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Abstract. The Kadomtsev-Petviashvili-Benjamin-Bona-Mahony (KP-BBM) model equations as a water
wave model, are governing equations, for fluid flows, describes bidirectional propagating water wave
surface. The soliton solutions for (2+1) and (3+1)-Dimensional Kadomtsev-Petviashvili-Benjamin-Bona-
Mahony (KP-BBM) equations have been extracted. The solitary wave ansatz method are adopted to
approximate the solutions. The corresponding integrability criteria, also known as constraint conditions,
naturally emerge from the analysis of the problem.

1. Introduction

The propagation of nonlinear wave is one of the key phenomenon of nature and a growing interest has

been drawn to the study of nonlinear waves in the dynamical system. The nonlinear equations have plenty
of applications in sciences and engineering like electrochemistry, electromagnetic theory, fluid dynamics,
acoustics, cosmology, astrophysics and plasma physics etc., see for references [1-6].
In the last few eras great improvement have been made in the progress of methods for finding the ex-
act solutions of nonlinear equations but the advancement achieved is inadequate. Taking into account
the merits and demerits of analytic methods, it is observed that there is no single outstanding preferable
method which can be applied to any kind of nonlinear problems to obtain exact solutions. Consequently,
it is apprehended that all of these methods are problem dependent, viz. some approaches work well with
certain problems but not the others. Therefore, it is rather substantial to relate some established techniques
in the literature to nonlinear partial differential equations; for details see also [7-14].

The solitary wave Ansatz method [15-33] have been adopted to present the solutions of (2+1) and
(3+1)-Dimensional Kadomtsev-Petviashvili-Benjamin-Bona-Mahony (KP-BBM) equations, are respectively
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defined by
(ue + Hildy — [»12(”2)9( - [u3uxxt)x + Hallyy = 0 (1)
(us + M1ty — [»12(u2)x - [u3uxxt)x + Hallyy + UsUzz = 0 ()

Where 11, p2, ps, 4 and pis are real parameters. This article is organized as follows. In section 2, the solitary
wave solution has been found, while in section 3, the shock wave solutions have been established and the
singular forms are discussed in section 4. In last section, the conclusion have been drawn.

2. Solitary wave solitons

2.1. (2+1)-D KP-BBM equation
To calculate the solitary wave solitons for (1.1), suppose

A
u(x,y,t) = where ) = ax + By — vt 3)
9.9 cosh? Y v Py (

A is the amplitude; a, § are the inverse widths and v is the velocity of the solitary wave. A is to be determined
later. By using (2.3)
AMA+Dav AN

Uy = 4

" cosh™?y  cosh i @
2.2 A 1o

p = AP AW+ Da -
cosh® v cosh"™ ¢

4A2020%  2APA (20 + 1)a?

u2 xx = - 6

() cosh®! cosh**2 ¢ ©

L ANy 200+ D +20+2)a% AN+ DR+ +3)a’y -
o cosh™ 1 cosh**2 1) cosh™**

ARE AMA +1)p2
cosh™ ¢  cosh™? Y
substituting (2.4)-(2.8) into (1.1)
AAMA+Dav A%y ANa®  AMA+ 1) A2\%a?
cosh™?y  cosh’ ¢ s cosh" ¢ T s Y H Cosh” Y

2A%A2A + 1)a? ANty AAA + 1)(A% = 2u3A + 2)ay
+i + s — 243

Uyy

cosh**2 ¢ cosh™ i cosh™*2
AL+ DA+ +3)a>y  AVCE AN+ 1)
T3 A+4 tlaT T T 2, =0
cosh™™ 1 cosh” ¢ cosh™™“ ¢

by comparing the powers 2A,A + 2 and A + 4,24 + 2
AAA + Dav — i AAA + 1)a? — 4pp A A%
“2u3AAA + 1)(A% + 24 +2)a’y — g AAA + 1)? =0
2ur APAQ2A + 1)a? + 3 AAA + 1)(A +2)(A + 3)a’v = 0

setA =2
A 6us(@?ur + B2 uia) . @’ + s
402Uz — py o — 403,
thus
A
u(e,y, ) = )

cosh?(ax + By — vt)
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2.2. (3+1)-D KP-BBM equation

