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On Some Generalizations of Properties of the Lowndes Operator and
their Applications to Partial Differential Equations of High Order

Shakhobiddin T. Karimov?

Faculty of Mathematics and Physics, Ferghana State University, Ferghana, 150100 Uzbekistan

Abstract. In this work we proved a composition of Lowndes’ operator with differential operators of the
high order, particularly, with iterated Bessel differential singular operator. Examples on applications of the
proved properties to partial differential equations of the fourth and high order with singular coefficients
were showed. By applying the proved theorems, explicit formulas of the solutions of considered problems
were constructed.

1. Introduction

Various modifications and generalizations of the classical fractional integration operators are known and
are widely used both in theory and applications. The Erdélyi-Kober operators concern such modifications
in particular, [1, 12, 16]. Their various modifications, generalizations and applications can be found in
works by Erdélyi [3-5], Sneddon [18, 19], Lowndes [13-15] and Kiryakova [12].

In the work [13] of Lowndes the following generalized Erdélyi-Kober operator with the Bessel function
in the kernel was introduced and investigated.

(a1 (AVR2-12)

_ nayl-a,-2a-2
Ja(m, @) f(x) = 294" "% 1 (x2 — 2)(1-0)/2

21 £ (dt, (1)

where a,n,€ R, A € C suchthat @ >0, n> —(1/2), and J,(z) is the Bessel function of the first kind, [6]. It
is obvious that if A — 0, then the operator in (1) coincides with the Erdélyi-Kober operator [1]:

2x~2(n+a)

Inraf(x) = W

f(xZ _ t2)a—1t2q+1f(t)dt’ (2)
0

where I'(a) is the Euler gamma-function [6].
The basic properties of these operators can be found in the works [1-5, 7, 8, 12-16, 18, 19]
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Properties of operator (1) in weight spaces L,(0, o) were studied in works by Heywood [7] and by
Heywood and Rooney [8]. In these works, the generalized Erdélyi-Kober operators are named by Lowndes
operator.

Further, we need the following modified form of operator (1):

x—Z(a+r])

T'(a)

ft2q+1(x2 — 21y (/\ Va2 — t2) f(H)dt, 3)

0

Ja(n, @)f(x) =

where [, (z) is the Bessel-Clifford function [12, 16] defined as

= (=22/4)
Jo(@) = T+ 1(2/2) " Ju(2) = oFa(v +1;2°/4) = Z CIDR @)
2 2n+1
Further, let B}, = x721" =~ o X2l — 2 _ 9 i B o = be the Bessel differential operator on the variable x.

dx  odx? X
For operators (1) and (2) holds the following theorem [16, lemma 40.2], [4], [14].

Theorem 1.1. Let a > 0, f(x) € C*(0,b), b > 0, function x*1*' B} f(x) is integrable at zero, and }Clils X2 f1(x) =0
Then
(B} + AD)a(n, @) f(x) = Ja(n, @)Bj f(x) 6)

and, in particular, if A = 0, then

r]+a r)af(x - I Bxf(x)

In the given work these properties are generalized for iterated Bessel differential operator of the high
order. The obtained results are applied to the investigation of problems for partial differential equations of
the high order with singular coefficients.

2. Generalzaton of Propertes of Lowndes Operator

2.1. Composition of an Operator (3) with Iterated Bessel Differential Operator of the High Order

Let [BJ‘]0 = E, Eisidentity operator, [Bf;]’" = [B 1" 1[B"] = [B"][B ].. [B"]bem th power of Bessel operator.
Further m means natural number.

Theorem 2.1. Leta >0, 1> —(1/2), f(x) € C*"(0,b), b >0, functions x*™'[B3]**! f(x) is integrable at zero, and
lim x2ﬂ+1d%[B’n‘]k f(x) =0,k=0,m—1. Then

(B + A21"Ja(n, @) f(x) = Ja(n, @)[B]" £(x) (6)
and, in particular, if A = 0, then

[Bira) " Inaf (X) = InalBy]™ f(%).
Proof. We use a method of a mathematical induction on m. For m = 1 it is proved in the Theorem 1.1. We
assume that the equality (6) is true for m = k and we prove that the equality is true for m = k + 1.

