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Abstract. In this paper we prove that the first ssnumber of the Cauchy-Dirichlet heat operator is minimized
in a circular cylinder among all Euclidean cylindric domains of a given measure. It is an analogue of the
Rayleigh-Faber-Krahn inequality for the heat operator. We also prove a Hong-Krahn-Szeg6 and a Payne-
Pélya-Weinberger type inequalities for the Cauchy-Dirichlet heat operator.

1. Introduction

The classical Rayleigh-Faber-Krahn inequality asserts that the first eigenvalue of the Laplacian with
the Dirichlet boundary condition in R4, d > 2, is minimized in a ball among all domains of the same
measure. However, the minimum of the second Dirichlet Laplacian eigenvalue is achieved by the union
of two identical balls. This fact is called a Hong-Krahn-Szeg6 inequality. In this paper analogues of both
inequalities are proved for the heat operator. That is, we prove that the first s-number of the Cauchy-
Dirichlet heat operator is minimized in the circular cylinder among all Euclidean cylindric domains of a
given measure and the second s-number of the Cauchy-Dirichlet heat operator is minimized in the union
of two identical circular cylinders among all Euclidean cylindric domains of a given measure.

Payne, Polya and Weinberger (see [6] and [7]) studied the ratio 2D for the Dirichlet Laplacian and

A(Q)
conjectured that the ratio ;?Eg; is maximized in the disk among all domains of the same area. In 1991

Ashbaugh and Benguria [1] proved this conjecture for any bounded domain Q c R?. In the present paper
we also investigate that the same ratio for s—numbers of the Cauchy-Dirichlet heat operator and prove an
analogue of this Payne-Pélya-Weinberger inequality for the heat operator. These isoperimetric inequalities
have been mainly studied for the Laplacian related operators, for example, for the p-Laplacians and bi-
Laplacians. However, there are also many papers on this subject for other type of compact operators. For
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instance, in the recent work [8] the authors proved Rayleigh-Faber-Krahn type inequality and Hong-Krahn-
Szego type inequality for the Riesz potential (see also [9], [10] and [11]). All these works were for self-adjoint
operators. Our main goal is to extend those known isoperimetric inequalities for non-self-adjoint operators
(see, e.g. [4]). The main reason why the results are useful, beyond the intrinsic interest of geometric
extremum problems, is that they produce a priori bounds for spectral invariants of operators on arbitrary
domains.

Summarizing our main results of the present paper, we prove the following facts:

e Rayleigh-Faber-Krahn type inequality: the first s-snumber of the Cauchy-Dirichlet heat operator is
minimized on the circular cylinder among all Euclidean cylindric domains of a given measure;

e Hong-Krahn-Szeg6 type inequality: the minimizer domain of the second s-number of the Cauchy-
Dirichlet heat operator among cylindric bounded open sets with a given measure is achieved by the
union of two identical circular cylinders ;

e Payne-Pélya-Weinberger type inequality: the ratio  is maximized in the circular cylinder among all
cylindric domains of a given measure;

In Section 2 we discuss some necessary tools. In Section 3 we present main results of this paper and their
proofs.
2. Preliminaries

Let D = Q x (0,T) be a cylindrical domain, where Q c RY is a simply-connected set with smooth
boundary JQ). We consider the heat operator with the Cauchy-Dirichlet problem (see, for example, [12])
¢ : L2(D) — L%(D) in the form

dulx,
% - Axu(x/ t)/

ou(x, t) :=qu(x,0) =0, x€Q, 1)
u(x,t) =0, x€dQ, Yte (0,7).

The operator ¢ is a non-selfadjoint operator in L*(D). An adjoint operator ¢* to operator ¢ is

25— Ao, ),
O*v(x, 1) =<v(x, T) =0, xe€Q, 2)

v(x,t) =0, x€dQ, Yte (0, 7).

Recall that if A is a compact operator, then the eigenvalues of the operator (A*A)Y/2, where A* is the
adjoint operator to A, are called s-numbers of the operator A (see e.g. [2]). A direct calculation gives that
the operator ¢*¢ has the formula

Q*u(x t
- Si(‘;( ) + A%M(x, t)/

u(x,0)=0, x€Q,

oroux, ) = 2eD_r — Awu(x, Dlir = 0, x € Q, 3)
u(x,t)=0, x€9Q, Yte (0,T),
Aqu(x,t) =0, x€dQ, Vi€ (0,T).

3. Main Results and their Proofs

We consider a (circular) cylinder C = Bx (0, T) where B C R? is an open ball. Let Q be a simply-connected
set with smooth boundary dQ with |B| = |[Q)|, where |Q)] is the Lebesgue measure of the domain Q.
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Let us introduce operators T, L : L2(QQ) — L*(Q)

_ —AZ(X),
Tzt = {z(x) =0, xedQ. @

and we denote an eigenvalue of T by u.
Similarly,

A%z(x),
Lz(x) = {z(x) =0, x €0Q, ®)
Az(x) =0, x € 0Q.

and we denote an eigenvalue of L by A.