To calculate the solitary wave solitons for (1.2), suppose

u(x,y,z,t) = AA where 1 = ax + By +yz —vt
cosh

533

(10)

A is the amplitude; a,f,y are the inverse widths and v is the velocity of the solitary wave. A is to be

determined later. By using (2.10)
AAA+Dav A%

Uy = -
" cosh"*?y  cosh ¢
AN02 AAL + 1)a?
Uox = A A+2
cosh®¢  cosh™™ ¢
) 4A2N202  2APA(2A + 1)a?
() = 24 2142
cosh™ ¥ cosh™™
L _AMaY 24AA+ D2 +20+20dy _ AMA+ D +D(A + 3y
o cosh™ i cosh**2 1) cosh™**
ANBE AAA+ 1)
Uyy = -

cosh* ¢y cosh™*?y
ANy AMA + 1))
cosh® iy cosh™*2y

substituting (2.4)-(2.9) into (1.2)
AAA + Dav ANy AN%a? AAA + 1)a? B A2A2%a?

+ —_
cosh®?y  cosh’ g ) T s 2 ) H Cosh?? Y
2A%A(2A + 1)a? ANty AAA + 1)(A% = 2u3A + 2)a’y
2112 s — o 24 A2
cosh™™ 1 cosh” ¢ cosh™ ™ ¢

AAA+1D)A+2A+3)dy AR AAA+1)B
+U3 + -

+U2

cosh"** ¢ McoshAle t cosh'*?
AAB2 AN+ 12
BT R
cosh” ¢ cosh™ ™ ¢

by comparing the powers 2A, A + 2 and A + 4,24 +2

AAA + Dav — p AAA + 1)a? — 4up A2\
—2u3AAA + 1)(A% + 24 + 2)a’y

— g AAA + 1)B% — usAA(A + 1)y* = 0

2up A?AQA + 1)a? + ps AAA + 1)(A +2)(A + 3)a’v = 0

set A =2
A @+ Bty us) i P ) ps

4ol — Lo a—4adus

thus
A
cosh?(ax + By + yz — vt)

u(x,y,z,t) =

(11)

(12)

(13)

(14)

(15)

(16)

(17)
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3. Shock wave solitons

3.1. (2+1)-D KP-BBM equation

To calculate the shock wave solitons for (1.1), suppose

u(x, y,t) = Atanh’ ¢ where 1 = ax + gy —vt and A >0 (18)
from (3.18)

Uy = —AAMA-1)avtanh’?y +24AA%av tanh’  — AA(A + 1)av tanh**2 ¢

Uy = AAMA=1Da?tanh’™? ¢ — 241%0° tanh” ¢ + AA(A + 1)a? tanh**? (19)

W) = 2A2A(2A —1)a? tanh* 72 ¢ — 8A2A%a% tanh™ ¢ + 2A%A (21 + 1)a? tanh®**2 (20)

Uy = —AAMA =1)(A =2)(A = 3)a®vtanh™ ¢ + 4AA(A — 1)(A2 = 21 + 2)a’v tanh* 2 ¢

—2AA%(3A% + 5)a’v tanh” ¢ + 4AA(A + 1)(A2 + 21 + 2)a’y tanh**2 ¢

—AAA + 1)(A +2)(A + 3)a’y tanh™** ¢ (21)

uy = AAA -1 tanh"? ¢ — 241?62 tanh? ¢ + AA(A + 1)g% tanh" 2y (22)

substituting (3.19)-(3.23) into (1.1)

—AA(A = Davtanh’ 2 ¢ + 2AA%av tanh? ¢ — AA(A + 1)av tanh*? ¢

+uAAA = 1)a® tanh* 2 ¢ — 201 AA%0% tanh™ ¢ + 11 AA(A + 1)a? tanh 2
12242221 = 1)a? tanh® 72 ¢ + 81 A2A%0? tanh™ ¢ — 21, A?A(2A + 1)a? tanh?*2 ¢
+UzAAA = 1)(A = 2)(A = 3)a’v tanh* ™ 1 — 4uz AA(A = 1)(A2 = 2A + 2)a’v tanh 2
+2u3AA2(3A% + 5)avtanht ¢ — 4z AA(A + 1)(A% + 24 + 2)a’v tanh**2 ¢

