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Application of Thermal Potentials to the Solution of the Problem of
Heat Conduction in a Region Degenerates at the Initial Moment

Alexey A. Kavokin?, Adiya T. Kulakhmetova?, Yuriy R. Shpadi®

Institute of Mathematics and Mathematical Modeling, Kazakhstan, Almaty

Abstract. In this paper, the boundary value problem for the heat equation in the region which degenerates
at the initial time is considered. Such problems arise in mathematical models of the processes occurring by
opening of electric contacts, in particular, at the description of the heat transfer in a liquid metal bridge and
electric arcing. The boundary value problem is reduced to a Volterra integral equation of the second kind
which has a singular feature. The class of solutions for the integral equation is defined and the constructive
method of its solution is developed.

1. Introduction

Thermal potentials are some convenient tools for solving boundary value problems of heat conduction
in regions with variable boundaries [8]. With their help, the boundary value problems are reduced to some
integral equations of Volterra type of the second kind, which are successfully solved by Picard’s method of
successive approximations [4].

It has been experimentally established that when the contacts of electric current circuit breakers open,
a liquid metal bridge, which significantly affects the erosion of the contact material, appears for a short
time [2]. Modeling the thermophysical properties of the bridge, S. N. Kharin came to the boundary-value
problem, in which at the initial moment of contact opening the solution region is absent [3]. This fact
affected the integral equation of the boundary value problem. It turned out that the sequence of Picard
approximations of the integral equation is divergent. This feature and some results of its investigation will
be considered below.

2. Formulation of the Boundary Value Problem

It is required to find the solution u(x, ) of the equation
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in a region Q = {0 < x < agt, 0 <t < T} with moving boundary x = ayf, ap = constant, with the boundary
conditions

u(0,t) = (), 2)
u(aot, t) = w(t). 3)
It is assumed that the functions ¢(t) and y(t) satisfy the Holder condition with exponent o > %, that is
[p(t2) = p(t1)| < Alt2 = 1], @
[Y(t) = p(t)] < Al = taI7, 5)
and agreed at the initial moment =0
¢(0) = ¢(0) = 0. (6)

3. Integral Representation of Solution of the Boundary Value Problem
The solution of boundary value problem (1)—(6) is sought in the form of a sum of two integrals
u(x/ t) = ul(xl t) + W(X, t)/ (7)

where

_ t x¢p(7) x2
ur(x, t) = fo Y- Rt exp (_—4a2(t — T))d’l',

! P t—
W(x, ) = 242 f o(r) 2CE DNy
0 81’ r=a0T
Integral uy(x, t) is the solution of equation
31/11 _ 2821/11
W_aﬁ’ O<x<oo, 0<t<T, (8)
satisfying boundary condition
ul(ol t) = (P(t)r (9)

and zero initial condition uq(x, 0) = 0.
Integral W(x, t) is a heat potential of the double layer with density 0(t) and with kernel

JG(x, 1t — 1)
— 2 ’
K(x,t) = 2a > !
where ) )
1 (x—=7) (x+7)
Glor b= 2a\nit {eXp( 422t ) exp( vl | OO (10)

4. Properties of the Function G(x, 1, t)

The function G(x, 1, t) defined by expression (10) is a positive, infinitely differentiable function and it is
a solution of equation
oG _ ,0°G
ERrT
On the border region Q the function G(x, r, f) satisfies the following conditions:
a) lim [ G, 7, tdx =1,

b) G(0,r,t)=0,0 <r,t < oo,
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0, x#r,

) ltl—I}(}G(x' nt) = { +o0, x=r.