The left hand side of (6) can be written as

(Brso + A a0, @) f(x) = (B + AN (Bl + AN a(n, @) f(x),
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but by the inductive hypothesis,
(Bisa + A2)(Biea + A1) 2 (0, ) f(x) = By + A2 (0, B ().

Inlastequality applying the Theorem 1.1 for function [Bf]]k f(x) atrealization of conditions lirr(} x2m+ % [B;"]f f(x) =
x—
0, j=0,k -1, we obtain equality (6) form =k+1. O

Let function u(x, y) = u(x1, x2, ..., x,, y) be continuously differentiable up to the order 2m on a variable
y and the order is not less than m on x. Ly is a linear differential operator of any order on a variable x € R"
and it does not depend on y.

Theorem 2.2. Letaw > 0, 1 > —(1/2), functions y*™[B; *u(x, y) be integrable at y — 0 and lim y2’7+1 [By]ku(x y) =
y—)

0, k=0,m—1. Then
(B + A2 2 L) (n, )ux, y) = J (1, @)(By + Ly)"u(x, ) 7)
and, in particular, if A = 0, then

(B )m 1, aUx, y) = Iy],a(By + L) "u(x, v,

n+a +
where the indices y in the above operators imply a variable to which these operators are applied.
Theorem 2.2 is proved by means of formal expansion of the operator [(B,y] + A?) £ L;]" by a binominal

m k
formula [(B:/Z +A) L] =Y ( TZ )(iLx)mk (B% + /\2) and by applying Theorem 2.1.
k=1

2k ( y) 2k+1u(x y)

Corollary 2.1. Let n = -1/2, a > 0, functions ———— % be integrable at y — 0 and hm AT =0, k=

0,m — 1. Then

P29 o s 1 1 (2 "
(8_y2+7@+/\ ) I (—— a)u(x y) = ] (_E’“)(a_yz iLx) u(x, y).

2.2. Derivatives of Higher Order Lowndes Operator (3)

1d
Let D) = E, D, = x™1 (; E)xz’i, Dy = Dy7'D, = D,D,...D, is m -th power of operator D, which is

1d
represented in the form D}’ = x71 ( ) x21.
x dx

Theorem 2.3. If a >0, n>—(1/2), f(x)€C"(0,b), b>0, functionsx*™'Di*! f(x) are integrated in zero and
lim X*1DEf(x) = 0, k = 0,m — 1, then an equality
x—

r]+a]/\ m (X)f(X) ]/\(n/ ()()D?f(?() (8)
is true.

Proof. This theorem is proved by the method of mathematical induction on m as well. We show that the
equality (8) is true form =1:

D,yvafa(n, @) () = Ja(, D, £(x). ©)
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Let’s consider function
—2(n+a)

D, oJa(n, a)f(x) = T@

lir% F.(x),

where ¢ is enough small positive real number and
xX—€
Fo(x) = (%;—x) f (0 = )% ooy (A Va2 = £2) 277 f(t)dt
0

by applying the rule of derivation of integral, we derive

_ g)a—lj'a_l (/\ m) (X _ 8)2n+1f(x _ 8)

Fe(x) =

xX—&

T E—
0
Further, considering easily checked equality
(£l v h (=) =~ o2 - P (=)

we have
a—1

gx 2x — )% e ()\ e(2x — e)) (x—e)*™ f(x — )