+UzAAA + 1)(A + 2)(A + 3)a’v tanh™* o + g AA(A — 1)B2 tanh* 2

—2us AN tanht ¢ + g AA(A + 1)% tanh™*? ¢ = 0

by comparing the powers 2A,A + 2 and A + 4,24 + 2

—AAA + Dav + pAAA + 1)a? + 8 A%A%a?
—4z AN + 1)(A% + 24 +2)a®y + g AAA + 1)* = 0
21 A’AQA + 1)a? + uzAAA + 1)(A +2)(A +3)a’y = 0

seta =2

Ao 6s(a? i + B pia) b @’ + s

Lo + 8a2uaus o+ 8a3u;

thus

u(x,y,t) =A tanh?(ax + By —vt) (23)

3.2. (3+1)-D KP-BBM equation

To calculate the shock wave solitons for (1.2), suppose

u(x, y,z,t) = Atanh" ¢ where ¢ = ax +py+yz—vt and A >0 (24)
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from (3.25)
Uy = —AAMA-1)avtanh’?y +24A%av tanh’  — AA(A + 1)av tanh**2 ¢ (25)
Uy = AAA = 1Da?tanh’? ¢ — 241%02 tanh” ¢ + AA(A + 1)a? tanh**? (26)
W = 2A%AQ2A —1)a? tanh* 72 ¢ — 8A%A%a% tanh?! ) + 2A%A (21 + 1)a? tanh***2 (27)
Uiy = —AAMA =1)(A =2)(A = 3)a®vtanh™ ¢ + 4AA(A — 1)(A2 = 21 + 2)av tanh" 2 ¢

—2AA%(3A% + 5)a’v tanh ¢ + 4AA(A + 1)(A + 21 + 2)a’y tanh* 2 ¢
—AAA + 1)(A +2)(A + 3)a’y tanh™** ¢ (28)
Uy, = AAA-1)B%tanh' 2y — 24026 tanh" P + AA(A + 1)B? tanh* 2 ¢ (29)
U, = AAA -1 tanh* 2 — 24132 tanh® i + AA(A + 1))? tanh**2 (30)

substituting (3.26)-(3.31) into (1.2)

—AA(A = Davtanh’ 2 ¢ + 2AA%av tanh’ ¢ — AA(A + 1)av tanh*?

+uAAA = 1)a® tanh* 2 ¢ — 201 AA%0% tanh™ ¢ + 1 AA(A + 1)a? tanh*2
—U2A%A (21 — 1)a? tanh™ 2 ¢ + 8 A%A%a® tanh™ 1 — 20 AA(2A + 1)a® tanh®'*2
+UzAAA = 1)(A = 2)(A = 3)a’v tanh* ™ i — 4uz AA(A = 1)(A2 = 2A + 2)a’v tanh* 2 ¢
+2u3AN2(3A% + 5)a’vtanht ¢ — 4z AA(A + 1)(A? + 2 + 2)a’v tanh**2 ¢

+UuzAAA + 1)(A + 2)(A + 3)a’v tanh™™* o + g AA(A — 1)B2 tanh* 2

—2us AN tanht ¢ + g AA(A + 1)% tanh™*? ¢ + usAA(A — 1)y? tanh* 2 ¢
—2usAA*y? tanh ) + usAA(A + 1)y? tanh™ 2 ¢ = 0

by comparing the powers 2A4,A +2and A +4,2A + 2

—AAA + Dav + g AAA + 1)a? + 8uaA?A%a?
4z AN + 1)(A% + 24 + 2)a’y + AL + 1) + usAAA +1))2 =0
21 AP AQA + 1)a? + uzAA(A + 1)(A +2)(A +3)a’v = 0

seta =2

_ bus(@un + P +yPs) @l + P+ s

A
Ha + 8a2 oz a+8adus

thus

u(x, y,z,t) = Atanh®(ax + By + yz — vt) (31)

4. Singular wave solitons

4.1. Form-I (2+1)-D KP-BBM equation
To calculate the the singular wave Form I solution for (1.1), suppose

u(x, y,t) = Acoth’ » where 1 = ax+py—vt and A >0 (32)