The derivative % has the form

aGx,r,t) 1 Xx-r _(x—r)2 RESLPN _(x+r)2
o og+mr | 202t p 4g2t 22t P 4q2¢ '

It is a solution of the equation

d (dG\ _ , d* (G
5(5) = a_(a_) ()
everywhere in the domain 0 < x, 7, < oo which satisfies the condition
WEO, 0<rt<oo, (12)

5. Properties of the Potential W(x, t)

From (11) and (12) it follows that the potential W(x, t) in any bounded continuous function 6(f) satisfies
the equation

W _ ,PW
7 =a _axz P (13)
and the boundary condition
W(0,t) =0, 0<t<oo. (14)

The movable boundary x = aygt of the region Q) is the set of discontinuity points of the potential W(x, t)
which has the jump on the boundary

lim W(x, t) = TO(t) + W(b),

x—a(t)£0

_ (T a0(D) ag(t-1)) t+r ot + 7
W(t) = W(aot, t) = j(; M—t\/? exp|— A2 + P exp _4ﬂ2(t _ T)

6. Integral Equation for the Density of the Double-Layer Potential

On the basis of (8) and (13) we conclude that integral representation (7) satisfies equation (1). Expressions
(9) and (14) show that function (7) satisfies boundary condition (2) with an arbitrary density 6(t). Moving
an interior point (x,t) of the region Q in (7) to the boundary x = ayt a for fixed ¢ and taking into account
boundary condition (3), we obtain the integral equation for the density 0(t)

t
o) = g(t) + fo K(t, 1) 6(7) dr, (15)

where

K(t, 1) =

_ocg(zf—T)]Jr P [ O%(t+T)2H, 16)

ag
N [eXp( a2 f—7 P\ T2t - 1)
g9(t) = w1 (aot, t) — P(t). (17)
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7. The Method of Successive Approximations Picard’s Solution of the Integral Equation

The Picard method of successive approximations for the solution of integral equation (15) is applied.
Recall that the functional Picard’s sequence {0, ()}, n = 0,1, 2, .. .is based on the following recursive formula

{ Oo(t) = g(b),

0,(t) = g(t) + f(f K(t,1)0p1(0)dtr, n=1,2,.... (18)

Consecutively performing iterative procedure (18) we obtain

01(t) = g(t) + fo K(t, D)g(0)d,

t T
0a(t) = g(t) + f K(t,n{g(m f K(T,Tl)g(ﬁ)dTl}dT
0 0

t t T
=g(t)+f0K(t,’c)g(’f)d’f+j0‘1<(t,’£)d’cf0 K(t, t1)g(T1)d71.

If we substitute 0,(t) into O3(t) and continue this process further, we obtain in the general case

Ou(t) = g(t) + ) fo Ki(t, )g(v)d = g(t) + fo (Z Kit, T)] gdt, n=12,..., (19)
i=1 i=1

where the functions K;(t, T) are called re-cores and are computed by the formula

t
Ki(t,7) = K(t, 1), Ki+1(t/T)=le(t,Tl)Ki(Ter)dTlr i=12,.... (20)

In the case when the functions g(t) and K(¢, 7) are continuous and bounded, we have the inequalities
lot)| <4, Kt DI<Ax, 0<t<T, 0<t<t,
then

(t - 1)

Kin(t, )l <AL=, i=0,12,....

Thus, the integral operator in (15) is contractive. The solution of equation (15) can be written in the form
¢
o) = g(t) + f R(t,7) g(7) dr, (21)
0

where the solving kernel

R(t,7) =Y Kin(t,7) (22)
i=0

has the estimation

i (E= T _ (t-7)
IR(t, 7)| < ;AK = A,

It follows from this evaluation that series (22) converges uniformly and its sum R(¢, 7) and the function
6(t) in (21) are continuous and bounded.
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8. A Special Property of the Integral Operator of Equation (15)

Definition 8.1. We introduce the functional class Mg(0, T), to which belong all continuous functions f(t)
defined on the interval (0, T) and satisfying the condition | f (t)| < Agt® where ¢ > .

