojective).

(if) Axr, Bis (0,)-module biprojective (resp. (0,)-module approximate biprojective) if and only if B is -module
biprojective (resp. p-module approximate biprojective).

Proof. Letra,qa and pg, sg be as in Proposition 4.6, and ®,, ©p and @AXT?[B be as in Proposition 4.7.
(i) Suppose that A X1, B is (¢, ¢ o T)-module biprojective. So there exists a (A X, B)/]. Axry g-A-module
map

n: (A XTy B)/]AXT\MB - ((A XTy B)@(A XTy B))/I(AXT\HB)@(AXT,HB)’

such that (go,’-(p\o/ T)o @ Axr,B © n((a, b)y+] Axry 3) = ((p,/-(p\g T)((a, b)+] Ay B). A direct verification shows that
the equalities

—~—

@po0 @ o(ra®ra)o DQaxr B =74 0 Daxry B, Pora=(p,poT)
are valid. Define f4 : A/Ja — (A®A)/I,z, by
pa =@l 0 (ra®ra) © Paxs, 510 qa.
We claim that p4 is an A/J4-A-module map. By (7), for every a’,a € A, we have

pa(@ +Ja)a+ 1)

((13;‘1 0 (ra®ra) 0 Dax, pono CIA)((ﬂ' +Ja)-(a + ]A))

(CI)A1 0(ra®ra) o Paxs,p 0 77)((‘1/ +Ja)-qaa + ]A))

(qn;f 0 (ra®74) © Paxy 5 © n)((a’,O) + Jaxr,8-(a,0) + IAmeB>
(@gl o(ra® T’A))[(ll'r 0) + ]AXTQIB-q)AxTﬂB(’?((”' 0) + ]AXT‘IIB)):I.
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Put ® ey, 5(n((@,0) + Jaxe,5)) = ((@1,51) + Jaxr, 5) ® (a2, b2) + Jaxy,8) (a1,a2 € A, by, by € B). Since
(@3 © (ra ® )| (@', 0) + Jaxr, 5- P, (1((4, 0) + Jaxe, 5))|
= (‘Dzl o(ra® YA))[(IZ', 0) + ]AXTQ[B'<(31/ by) + ]AXTQIB) ® ((112/ by) + ]AxTQIB)]
= (@3 0 (ra ®r))[((@a1 + @' T(1), 0) + Jaxr,5) ® ((@2,52) + Ly, 5|
= @, ((a'a1 + a'T(b1) + Ja) @ (a2 + T(b2) + ] )
= @ + )3 (01 + TO1) + 1) ® (a2 + T(02) + T )
= + IA)-(CDZ;l o (ra®ra) 0 Pax;pomno QA)((H + ]A)),

it follows that ﬁA<(a’ + Ja).(a + ]A)) = (@' + Ja)-pala + Ja). By a similar argument one can show that

ﬁA((a + Ja).(a" + ]A)) = pa(@+ Ja).(@' + Ja). So pa is an A/Ja-bimodule. Also it is easy to see that p, is
A-bimodule. Therefore p4 is an A/J4-U-module map. Moreover, for every a € A, we have

Podaopa@+]a) = Podao (q);;l 0 (ra®ra) o Pax B oMo t]A)(ﬂ +]a)
= QOTAO DaxyB° T]((ﬂ/ 0) + IAxTwB)
= (@90 T) 0 @axy,son((@0)+ Jaxs,s)
= (@90 T)((a,0) + Jaxs,5)
= @@+]a).

Therefore A is p-module biprojective.
Conversely, suppose that A is p-module biprojective. Then there exists A/Ja-U-module map fa : A/Ja —
(A@A)/I/@A such that @ o @4 o pa(a+ Ja) = ¢(a + Ja). It is easy to see that

@Axr, B © q)ZiTQlB ©(qa®qa)oPa =qaoda, (p,poT)oqs=g.