Fe(x) =
()i -rn s
0

Applying to the last integral a rule of integration by parts and considering the condition of the Theo-
rem 2.3, after canceling of the terms, we have

e

Fo) = 1oy @x = 0" s (e = 9) (- 77 (- )
N f [ = 2% (A2 = £)] 211D, (bt
0

From here, by virtue of a > 0, for ¢ — 0 we obtain equality (9).
Let’s assume that the equality (8) is true for m = k. We prove that it is true for m = k + 1.
Consider left hand side of (8)

Dijsala(, @)f () = DysaDipsa a(n, ) f(x).
On the other hand, by the inductive hypothesis,
D ]+aD$]+a]/\(n/ CV)f(X) = Dq+a]/\(77/ OC)DI;’f(X)

By applying the (9) for D¥ nf (x) function in last equality, we get equality (8) for m = k + 1. The proof of the
Theorem 2.3 is finished. D



Sh.T. Karimov / Filomat 32:3 (2018), 873-883 877

k
Corollary 2.2. Letn=0, a >0, f(x)e C"(0,b), b>0, functions % (%%) f(x) be integrable in zero and

0(1 )f( =0, k=0,m—1. Then
x—)

X

4y f Ao (V) ot = [ = 2t (1) (L) s

0

d 2
Considering easily checked equalities DyB,, = B;11Do, B, = Dyx*Dy, x*D,, = xo +2n, D, = Dy + x_g'

d 1d
D,B, = D,27 (x%) where Dy = ot the other properties of operator 1 can be proved.

The proved theorems allow to reduce singular (or degenerated) equations of high order to equations
without singularity and thus, to formulate and investigate correct initial and boundary problems for such
equations.

3. Applications

The method of fractional integro-differentiation for the differential equations in generalized axially
symmetric potential theory was first considered by Weinstein [21-23]. In the paper [23] and [24], he proved
relations connecting the solutions of equation

Zﬁ ou o (Pu  2a; du )
aﬁ( u) = _2 ' Bt ;‘(&_xi-'- % axk)+)\ u=20 (10)

forn =1, a; = A = 0 and various values of parameter $ by means of an integral of the fractional order. This
idea was developed by Erdélyi [3-5] who investigated the properties of the Bessel differential operator. In
particular, in the papers [3] and [4] he proved Theorem 1.1 in the case A = 0.

The results of Erdélyi were generalized by Lowndes [14] who proved Theorem 1.1. Lowndes obtained
results applied to a solution of some boundary value problems for the equation of Laplace with the mixed
boundary conditions. Proved Theorem 1.1 enables to receive accordingly a fundamental solution of more
common of Helmholtz type equations from fundamental solutions of the Laplace equation accordingly.
Besides that in the work [15], applying the Theorem 1.1 he has solved a Cauchy problem for the equation
(10)forn>1,=0, =0, k=1,1m A #0.

In this direction also it is necessary to note the work [20] in which, applying the Theorem 1.1, the Cauchy

problem for the equation (10) is investigated forn > 1,8 #0, A # 0, ax = 0, k = 1,7n. In this work, the
explicit formula of a solution of the studied problem is obtained at various values of parameter f.

In the works [9] and [10] the properties of many-dimensional generalized Erdélyi-Kober operator
(Lowndes) are investigated and the received results are applied to a solution of a Cauchy problem to the
equation (10) for n = 1,2, and in work [11] it is solved forn =3, =0, A =0and ax # 0, k =1,2,3.

Further, in this work, by examples, we will show application of the proved theorems to construction of
explicit formulas of a solution of problems for the equations of the fourth and high orders.

3.1. Application Lowndes Operator to Partial Differential Equation of the Fourth Order

In the domain Q = {(x,y) : —00 <x < +00, 0 < y < +oo} for the equation of the fourth order

Pu 2pou

A
Ly = P2 Ty y 8y ot

+A%u=0 (11)
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it is possible to formulate and investigate a problem with initial conditions
u(x,0) = f(x), ling yPu,(x, y) = g(x), —00 <x < +oo, (12)
y—)
where 8, A € R,and 0 < 8 < (1/2), f(x), g(x) are given smooth functions.