Generally speaking, the condition of boundedness of K(t,7) and g(t) for the convergence of Picard’s
method is not strictly necessary. For the convergence in the class of bounded functions g(t) it is sufficient
that the kernel K(t, T) was continuous and satisfies the inequality

IK(t, 7)| < Ak(t — 7)°, where &> -1.
In particular, it follows from this inequality that
e+1

t
lim f K(t, 7)dt < lim Ay (23)
t—=0 Jo =0 e+1

We will show that in the case of problem (1)—(3) condition (23) fails. We write the integrand K(t, t) as
the sum

K(t,7) = K(t,7) + N(t, 1), (24)
where )
o o ot gt
0 e eXp( ﬂ2<f—f>]’

~ o aj(t—1) astt
N(t, 1) = —211 N exp [_—4112 ) [1 —exp (— 2= ]]

apt oz(%(t — ’[) a(z)tf[
4 vVt —1)? [1 P (_ 402 H P (_ a2(t — T)] ’ (25)

Let us consider the integral operator

t " )
(K‘J)(f)Z fo R(t, 7)g(t)dt = Joxot Xp( a2t )d’f,

e —_—
0 avm(t—1)? a*(t — 1)
where g(t) = go # 0, go = constant. Using the substitutions x = 2V ) < x < oo, dx = Ld’[
’ ‘ avi=t’ ’ 2uyi-ni
2,2
T= /#f—agt’ we get
. 2g90 [ axdx
(Rao) ()= 272 [ explaty 22,
Ve Jo \[72x2 + adt
hence .
lim (Rgo) (1) = go 0. (26)

The second term in (24) is a Volterra kernel. Indeed, given that the exponential function in (25) is positive
and does not exceed unity, and also that for all x > 0 the inequality 1 —¢™ < x holds, we get the inequalities

o _aé(t—T) e _aé(t+1)2 < . _O(%(t—’[) B aj(t—1)
P 402 P 42(t— 1) || ~ P 402 T 492
These inequalities enable us to derive the estimation
D
ING, 7)) < ——, 27)

-1
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where the constant D; is determined by the constant parameters T, a and «a( of boundary value problem
1-G)-

In this case for an integrable function g(t) € M.(0,T), € > —% we get

£ e

T 1 crl t—0

<DA f dt = D, A B(e +1, —)t“*z 29, (28)
7 0 Vi—r1 g 2

¢
‘f N(t, t)g(t)d
0

where B(:, -) is the Beta function of Euler.
From (24), (26) and (28) we find that at g(t) = go # 0

lim (Kg) () = lim fo K(t, D)g(x)dz = go # 0. (29)

It follows from (29) that the integral operator in equation (15) with kernel (16) for boundary problem
(1)=(3) in the class of bounded functions g(t) is not compressive. Therefore, despite the fact that equation
(15) formally refers to the type of Volterra integral equations of the second kind, it requires a separate study.

Equation (29) for the first time was obtained by S. N. Kharin [3] when he considered the asymptotic
properties of the solution of integral equation (15). T. E. Omarov showed the existence and uniqueness
of the solution of integral equation (15) in the class of the functions g(t) decreasing with t — 0 faster than

any power function [5]. M. I. Ramazanov investigated the spectral properties of the operator (K@) (t) [6].
In particular, he found that the eigenfunction of the operator is the function g(t) = \Lﬁ The study of the
integral equations with such properties continues at the present time [1, 7].

9. The Analytical Expression for K, (%, 7)

We perform the study of the kernel K(t, 7) in details. By applying an iterative procedure (20) to (24), we
obtain

Ku(t, 7) = K, (t, T) + Nyu(t, 1), (30)
where ;
Kyt 1) = f Ki(t, 5)K(s, T)ds, (31)
t
Nysi(t, 1) = f [Kl(t,s)Nn(s, 7) + Ni(t, 5)K(s, T) + N1 (t,5)Ny (s, T)] ds, n=1,2,..., (32)

Ki(t,7) = K(t,7), Ni(t,7) = N(t, 7).