Define ﬁAXTmB : (AXTQ[B)/]AXT\HB - (AXT*HB)g(AXT*ZlB)/I(AXT\HB)@(AXT\HB) by pNAXT\HB = (D;&T\MBO(qA®qA)O(DA OpNAOTA.
By similar argument as above show that p Axry B is (AXr, B)/ J A, g-A-module map. For every (a,b) € AX, B,
we have

(P, 90 T) © Daxry B © P 5((@,b) + [y, 5)
=(p,poT)o @A, B © ‘DﬁlemB °(ga®qa)oPaopao rA((a, b) + ]AXTQIB)
= (@, 9o T)oqaodno pa((@+T®) +Ja)
=@ odaopa((a+T(b)+]a)
= ¢((@+T®) + Ja)
= (@90 T)((@,b) + Jaxr,)-

So A xt, Bis (¢, o T)-module biprojective.
(ii) Suppose that A Xr, B is (0, 1)-module biprojective. Then there exists (A Xr, B)/]axs, -U-module map

Paxngs (A X1y B) Jaxrys = ((A X1, BI®(A X1, B) Liasy pyias, by

such that (0,9) © @axz,s © Paxr,s(@ 1) + Jaxr,8) = ©,9)((@ 1) + Jaxy,s)- Define py : B/Js — (BB)/Iyzg
by pp = dblgl o (pp ® ps) © CDAXTQ[B © PAxr,B © SB- By the same argument as in (i), one can show that pp is
B/Jp-2A-module map and for every b € B, ) o @ o pp(b + J5) = P(b + J). So B is Y-module biprojective.
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Let B be a i-module biprojective, then there exists f5 : B/Js — (B®B)/Izz5 such that i o @p o pp(b +
Jg) = ¥(b + Jp). Now if we define pax, s : (A Xy B)/Jax;8 = (A X1, B)®(A Xr, B)/I(AXTB)@(AXT\HB) by
PAxryB = (D;& 5 © (85 ® sp) o Dp o fp o pg, then by a similar argument as in (i) we can prove that PAxr, B is

Ty ?
(A %, B)/]. Axry p-A-module map and for every (4, b) € A X1, B we have

(0,9) © @axy, 5 © ﬁAxT\HB((ﬂ/ b) + ]AxTwB) = (6,\117)((6?/ b) + ]AxTﬂB)-

Therefore A X7, B is (0, )-module biprojective.
The proof of module approximate biprojectivity is similar. [J

Theorem 4.10. Let A and B be two W-bimodule Banach algebras and let T € Homy(B, A). Then the following
statements are valid:

(i) Axr, Bis (((p,(p oT), qb)—module biflat (resp. (((p, poT), gi))—module approximate biflat) for every ¢ € A(N)
and @ € Qg if and only if A is module character biflat (resp. module character approximate biflat).

(i) AXr,Bis ((0, V), ¢)—module biflat (resp. ((O, V), qi))—module approximate biflat) for every ¢ € A(N) and Y € Qp
if and only if B is module character biflat (resp. module character approximate biflat).

Proof. Letra,q4 and pg, sg be as in Proposition 4.6, and ®4, ®p and (DAXT\)[ p be as in Proposition 4.7.

(i) Let ¢ € A(W) and ¢ € Q4. From the (((p, Qo T),(j))—module biflatness of A Xr, B it follows that there
exists a (A X, B) /]Axﬂn p-A-module map

PaxryB : (AXT, B)/ Jaxeys = (((A X1y BYB(A X1y B))Tay, s, ) -

—~

such that ¢ o (¢, 6 )o@ © paxr,n((@, )+ Jaxs,s) = 90 (0,9 0 T)((@,b)+ axy,5). Since pora = (p, ¢ o T),
for every F € ((A X1y B)/ ]Axﬂn B)M, it follows that

G o @(ry(F) = ra(F)@ o §)

F¢popor)=FolppoT)

¢ o (@, © T)(F).

—

po@ory(F)

Thus gb/ap ory=¢o ((p,r(p\é/ T). A straightforward computation shows that

~ bk ~ k%

@y 0 (@) 0 (ra®ra)" 0 Py 5 =74 0 Wy g
Define pa : A/Ja — ((A§A)/IA§A) by

pa= (@) 0 (ra®@ra)" o Vs p 0 Pase,s ©qa.

