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Abstract. We investigate anew type boundary value problem consisting of a differential-operator equation,
eigendependent boundary conditions, and two supplementary conditions so-called interface conditions.
We give a characterisation of some spectral properties of the considered problem. Particularly, it is estab-
lished such properties as isomorphism and coerciveness, discreteness of the spectrum and found asymptotic
formulas for eigenvalues.

1. Introduction

The classical boundary value problems (BVP’s) arise as a mathematical modeling of many systems
and processes in the fields of physics, chemistry, aerodynamics, fluid dynamics, diffusion etc. But some
mechanical and physical systems lead to various non-classical forms of BVP’s. For example, Sturm-
Liouville problems with eigenparameter appearing in the boundary conditions, and with supplementary
interface conditions at some interior singular points arise in non-classical problems of physics, namely in
vibrating string problems when the string loaded additionally with point masses, in problems involving
heat conduction through a liquid-interface, in diffraction problems of water vapour through a porous
membrane (for other examples see [14, 22-24]).

In this study, we consider new type of non-classical boundary value problems consisting of a ”Sturm-
Liouville equation” involving an abstract linear operator A given by

Of = —f" +q(x)f + Afly = Af, x€[-m,0)U (0, 7] (1)
together with eigenparameter-dependent boundary conditions given by
Of = 610f(-m) = S f'(-m) = 0, )
GA)f = b f(m) = 0z f' () + A0 f(10) = 85 f'(10)) = 0, 3)
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and two supplementary interface conditions at one interior singular point x = 0, given by
Gf =y f (0-) + )5 f(0+) =0, 4)

Uf = y5f (0=) + Y5 f(0=) + 5, f/(0+) + 5, f(0+) = 0, (5)

where the function g(x) is continuous in the intervals [, 0) and (0, 7] for which there are finite left and right
limits q(0+) at the singular point x = 0, A € C is a eigenvalue parameter, 0;;, (57’.]. )/iij, (i=12and j=0,1)
are real numbers, A is an abstract linear operator which is non-self-adjoint and unbounded in general in
the Lebesgue space L,[—, 7t]. Naturally we shall assume that [610] + [611] # O, [620] + [621] + |6/20| + |6/21| # 0,
gl + |)/f0| # 0 and [y5;] + lyyl + 1y5;1 + 1yl # 0. Note that the considered boundary-value problem
covered a wide class of non-standard Sturm-Liouville type problems. For example, the results of this study
is applicable to the problem consisting of the equation

n m 1 0
—f @)+ f () + ) w0 fc) + Y o) f (i) + Y f Ri(x, B f O (t)dt
k=1 k=1 k=0 %

T

+ f Ti(x, ) fO(t)dt) = Af(x), x €[-m,0)U (0,7,
0

and the same boundary and interface conditions (2) — (5), where ux(x) and vi(x) are piecewise continuous
functions on [-t, 7] having discontinuities only at the point x = 0 and only of the first kind, the kernels
Ri(x, t) and Ty (x, t) are defined and continuous in [-7t, 7] X [—m, 0] and [-7t, ©] X [0, 7t], respectively. Note that
some non-classical Sturm-Liouville differential operators have been investigate extensively in the recent
years [1-5, 7-11, 13, 15-21, 25].

2. Construction of the Adequate Hilbert Spaces

Let us consider boundary value problems (1) — (5). For operator-treatment of this problem we shall
introduce a new inner-products in the classical Sobolev spaces. To this we shall assume everywhere in
below that

o1 Oy

- +
>0 and A:= Ya T
020 620

Y20 V20
Let Q) C R be any closed bounded interval. Recall that the Sobolev space W’z‘ (Q)(k=0,1,2,...) is the Hilbert

space consisting of all functions f € L,(Q) that have generalized derivatives f*, f”, ..., f® € L,(Q) with the
inner product

6:=' > 0.

k
<f9 ZWh@Q)= Z(< f(”)/!](") > Lo (Q)r
n=0

where L,(Q) is the usual Lebesgue space, i.e. the Hilbert space of measurable and square-integrable complex
valued functions on the interval QQ with the inner product

f, DL I=Lf(x)ﬁdx.

Of course, here by f@, g®, and W3(Q), we mean f, g, and L»(Q), respectively.
The standard inner product in direct sum space Hy = (L2(—7,0) & L,(0, 7)) & C which is given by

< UV >qp=<u(.),v(.) >, +u101
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for U = (u(.),u1), V = (v(.),v1) € Ho, we shall replace by the “weight” inner product on the direct sum space
H=H,8C by

(E Gl = (f, 9o + 5 T ©

for F = (f(x), f1) and G = (g(x), g1) € H, where by H; we mean the linear space Ly[-7, 0)®L,(0, 7] equipped
with modified the inner product

0—

f, @, = A F(x)g(x)dx + fo F(x)g(x)dx

and apply operator theory in the Hilbert space
H := (Lo(-7,0) ® L, (0, 1)) ®C, < .,. >¢).