Now let us obtain an analytical expression for K, (t, 7). Using the method of the complete induction and
direct evaluation of the integral in (31) we will show that

naot n*ajtt
=————exp|-5 )
an(t —1)2 a*(t - 1)

Formula (33) is valid for n = 1. We calculate K,,,1(t, 7) by the formula (31). We have

¢ 2 2.2
N ant naos asts n-asst
K,Hl(t,’():f 0 S 0 Texp|—— 0 - 0 ds
v a\n(t—s)2 ayn(s—1)? a*(t—s) a*(s—1)

nadt ft s adts nadst p
= exp|— - .
a1 Jo (t—s)i(s —1)2 a*(t—s) a*(s—1)

K, (t, 7) (33)
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The last integral is evaluated using the following substitutions of variables of integration.

apply the substitution s = 1 and introducing the notation t = 1, 7 = 1,

3
. nadv2 \u (° as naj dx
Kunt, 1) = —— | exp|- -
a’n "

a?(x—u) a?(v-x) (x— u)%(v - x)% .

Second, we apply the substitutions

— 2 21(v —
Y= n(x u), 0<y<oo, x:nu+v]2/’ v n(v u)2y "
0—X 1’l+y (n+y2)
3
_@-wf ne-w) 1 ()
n+y*’ n+y? ' (x—u)i(v-2x)} n%(v—u)3y3
a; naj ~ aym+y*)  nPad(n+y?)

a2(x-u) a@v-x) a2o-uy? a@v-un
ag n ag n 2
:az(v—u)(y_+l+n +ny) m(( 2n+ny) (1+2n+n))
ag(n+1)> agn ( 1)2

B a%(v — u) +a2(v—u) _]_/

oS e )
0

a?m(v — u)? a%(v — u) a?(v — u) Y Y y

<

Third, we apply the substitutions
dy dz

1 1
z==|y—-=], —o<z<oo, y=V1i+z22+z, — = ,
2( y) V1 + 22

2
n;y :g+y=n(ﬂ+zz—z)+ 1+22+z=n+1)Vl+2>-(n-1),
2\na2o? Vu ( aé(n+1)2)
p

“ 0 Y expl -
a?n(v — u)? a2(v — u)

00 2
xﬁmexp[—az?;x m ][(n+1)\/l+z2 (n—l)z]

Kn+1(t/ T) =

V+Z

Since

o 4an B
Imexp[—az(v ) ][(n—l)z] m_o

the integrand function is odd, we get

. 2(n + 1) Vna2o: Vu at(n +1)? 402n
Kyt 1) = ( )\/_% \/_exp( ol )]f Xp(— 0 zz]dz.

a2m(v — u)? a%(v — u) a%(v —u)

Taking into account that

° dajn avv—u
j:wexp(—az(v_u)z]dz— 2o v Vr,

and recovery t and 7 we obtain the expression
(n + Dagt (n +1)agtt
exp |- ,
avr(t—n1): a*(t — 1)

Kn+1 (t/ T) =

which is similar to (33).

831

First, we
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10. Evaluation of the Expression N,.1(¢, 7)

We show that integral (32) is an operator of Volterra type. We write (32) as the sum of three terms

Nn+l(t/ T) = anq(t/ T) + Ng(tr T) + Nrczj(t/ T)r

(34)
where

t

Nﬁ(t/ T) = f Kl(t/ S)Nn(S, T)dsl
t

Ni(t, 1) = f Ni(t, s)K,(s, T)ds,

t
N&(t, 1) = f Ni(t, 5)Ny(s, T)ds

and find their estimation. Considering the positive K,(t, 7) and using inequality (27), we obtain