K. Tarig, A. Seadawy / Filomat 32:2 (2018), 531-542 536

from (4.33)
Uy = —AMA = 1)avcoth’™? ¢ + 2AA%av coth® Y — AA(A + Dawv coth™2 ¢ (33)
Uy = AAA = 1)a?coth® 2y — 24122 coth? ¢ + AA(A + 1)a? coth™2 ¢ (34)
W)y = 2A%AQ2A - 1)a® coth® 72 ¢ — 8A21%a% coth™ 1 + 2A2A(2A + 1)a® coth? 2 ¢ (35)
Uiy = —AAMA =1)(A =2)(A = 3)av coth'™ ¢ + 4AA(A = 1)(A2 = 21 + 2)a’v coth* 2

—2AA%(3A% + 5)a’v coth? ¢ + 4AA(A + 1)(A% + 21 + 2)a’v coth™ 2
—AAA + 1)(A +2)(A + 3)a’v coth ™ (36)
Uy, = AAA -1 coth’ 2 — 24127 coth ¥ + AA(A + 1)B% coth* 2 v (37)

substituting (4.34)-(4.38) into (1.1)

—AA(A = Dav coth*™? ¢ + 2AA%av coth® iy — AA(A + 1)av coth™*2
+u AA(A = 1)a? coth? ™2 ¢ — 2u1AA%a? coth? ¢ + u AA(A + 1)a? coth**2
—2u A?A(2A = 1)a? coth® 2 ¢ + 8 A2A%a? coth® ) — 2, A2A(2A + 1)a? coth® 2
+U3AAA = 1)(A = 2)(A = 3)a’v coth’™ ¢ — 4z AA(A = 1)(A? = 21 + 2)a’v coth? 2 ¢
43 AAA + 1)(A% + 21 + 2)a®v coth? ¢ + 23 AA2(3A? + 5)a’v coth ¢
+UzAAA + 1)(A +2)(A + 3)a’v coth™ ¢ + ugAA(A — 1)B coth 2 ¢
—2us AN B? coth™ i + g AAA + 1)B2 coth™2 1 = 0
by comparing the powers 2A,A + 2 and A + 4,21 +2
—AAA + Dav + g AAA + 1)a? + 8 A% A%
4z AAA + 1)(A% + 24 + 2)a’y + g AAA + 1)* = 0
21 AAQA + 1)a? + uzAA(A + 1)(A +2)(A + 3)a’v = 0
seta =2

A= 6us(a?u + B us) b a?ur + Py

2 +8a?uops o+ 8a3us

thus
u(x,y,t) = A coth?(ax + By —vt) (38)
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Figure (1) represented solitary wave: p1=1, up,=1, us=-1, ys=1, a=0.1, f=0.01, t=2 and figure (2) showed
shock wave:p1=1, up=1, uz3=1, uy=1, a=0.1, =0.01, t=2 of the (2+1)-D KP-BBM equation

200
150
> 100

50

-20

Figure (3) represented Singular Form-I: uy=1, up=1, us=1, us=1, a=0.1, p=0.05, t=1 and figure (4) showed
Singular Form-II: u1=1, pp=1, us=1, us=1, a=0.1, p=0.05, t=1 of the (2+1)-D KP-BBM equation

4.2. Form-I (3+1)-D KP-BBM equation

To calculate the the singular wave Form I solution for (1.2), suppose

u(x, y,z,t) = Acoth® » where ¢ = ax +py+yz—vt and A >0 (39)
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from (4.40)

Uy = —AMA = 1)avcoth’™ ¢ + 24A%av coth® ¢

—AA(A + av coth™*? ¢

Uy = AMA=1)a? coth’ 2y — 24720 coth

+AA(A + 1)a? coth™?