The given problem is not investigated earlier. First, we find a solution of the equation (11), satisfying to
homogeneous initial conditions

u(x,0) = f(x), uy(x,0)=0, —oco <x < +o0. (13)
Let’s assume that a solution of a problem (11), (13) exists. For this solution we search in the form of
M(.X, y) = ]K(_l/zl ﬁ)u(x/ y)/ (14)

where U(x, y) is unknown smooth function.
Substituting (14) in the equation (11) and initial conditions (13), and then, using the Theorem 1.1, we
get the following problem of a determination of a solution U(x, y) of the equation

Pu U _

a7 v T (15)

satisfying to initial conditions
U(x,0) = kof(x), Uy(x,0)=0, x€R, (16)

where kg = T(B + (1/2))/ V.
The solution of a problem (11), (16) has a form [17]

Ux,y) = % ff(x —2E4/Y) (cos &% +sin 52) dé. (17)

Substituting (17) in (14), after change of the order of an integration and having calculated an interior
integral, we receive

u(x, v) = y1 f F(x+ 26 VTG, v; P, a8)

where y1 = ko/ V27,

o T(1/4) 131 & 1,, TE-1/4 153 & 1,,
C(& yip) = r(5+(1/4))K1(ﬁ vy w M rgmamy vy T V)
Here Ki(a,b,c; x,y) = f Wll—"g (I-a-m;b,c;x), 1F2(a; b, c; z) is the generalized hypergeometric
m=0 mithe

function [6].
For construction of a solution of the equation (11), satisfying to a half homogeneous initial conditions

u(x,0) =0, lirré yzﬁuy(x, Y) = g(x), —oo < x < 4o00. (19)
y—)

Let’s take advantage of the following property of the equation (11): If u(x,y; 1 — ) is a solution of the
equation Lf_ﬁ(u) = (0, satisfying to conditions (13), function w(x, y; B) = y*Pu(x, y; 1 - ) at 0 < p < 1/2 will

be a solution of the equation Lg(u) = 0, satisfying to conditions

w(x,0; ) = 0, lim vPw,(x, y;8) = (1 - 2B)f(x), —o0 <x < +co.
y—)



Sh.T. Karimov / Filomat 32:3 (2018), 873-883 879

This property is proved by an immediate evaluation.
Considering this property and having substituted (1 — 28) f(x) on g(x), from equality (18), we receive

Wz, v B) = yay' f g+ 26 RIGE, i 1 - PlE, (20)

where v, = T((1/2) - B)/ (12 V2).
Thus, the solution of a problem (11), (12) by virtue of formulas (18), (20) and a principle of linear
superposition look like

u(t, ) = 11 f Fx+ 26 NDIGE, v PAE + 72y f gx + 26 NG, y; 1 P,

3.2. Application Lowndes operator to Partial Differential Equation with the Square of the Bessel Operator
In the domain QF = {(x,y) : 0 < x < 400, 0 < y < 400} for the equation of the fourth order

2 2 2
371;+(;?+2?aa%)u=0 (21)
it is possible to formulate and investigate a problem with initial
u(x,0) = f(x), 0 <x <400, uy(x,0)=0, 0 <x < +oo, (22)
and boundary conditions
ux(0,y) =0, Um0, 1) =0, 0<y < +oo, (23)

where a € R, and 0 < a < (1/2), f(x)— the set smooth function.

Equation (21), in particular, arises at study of the equation of a many-dimensional free transverse
vibration of a thin elastic plate u,, + A?u = 0 [17] at a rotational symmetry in a spherical frame, where
A% = AA is a biharmonic operator, and A is a many-dimensional Laplace operator.

As well as in the previous example, for a solution of the equation (21) we search in the form of

u(x, y) = ]6((_1/2, a)U(x, y) = Pﬁl/zrau(xl ]/)/ (24)

where I*| 12,q 18 Erdéélyi-Kober operator (2), and U(x, y) is unknown smooth function.