! t adts ds
N2 <D, f 2o —exp|— 0 .
| | © a\m(t—s): P a*(t—s) | \s—1

Performing the change of variable of integration s = tlzi:f ,ds = (21(:;? dz, 0 < z < o0, after simple calculation
we can write the inequality

|Nf(t, T)l < ‘/l?”_

For the second integral in (34) we have

¢ 2.2
Dq nops n OéOTS
NE(t,1)| < exp|— s.
| ! | + VE—savn(s—1)2 P a*(s — 1)
Changing the variable of integration s = £ fzzzz ,ds = — (21(:;? dz,0 < z < 0o, we get
2nayg n*adtt f"" n2adt?z? f—1
N o] < D2 AT
e, o) 1a\/ﬁ(t—fc)exp( 2t-0)y TP Te-0)\" 142

and after simple calculations we obtain the inequality

D1 Dlao\/%
|Nf(t,1)|sﬂ+ .

The third term in (34) is bounded by the constant

t
1 1
NE(t T SDDf— ds = nD1D,,.
n( ) 1Yn . \/m - 1Mn

Thus, all components of sum (34) are the Volterra type and in general they can be represented by the
expression

N,(t, 1) = \/?i_r + F,(t, 1), (35)

where F,(t, 7) is a bounded continuous function.
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11. Convergence of Iterative Process (18)

Theorem 11.1. If g(t) € M%(O, T), then there exists a unique solution 6(t) € My(0, T) of integral equation (15),
which can be calculated by the method of the Picard successive approximations.

Proof. The considered iterative process forms a functional series

R 0 R 0 2 Zt
Ret,7) =Z_;Kn(t Z%exp(—%), (36)

=1

Q(t,7) = Y Nult, 7). (37)
n=1

Let us consider the properties of series (36) and find its evaluation. Functional series (36) converges for all
0 < 7 <t < oo, but at the point 7 = 0 convergence is not uniform, because

_i nag
n=1a\/ﬁ

To estimate (36) consider the numerical series

S(&) = Z ne ¢, &>0.

n=1

A number 5(&) represents the numerical approximation of the integral

I(é)zf xe ¢ dx
0

according to the formula of partition of rectangles with the length of the subintervals equal to one. Given
that all terms of the series S(&) are positive, we can show that there is a constant Cr such that

()

2 < C
ne " < C f xe ¥ dx = =X,
Z Ko 28

n=1

Applying this estimate to (36) with £ = we get

uz(t T)

Cagt  a*(t-1) C 1
20n(t—-1):  ajtt 2Vn V-1

It follows from inequality (38) that if g(t) € M 1 (0, T), then the integral converges:

Rt,7) < (38)

t
f R(t, 7)g(1)dt € My(0, T).
0

O

Every finite sum of functional series (37) based on the evaluation of (35) is the kernel of the Volterra
type. A detailed study of the convergence of this series was not conducted, due to excessive complexity
of the expressions for N(t, 7). However, a large number of numerical test calculations performed by the
formula (18), confirm the convergence of the iterative process to the function 6(¢) € My(0, T).
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The result is that for the function .
R(t,7) =Y Kalt,7)
n=1
and any function g(t) € M1 (0, T) thet integral

R(t, 1)g(r)dT = fo (Z‘Kn(t,’[)]g(’[)d’[
n=1

exists. Thus, in expression (19) it is acceptable to change the order of summation and integration, after
passing to the limit with n — oo, resulting in the assertion of Theorem 11.1. The solution of the integral
equation (15) can be written in the standard Volterra equation

t [ X t
0(t) = g(t) + fo (ZKi(t,T)] g(r)dt = g(t) + j; R(t, 1)g(v)dr.
i=1

12. The Sulfficiency of Conditions (4)—(6) for g(t) € M1(T)
Theorem 12.1. The function g(t) € M% (0, T) under constraints (4)—(6) for the boundary functions ¢(t) and )(t).