) = 2A%AQ2A - 1)@? coth? 2 ) — 8421%2 coth™ ¢

+2A%A (21 + 1)a? coth***2

Uty = —AAMA =1)(A =2)(A - 3)a’vcoth™ ¢

+HAA(A = 1) (A2 = 2A + 2)a®y coth* 2 ¢ — 2AA2(3A2 + 5)a’v coth ¢
FAAA(A + 1)(A? + 27 + 2)a’y coth™2
—AAA + 1)(A +2)(A + 3)a’y coth™

uy = AMA = 1) coth’ 2y — 24?6 coth™ ¢

+AA(A + 1)B2 coth™*2 ¢

U, = AAA-1)y?coth’2y —241%)2 coth? ¢

+AA(A + 1)y% coth™2

substituting (4.41)-(4.46) into (1.2)

—AA(A = D)av coth* 2 ¢ + 2AA%av coth™ ¥ — AA(A + 1)av coth™*2 ¢

+u AAA = 1)a? coth? ™2 ¢ — 2u1AA%a? coth? ¢ + u AA(A + 1)a? coth**2

21 A2A (21 — 1)a? coth* 2 1 + 8 A2A2%a2 coth™ ¢ — 21y A2A (21 + 1)a? coth***2
+UzAAA = 1)(A = 2)(A = 3)a’v coth™ ¢ — 4z AA(A — 1)(A? = 24 + 2)a’v coth? 2 ¢
43 AAA + 1)(A% + 21 + 2)a®v coth™? ¢ + 23 AA2(3A? + 5)a’v coth ¢

+UzAAA + 1)(A +2)(A + 3)a’v coth™™ ¢ + g AA(A — 1)B coth 2

—2u3 AN B% coth™ i + g AAA + 1)B% coth™2 i + usAA(A — 1)y% coth* 2
—2usAA%Y? coth? ¢ + usAA(A + 1)y? coth2 ¢ = 0

by comparing the powers 2A,A + 2 and A + 4,21 +2

seta =2

A=

thus

—AAA + Dav + pAAA + 1)a? + 8 A% A%
4z AAMA + 1)(A% + 24 + 2)a’y + AAA + 1) + usAAA +1))2 =0
21 AAQA + 1)a? + uzAA(A + 1)(A +2)(A + 3)a’v = 0

bps(a’n + Bpa +%us) @l + B+
o + 8023 ’ o+ 8a3us

u(x, y,z,t) = Acoth®(ax + By + yz — vt)

4.3. Form-II (2+1)-D KP-BBM equation
To calculate the the singular wave Form II solution for (1.1), suppose

u(x,y,t) = Acsch™p where ¢ = ax +py +yz—vt and A >0

538

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)



from (4.48)

Uy
uxx
(uz)xx

Uxxtx

Uyy
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—AAA + Dav esch**?y —AA%av cschy

AAA + 1)a? csch™2y +AA%a? csch

4A2)\%0? esch® i +2A%A (24 + 1)a? esch** 2y

—AAN* 2Py csch™p —2AA (A + 1)(A? + 21 + 2)a’v csch 2y
—AAA + 1)(A +2)(A + 3)a’v csch 4y

AAA + 1)B% csch*2 +AA?B% cschMp

substituting (4.49)-(4.53) into (1.1)

—AA(A + Dav esch*2y —AA%av cschty

+AAA + 1)a? csch™ 2y +u1 AA%a? eschy

—41A*A%a? csch?M ) —2up A2A(2A + 1)a? csch® 2y
+u3 AN @y csch™ +2u3 AA(A + 1)(A? + 24 + 2)a®y csch™ 2y
+UAAA + 1)(A + 2)(A + 3)a’v csch™Hy

+UgAAA + 1)B? esch™ 2y +us AN B2 cschMy = 0

by comparing the powers 2A4,A +2and A +4,2A +2

—AAA + Dav + g AAA + 1)a? — 4up A*A%a?

F2U3AAA + 1)(A% + 24 + 2)a’y + AL + 1) + usAAA +1))2 =0

21 APAQA + 1)a? + uzAA(A + 1)(A +2)(A +3)a’v = 0

setA =2

A

_ bus(@®p + fuua) b g + B2

thus

Uz — 40(2[.12[.13 ! o — 40(3[.13

u(x, y,t) = Acsch?(ax + By-vt)

4.4. Form-II (3+1)-D KP-BBM equation

To calculate the the singular wave Form II solution for (1.2), suppose

u(x,y,z,t) = Acsch’y where ¢ = ax+py+yz—vt and A >0

from (4.55)