Substituting (24) in the equation (21), initial conditions (22), and then, using the Theorem 2.1 for
A =0, m = 2and considering boundary conditions (23), we obtain the following problem of a determination
of a solution U(x, y) of the equation (15) satisfying to initial conditions

U(x,0) =F(x), 0 <x < +00, Uy(x,0)=0, 0 <x<+o0 (25)
and to homogeneous boundary conditions

Ux(0,) =0, Uxn(0,y) =0, 0<y<+oo, (26)
where

F(x) = ﬁ% f(x2 — §%)7%5% f(s)ds.
0

To find a solution of the problem {(15), (25), (26)} it is impossible to take advantage immediately of the
formula (17), since for negative values of arguments the initial function F(x) is not defined.
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Let us extend F(x) to x < 0 by even reflection, and consider Fy(x) as such extension. Thus, we ensure
realization of the conditions (26) and now we can use the formula (17) which looks like

U(x, y) = \/% f Fo(x — 2& [y) (cos & + sin &2) d&. (27)

Substituting (27) in (24) after simple transformations and change of the order of an integration, and also
having calculated an interior integral, we receive the explicit formula of a solution of a problem {(21) - (23)}
in the form of

/2

(1/2)-a '~ 2 2 1
0

Following example shows application of the Theorem 2.2.

3.3. Application Lowndes operator to the Polywave Equation with Bessel Operator

In the domain Q = {(x, y) : —0 < x < 400, 0 < y < +00} it is required to discover a classical solution of
the iterated equation

(82 28 9.

2 \"
27 + e A% - ﬁ) u(x,y) =0, (x,y) €Q, (28)

satisfying to initial conditions

(92k+1 u

P u
= px(x) W

S =0, xeR, k=0,m—-1, (29)
y

y=0

y=0

where 8, A € R, and 0 < < (1/2), and ¢@k(x) (k = 0,m — 1) is the set smooth functions.
Similarly as in the subsection 3.1 we assume, that a solution of a problem (28), (29) exists. We search for
this solution in the form of

u(x,y) = J1(=1/2, pU(x,y), (30)

where U(x, y) is unknown smooth function.
Substituting (30) in the equation (28) and initial conditions (29), and then, using a corollary 2.1 at
2

Ly = 32 e receive a following problem of a determination of a solution U(x, y) of the equation

( ?* P

a_yz_ﬁ) U(x,y)zO,xER,y>O (31)

satisfying to initial conditions

82"11 a2k+1u
aka = (Dk(x)r W |y:0 = 0/ X € R/ k= Orm - 1/ (32)
y=0
k ; . 2i+1 2i+1 ; !
where @ (x) = ‘Zo )/]-Ci/\z(k’])(pj(x), vi = F(]T + ﬁ) /T( / 5 ), Ci = ﬁ is binomial coefficient,
pm ! !

kt=1-2-3---(k-1) k.



Sh.T. Karimov / Filomat 32:3 (2018), 873-883 881
92 02
ay? I9x?

equivalent problem of a determination of solutions V,(x,y), n = 0,m — 1 of a set of equations

Let Vo(x, y) = U(x, y) and V,(x, y) = ( ) Vo(x, ). Then the problem {(31), (32)} is reduced to an

»?V, PV, P
ayz - ﬁ = Vn+1/ n= Orm_2/
) ) (33)
d Vm—l _ d Vm—l =0
ay? oxr
satisfying to initial conditions
Vlx,0) = pu(x), ‘Wa%;o) 0, xeR n=0m T, (34)
d2k
where p,(x) = Y (- k™),  o(x) = ﬁcpn ().
k=0
Ata solutlon of a problem (33), (34) we take advantage of the following lemma.
Lemma 3.1. If g(x) € L1(QY), Q= (a,b), —co <a < b < +o9, equalities take place
y xX+y—-n x+y
[an [ totewnae-mide=y [ otorte (35)
0 xX—y+n x=y
y xty-n  &n
_ 21n — _ 21n+1 —
fr]dn f dcff[n (& =5)1"g(s)ds = 2(n+1) 72 f[y (x=5)1""g(s)ds, n=0,1,2,.... (36)
0 X=y+n  &-n