By the same argument as in the proof of the Theorem 4.9, one can show that p4 is an A/J4-A-module map.
For every a € A, we have

—

po@owyopaat]a)

Podyo(@) o(ra®ra)”o Dy, B © Paxr,B © 4@ + Ja)

= (75 °© (p ° TZ °© CDXXTQIB °© ﬁAXTQIB((a’ 0) + ]AXT‘”B)
= d) °© ((p’(P ° T) °© CD:XT«)lB °© lﬁAXTﬂIB((a’ 0) + ]AXT‘HB)

= ¢o (@ 9o T)(@0)+ax,s)
= popa+]a)
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So A is (¢, ¢)-module biflat. Therefore A is module character biflat.
Conversely, suppose that A is module character biflat. Let ¢ € A(A) and ¢ € Q4. Then there exists

A/Ja-U-module map ps : A/Ja — ((A@A)/IAgéA)** such that qi)/c;\(p o@y opala+Ja)=¢o@+]Ja) Adirect
verification shows that

—

D5 © @ik ) 0 @A Q2" 0 @ = 0 T, Go(ppoT)ogy =dop.

Define ﬁAxT\HB : (A XTy B)/]AXTQIB - ((A XTy B)@(A XTy B)/I(Axrm B)§(AXTQ[B)) by ﬁAxTwB = (CD;&T\HB)M o (qA ®qA)*" o
@7} 0 pa o r4. By a similar argument as in the proof of the Theorem 4.9 for s, one can prove that pax,, s is
(A X1y B)/]Jaxs, 5-A-module map. Now for every (4,b) € A Xr, B, we have

§0 @95 T)0 @ 50 Paseys((@,D) + axey)
= ¢ (g poT) 0@ 5o @k ) 0 (34@0)" 0D 0 a0 ra((@B) + Jaxrys)
= po(p,poT)oq; o o pa((@+TE) +Ja)
= o pod;opa((@+T®)+]a)
=¢o@((@a+TH) +]a)
= ¢ o (@90 T)((@,b) + Jaxs,5).

So A xt, Bis (((p, @oT), ¢)—module biflat.

(ii) Let ¢ € A(W) and ¢ € Q. Since A X1, Bis ((O, V), qb)—module biflat. Then there exists (A Xr, B)/Jaxi, -
A-module map

PaxeyB + (A X1y B)/ Jaxy, s = (((A X1, B)®(A X7, B))/ I(AxTﬂB@(AxTﬂB)) ’

suchthat ¢ o (0, 9)0 @, © s, s((@0)+ Jaxe,s) = ¢ 00, 9)((@, )+ Jaxs,5). Define pis : B/J5 — ((B&B)/Iygs)
by

pp = (P5') o (pp®@pp)~ o gy, B © PAxryB © SB-
As above we may show that pp is B/Jz-UA-module map and for every b € B,

P ooy oppb+]p) =0+ ]p)
Thus B is (1), ¢)-module biflat, and so B is module character biflat.
Assume that B is module character biflat. Let ¢ € A(Y) and ¢ € Qp. Then there exists pp : B/Jp —
((B§B)/IB§B) such that ¢ o1 o @ o pg(b + Jg) = ¢ o P(b + Jp). Define Paxy (A Xy B)/Jaxyp —
((A Xry BI®(A X, B)/ Lascr, Bysasc, B)) by paxg,s = (CDZSXT\H ) © (58 ®sp)™ o @y o i o pp, then by the same

argument as in (i), we can show that Axry B is (A Xty B)/] Ay g-A-module map and for every (a,b) € A X1, B,
we have

¢ 0 (0,9) 0 @iy, 5 Paxe,((@,0) + Jaxeys) = & © O,9)((@,0) + Jaxy,5)
Therefore A X, B is ((0, V), qb)—module biflat.
The proof of module approximate biflat is similar. O
Corollary 4.11. Let A and B be two U-bimodule Banach algebras and let T € Homy(B,A). Then A Xr, B is
(((p,qo oT), qb)—module biflat and ((O, V), qb)—module biflat (resp. (((p,(p oT), qb)—module approximate biflat and

((0, V), (p)—module approximate biflat) for every @ € Q4,9 € Qpand ¢ € A(N) if and only if both A and B are module
character biflat ( resp. module character approximate biflat).
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