Uy
u.xx
(1) xx

Uxxtx

—AAA + Dav esch**?y) —AA%av cschy

AAA + 1)a? csch**2y +AN%a? cschy

4A%\%a% csch® i +2A2A(2A + 1)a? csch®' 2y

—AA*a®v csch™p —2AA (A + 1)(A% + 2A + 2)a’v esch 2y
—AAA + 1)(A +2)(A + 3)a’v csch

AAA + 1)B% csch*2 +AA?B? cschMp

AA(A + 1)y? csch*2y + A% cschty

539

(48)
(49)
(50)

(51)
(52)

(53)

(54)

(55)
(56)
(57)

(58)
(59)
(60)



K. Tarig, A. Seadawy / Filomat 32:2 (2018), 531-542 540

Figure (5) represented Solitary wave: pui1=1, pp=1, puz=-1, us=1, us=1, a=0.05, p=0.1, y=0.1, t=2 and figure
(6) showed Shock wave:ui=1, u=1, u3=1, us=1, us=-1, a=0.05, p=0.1, y=0.1, t=2 of the (3+1)-D KP-BBM
equation

Figure (7) represented Singular Form-I: ui1=1, up=1, us=1, us=1, us=1, @=0.1, =0.1, y=0.05,t=2 and figure
(8) showed Singular Form-II: uy=1, puo=1, uz=1, pa=1, us=1, @=0.1, =0.1, y=0.05, t=2 of the (3+1)-D KP-BBM
equation
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substituting (4.56)-(4.61) into (1.2)

—AA(A + Dav esch**?y —AA%av cschty
+AAA + 1)a? csch™ 2y +p1 AA%a? eschy
—4y2A2/\20c2 cschugb —2y2A2)\(2/\ +1)a? cschz“zz,b
+U3 AN Qv csch™ +2u3 AA(A + 1)(A? + 21 + 2)a®y csch** 2y
+U3AAA + 1)(A + 2)(A + 3)a’y csch*
+UsAAA + 1)B? esch™ 2y +ug AN % cschMy
+usAA(A + 1)y? csch™ 2 +usAA%*)? cschyp = 0
by comparing the powers 2A4,A +2and A +4,2A + 2
—AAA + Dav + pAAA + 1)a? — 4upA*A%a?
F2U3AAA + 1)(A% + 24 + 2)a’y + AL + 1) + usAAA +1))2 =0
21 A’AQA + 1)a? + uzAAA + 1)(A +2)(A +3)a’v = 0

setA =2
Ao Sa@im + Bustyus) @i+ Bt s
o — 402 i3 ’ a—4ad;
thus
u(x,y,z,t)=A csch?(ax + By + yz-vt) (61)

5. Physical description

In Fig.1, we take u1=1, up=1, us=1, us=1, @=0.1, B=0.01, t=2 for solitary wave and u;=1, up=1, us=-1,
us=1, a=0.1, p=0.01, t=2 for shock waves; while p1=1, u=1, us=1, us=1, a=0.1, =0.05, t=1 for singular
wave Form-I and p1=1, up=1, pu3=1, us=1, a=0.1, f=0.05, t=1 for singular wave Form-II, to study the
behaviour of (2+1) dimensional KP equation . In Fig.2, we choose ui=1, up=1, uz=1, ps=1,a=0.1, =0.05,
t=2 for solitary wave and p1=1, up=1, uz=-1, u4s=1, a=0.1, =0.05, t=2 for shock waves, while p1=1, u,=1,
us=1, pa=1, @=0.1, f=0.05, t=1 for singular wave Form-I and w1=1, us=1, uz=1, us=1, a=0.1, p=0.05, t=1 for
singular wave Form-II of (2+1) dimesional Boussinesq equation.

6. Conclusion

In this article, the solitary wave ansatz method are successfully employed to (2+1) and (3+1)-Dimensional
Kadomtsev-Petviashvili-Benjamin-Bona-Mahony (KP-BBM) equations. The solitary wave ansatz method is
used which is rather heuristic and processes significant features that make it practical for the determination
of single soliton solutions for a wide class of nonlinear evolution equations. The constraint conditions for
the existence of solutions are also listed.
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