Lemma 3.1. The first eigenvalue of the operator L is minimized in the ball B among all domains () of the same
measure with |B| = |Q).

Proof. The Rayleigh-Faber-Krahn inequality is valid for the Dirichlet Laplacian, thatis, the ball is a minimizer
of the first eigenvalue of the operator T among all domains Q with |B| = [Q]. A straightforward calculation
from (4) gives that

A*z(x) = pz(x),
T?z(x) =z(x) =0, x €9Q, (6)
Az(x) =0, x € Q.

Thus, T? = L and y* = A. Now using the Rayleigh-Faber-Krahn inequality we establish A1(B) = u3(B) <
13(Q) = A1(Q), ie. A(B) < A1(Q). O

Theorem 3.2. The first s-number of the operator ¢ is minimized in the circular cylinder C among all cylindric
domains of a given measure, that is,
51(C) < 51(D),

for all D with |D| = |C|.

Proof. Recall that D = Q x (0,T) is a bounded measurable set in R**!. Its symmetric rearrangement
C = Bx(0,T) is the circular cylinder with the measure equals to the measure of D, i.e. |D| = |C|. Let u be
a nonnegative measurable function in D, such that all its positive level sets have finite measure. With the

definition of the symmetric-decreasing rearrangement of u we can use the layer-cake decomposition [5],
which expresses a nonnegative function u in terms of its level sets as

WG, b) = f Xutnendz, VEE(©,T), )
0

where y is the characteristic function of the domain. The function

u*(x, t) = f )({M(X,t)x}*dz, YVt e (0, T), (8)
0

is called the (radially) symmetric-decreasing rearrangement of a nonnegative measurable function u.
Consider the following spectral problem

OToU = su,
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Pu(x,t
LD 4 A2u(x, t) = su(x, ),

u(x,0)=0, x€Q,
otou(x, t) = %h:T = Au(x, = =0, x€Q, )
u(x,t)=0, x€dQ, Yte (0,T),

Aqu(x,t) =0, x€dQ, Vi€ (0,T).

Our domain D is the cylindrical domain, we can write u(x, t) = X(x)@(t) and u1(x, t) = Xi(x)¢p1(t) is the first
eigenfunction of the operator ¢*¢. We can rewrite above fact,

—, (HX1(x) + P1(HAZX1 (x) = 5101 (H) X1 (x). (10)
By the variational principle for the operator ¢*¢, we get

— [T @l utydt [ X2()dx + [ A0t [ X (x)A2K (0)dx
o2t [ X3(x)dx

s1(D) =

_ foT @, (1 (Bt [(X1(x)dx + P2 (Q) foT G0t [ (X ()P
| w2t [ wpax

where 111(Q)) is the first eigenvalue of the operator Laplace-Dirichlet.
For each non-negative function Xj € L%(Q)), we obtain (see [5])

fQ 1%, ()l = fB X () ek (1)

where X] is the symmetric decreasing rearrangement of the function X;.
Applying Lemma 3.1 and (11), we get

— [T @ Opi Dt (X ()dx + 1AQ) [ @ADdt [ (X (x)3dx

(D) =
1 [T 2ot % (0P

_ kol [P+ i3B) [ p20d fy(X; ) dx
- I @3tydt [ (x))2dx
— [} i ot [, 00dx + [T @it [, X0 B)X; (0)dx
- @3bydt [(X: (x))2dx
— [T @i iyt [ )2x + [ Rt [ X (A (x)ddx
[ p3tydt [(X: (x))2dx

2. %
— [T e ) T gt 4 [T e x, A2 (x, £t

T
I f e, ty)2dodt
£ _foT fBZ(x, t)azé—i—f'f).dxdtju fo T fB z(x, t)A2z(x, t)dxdt ©
> in o
z(x,t)#0 j(;Tﬁ;ZZ(x’ t)dxdt

The proof is complete. [
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Corollary 3.3. The norm of the operator ¢~ is maximized in the circular cylinder C among all cylindric domains of
a given measure, i.e. |[07||p < [[07|c.

Theorem 3.4. The second s-number of the operator ¢ is minimized in the union of two identical circular cylinders
among all cylindric domains of the same measure.

Let D* = {(x,t) : u(x,t) > 0}, and D™ = {(x,t) : u(x, ) < 0}. In proofs we will use the notations

u+(x t) o uZ(x/ t)/ (X, t) € D+/
270, otherwise,

and

B ur(x,t), (x,t)eD7,
L 1) =
(%) {O, otherwise.

To proof Theorem 3.4 we need the following lemma:

Lemma 3.5. For the operator ¢*¢ we obtain the equalities
s1(D") = s1(D7) = s2(D).
Proof. For the operator T we have the following equality [3]
p(Q7) = 1 (Q7) = (). (12)

Let us solve the spectral problem (9) by using Fourier’s method in the domain D*, so

~ 2D 1 AZu(x, £y = s(D=)u(, B,

u(x,0) =0, x € QF,

D)y — Agu(x, Dlizr = 0, x € QF, (13)

u(x,t) =0, x€dQ*, Vie (0,T),
Acu(x,t) =0, x €dQ*, Yte (0, T).