Proof. Let us write expression (17) for the function as a sum

g9(t) = [ua(aot, t) — (OY(B)] + [p(O)(1 = Y(O] + [p() — p(B)], (39)

where t 22
Y(t) = ot [- il ]d . 40
) .fo 20 \r(t - 1)? &P 4a’(t - 1) ‘ “0)

We will show that each term in (39) belongs to the class of M 1 0, 7).
Firstly, we shall evalute the first term of sum (39). We have

tagt |p(T) — @(t) 242

B ft Aaot(t - "[)U ox 3 agtz Aaot f(t T)U 2 ox 2t2
0 2ar(t—1)? P 4a’(t — 1) P~ 4a2(t- 1) T)

After replacing the integration variable 7 = t — tz we get

1 azt (7+%
|1 (aot, ) — p(t)Y(H)] < A“O—tﬁ f zv-%exp(——o]dzsA“L. (41)
0

4027 (20 —Dayn

Secondly, we shall evaluate the second term of sum (39). Applying to (40) the substitution of the integration

iabl — aot — a—o t
variable z 2avit! da(t— 7)2 s We ge 5 ag Vi \/‘
2a 06()
1—Y(t)=—f exp (~2°) dz
o)
In this case A
104 1
ot - 00| < 222t (42)

Thirdly, we shall evaluate the third term of sum (39). Using the condition (6), we find

lo(t) — p(1)| < Jp®) — pO)] + |¢(t) — (0)| < 241 (43)

Taking into account (41), (42) and (43) we conclude that each term in (39) belongs to the class M 1 0,T),
which implies the assertion of Theorem 12.1. [
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13. An Example of a Numerical Calculation

We consider an example of constructing a numerical solution u(x, ) of problem (1) - (3) for boundary
values ¢(t) = 0 and Y(t) = sin(aot) exp(—a*t), 0 < t < T, and compare it with the exact analytic solution of
the same problem U(x, t) = sin(x) exp(—at) where (x, t) € Q.

The solution u(x, t) is computed in two stages. At the first stage, the solution 6(t) of integral equation
(15) is found by the iteration procedure (18); in the second stage, u(x, t) is calculated by the formula (7). The
iterative process (18) is completed when the following inequality is satisfied:

T
[(EO=0aOy o 4

where ¢ is the accuracy of calculating 0(t). We emphasize that, because of 6,,(t) € M 1 (T), the relations

10(t) —\/?H(t)l eM(T) and lim 10(£) _\/?n—l(t” _

for the integral expression in (44) are valid.

The results of the three calculation options performed in the MATLAB environment for T = 10, a2 = 0.3
and for three values of @y = 0.5,1.5,2.5 are presented in Table 1. The Ny, values indicate the number of
iterations required to achieve an accuracy of ¢ = 0.001 in each variant. The maximum deviations of the
numerical solution u(x, t) from the exact U(x, ) are attained at a finite boundary point x = a(T in all three
cases.

0

Table 1. The results of the calculations, depending on the velocity of the boundary ag

T a 2% Niter maXy,neQ Iu(x, t) - U(X, t)l
10 | 0.3 | 0.5 31 0.0013
10 | 03 | 1.5 | 162 0.0051
10 | 0.3 | 2.5 | 402 0.0078

The calculation results for ag = 1.5 are also presented graphically in Figures 1 and 2.

. //I/;\l‘ﬁ
"1

Distance

Fig.1. Density of the potential Fig.2. Temperature field

It is evident from Figure 1 that the changes in 6(t) follow with some delay from the changes in g(t), but
they have a large amplitude.
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14. Conclusion

The main reason to consider the solution of integral equation (15) is the non-uniform convergence of

the approximation by iteration in a neighborhood t = 0 for the partial sums K (t, 7).

If the boundary concordance condition (6) ¢(0) = ¥(0) = v # 0 holds, then the boundary value problem

can be reduced to problem (1)-(6) by replacing u(x, t) = v(x, t) + vy.

The condition g(t) € M%(O, T) is too rigid, as it directly follows from conditions (4)—(6) typical for the

most practical problems of the heat conduction.
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