Proof. In a left member of equality (35) in interior integrals accordingly having made a change of variables
s=&+nands =& -1, we have

y[ x+y x+y—21 y [ x+y x+y—21
f f g(s)ds + f s)ds|dn = ffg(s)ds+ f g(s)ds|dn
0 b-y+2q -y 0 kv x—y+21
x+y y x+y—21]
=y f g(s)ds + f dn f g(s)ds. (37)
Xy 0 x-y2y

z
We calculate the second integral. Let G(z) = f g(s)ds, then G'(z) = g(z) and
0

x+y-21)
f g(s)ds = G(x + y —2n) — G(x — y + 2n)).
x-y+2n
Considering the last, we have
y x+y=21 y

fdn f g(s)ds = f[G(x +y—2n)—G(x—y+2n)dn

0 x=y+2n 0
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In last integral having made a change of variables of integration, we get

y x+y-2n x-y x—y
fdr] f g(s)ds = fG(s)ds - = fG(s)ds =0.
0 x=y+21n x+y x+y

Then from (37), validity of equality (36) follows.

Now we prove equality (36). In a left member of equality (36) sequentially having made permutation
of the order of an integration all over again on 77 and on &, and then on 1 and on s and having calculated
interior integrals on 1, we have

y x+y-n &+n
1= [nin [ de [P - -sprocas
0 x=y+n &
2&—x+y

dé [(s—x+ 1)QE—s—x+ )] g(s)ds
Xty xty

dé [(x+y—9)(s +x+y—28)]"" g(s)ds.

x 28-x-y

In both last integrals we make permutation of the order of an integration on £ and on s, and then, having
calculated interior integrals on &, we have

x+y
1
TR f (5= x4 )"+ y =)' (s
-y
x+y
+;f(s_x+ )n+2(x+ _S)n+1 (S)ds
4n+1)(n+2) Yy y g
-y
y x+y
n+1
= s | ] s
x=y

Last proves validity of equality (36). The proof of the Lemma 3.1 is finished. [

Sequentially solving each equation of system (33) in view of initial conditions (34) and Lemma 3.1, we
find a solution of the given system. Then, considering Vy(x, y) = U(x, y), we get a solution of a problem
(31), (34) in the form of

x+y

m=1
Ux,y) = % [Po(x +y) + polx = y)] + Z w f[}/z —(x- S)z]n_1 pu(s)ds, (38)
L In!

=y

where p,(s) = z( ko™ (s), n=0,m - L.
p
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Substituting (38) in (30) after simple transformations and change of the order of an integration, and also
having calculated an interior integral, we obtain the explicit formula a solution of a problem {(28) - (29)} in

the form of
penat (A2 —(x—s>2)
u(x, ) = ZZZ,W T f T P

Notice that except for the subsection 3.3 application of the Theorem 2.2 allows to reduce the equations
of the high order with singular coefficients to polyharmonic, polycaloric and to polywave equations and
by that to put and investigate correct initial and boundary problems for such equations.

4. Conclusion

In work generalized properties of Lowndes operator. It is proved a composition of this operator with
differential operators of the high order, in particular with degrees of Bessel operator. The received outcomes
are applied to a solution of boundary value problems to partial differential equations of the fourth and high
order. The offered approach is very effective and allows constructing an exact solution of the formulated
problems. These exact solutions allow understanding more deeply qualitative singularities of described
processes and appearances, properties of mathematical models, and also can be used as test examples for
the asymptotic, approximated and numerical methods.
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