Thus, we arrive at the spectral problems for ¢(t) and X(x)

A*X(x) = p?(Q5)X(x), x € Q*,
X(x) =0, x€0Q*, (14)
AX(x) =0, x € dQ*,

and
@' (t) + (5(D*) — p2(Q"))p(H) = 0, t € (0, T),
¢(0) =0, (15)
@' (T) + p(Q*)e(T) = 0.

It also gives that

tan y/s(D*) — u2(Q*)T = — S(D;)( Q;;Z(Qt). (16)
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Now for the domains D and D* we have

+ 2 +

tan 51 (D7) - 1@ = - O EHE,
o 2o a0 @@

tan /s1(D )—yl(Q )T = 1H1(Q )1 ,

tan ,/s2(D) — yz(Q)T = N5 .

12(€2)

By using (12) we establish that
s1(D*)—p2(Q)
tan /sy(D*) — pl(Q )T = . o

tan [s1(D7) = p3(Q)T = _@

11(€Q27) ’
tan /s(D) — u3(Q7)T = ‘SZLI?EQMQ )

Finally, we get

s1(D") = 51(D7) = 5(D).

890

(17)

O

Proof. [Proof of Theorem 3.4] Let us state the spectral problem for the second s—number of the Cauchy-

Dirichlet heat operator (that is, the second eigenvalue of (3)) in the circular cylinder C,

%*vy(x, t)

s2(0pa( ) = =753

+ Aivz(x, f).

where v;(x, ) is the second eigenfunction of the operator ¢*¢ in the circular cylinder C.
Let B = B* U B~. Then by multiplying v} (x, t) to (18) and integrating over B* x (0, T) we establish,

T
sz(C)f f v (x, t)v; (x, tdxdt = sz(C)f (v;(x, £))?dxdt
B+

_L L (x t) d dt+f fv (x, )A20, (x, t)dxdt

82 +(
- f f o5 (x, ) 55— AN f f * (x, )AZ03 (x, Hdxdt.
0 B+ B*

After we get,

_j(‘)Tﬁf v;( i’)8 Y;t(Xt)d dt+J(; jé+ +(x t)AZ +(x t)dde
B @3, )2t

%(C) =

< su

(" L z(x, t azz(’;’t)dxdt+ ! . z(x, £)A2z(x, t)dxdt
0 JB ot 0 JB * —

 2x)%0 fo g fB+ 22(x, t)dxdt

Similarly, if (18) multiplying by v; (x, t) and intergrating over B~ X (0, T), we have

52(C) < 51(CY)
52(C) < 51(C).

(18)

(19)

(20)

(21)
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From the Rayleigh-Faber-Krahn inequality Theorem 3.2, we obtain

51(C*) < s1(D”)
51(C7) < s1(D7).

By using Lemma 3.5 we arrive at

(22)

52(C) < min(s1(C"),51(C)) < s1(D*) = s1(D7) = 52(D).

52(D)
s1(D)

Theorem 3.6. The ratio

measure, i.e.
s2(D)

51([))

for all D with |D| = |C|.

O

is maximized in the circular cylinder C among all cylindric domains of the same

Sz(c)
51(C)’

Proof. Let us restate the second and the first s-numbers in the forms

5(D) = _fo TO@i(t)dt [ X x)dx+f0 PA(Bdt [ A2Xp()dx
) @2tydt [, X2(x)dx
_ _foT @} (@1 (Dt [ Xa(x)dx + 13(Q) fo PA(Ddt [ X2(x)dx o)
[T o2t [ X2 '
and
(D) [0t [ X2wdx + [ 20t [, 42X (0)dx

fOT @2(t)dt fQ X2(x)dx

fe

@ Op1 Ot [ X2)dx +12(Q) [, g3ty [, Xz(x)dx

(24)
fo PA(B)dt [, X3(x)dx
From [1] we have
Q B
12(Q) < pa( )' 25)
p1(Q) ~ pa(B)
Applying this and (11) we obtain
— [ ) et [, X2dxri2(Q) [ 20t [ X2@dx  — [ gr (Opn(0)dt [ (X300 2dx+d(B) [ @At [(X3(x0)2dx
$2(D) @20t [, X2(x)dx T @20t [,(X;(x))2dx
s1i(D) - [ o] it [ Gdxrid(@ [ pdeopt X§<x>dx T @ bt [ 023 (B) [ @Rt [0 (x)Pdx
@20t [, X2(x)dx T @20t [, (x))2dx
[ Ot [P [ R 0d [ XonXwdy  — i) 2 e [T [, e 002y et
3 fOT ARt [ (x)2dx fo J sy x py)2dxdt Sz(C) (26)
=k o Opi 0yt [ 0P f) W?(f)dffgxi(’fwxi(x)d* — [ 3;“’ dadt+ [ [ a6 () A2u (it ~s1(0)

1 @Rt (X (0)2dx

T et
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