Remark 2.1. It is readily seen that modified inner product (6) is equivalent to standard inner product of
(La(—m,0) ® Ly(0, 1)) @ C, so H is also Hilbert space and can be seen as different realization of the Hilbert
space H.

3. Operator-Theoretical Interpretation of the Problem

Denoting

B[ f] = 020f(r0) = 621 f'(m),

BLIf]:= 050 f (1) = 65, f'(10),

and
Du = —u" +q(x)u,

we shall define the linear operator £ : H — H with action low
L(f (), =BZLf]) = (¢f, Bxlf])

and domain of definition

dom(L) := { F=(f(x), fi): f(x), f'(x) € ACioe(—71,0) N ACyc(0, M), €F € Ly(—7,0) & L,(0, ),
there are finite limits f(0F) and f'(0F), €1(f) = €3(f) = €a(f) =0, f1 = —B.[f] }

Then problems (1) — (5) is acquired to the operator equation form
LF = AF, F = (f(x), B, f]) € dom(L)

in the Hilbert space H. Consequently the eigenvalues of the operator £ and those of considered problems
(1) — (B) are coincide.

Lemma 3.1. The set dom(L) is dense in the Hilbert space H.

Proof. Let, Yo = (yo(.), y1) € H be any element satisfying the orthogonality relation

0— T

(X, Yo)ge := A f x(s)yo(s)ds + f x(s)o(s)ds — %B;[xm: 0 7)
0+

Tt
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for all X = (x(.),—By[x]) € D(L). Let fi € CJ[-m,0] and f, € C7[0, 7] be arbitrary functions and let

| filx) forxe[-m,0)
f= fa(x)  forx e (0,m]
Obviously F := (f(.),0) € D(L). Putting in (7), we get

0— - d -
A f1(8)yo(s)ds + f2(8)yo(s)ds — %B;[f]ﬁ =0.
e 0+

By taking f, = 0, we see from the last equality that

0,
A | fi)ye(s)ds =0

for all f; € Cy’[-m,0]. Since Cj’[-m,0] is dense in Ly(—7,0), this leads to yo(s) = 0 on [-7, 0). Similarly, by
taking f; = 0, we have that

fo fo(s)yo(s)ds = 0

for all f, € C;’[0, 7], from which it follows that yo(s) = 0 on (0, 7t].
We can choose an element X := (Xo(.), —B.(xp)) € D(L) such that —B(xp) = —y1. Putting in (7) we get

= A
(Xo, Yo)g = 9 |y P=0

and so y; = 0. Consequently, Y, = 0 which proves that the orthogonal complement of D(L) is null element
of the space H. Hence D(L) is dense in H. The proof is complete. [

4. Topological Isomorphism and Coerciveness

To establish the topological isomorphism and coerciveness we shall define a new inner product space
H, as the linear space

{U =(u(),um ):ul)e W%(—n, 0) ® W%(O, n), {1(u) = C3(u) = €4(u) =0, up = —B;T(u)}
equipped with inner product
< (u(), ), (0(), 01) >p,=< u(.),v(.) >z (®)
and corresponding norm
@), un)llg, = e
Lemma 4.1. ‘H, is a Hilbert space.
Proof. Let U, = (u,(.), =By [u,]),n = 1,2, ... be any Cauchy sequence in the inner-product space H,. Since
lltn = umllwz = [Un = Upnllp,

by (8) we see that the first components (u,(.)) of the sequence (U,;) forms a Cauchy sequence of the Hilbert
space W%(—n, 0)® W%(O, ), therefore is convergent. Let u = u(x) be the limit of this sequence. By virtue of the
well-known properties of the Sobolev spaces, the embeddings W%(—n, 0) c C[-7,0] and W%(O, 7t) C C[0, 7]
are compact and therefore the reel sequences ¢1(u,), {2(1,), and €4(u,) converge to £1(u), £(u) and C4(u)
respectively. By the definition of the space H, we know that €1(u,) = € (u,) = €u(u,) = 0 for all n.
Consequently, €1(u) = £,(1) = €4(u) = 0. Hence U := (u(.), —B/,[u]) € H, and

Uy = Ullg, = llun — ullwz — 0 as n — oo

so (U,) is convergent. Since the sequence (U,,) is an arbitrary Cauchy sequence, H, is complete. Thus this
inner product space is a Hilbert Space. [



K. Aydemir et al. / Filomat 32:3 (2018), 921-931 925

Now, consider nonhomogeneous boundary value transmission problem
Du—Au = f(x), xe[-m,00 U0, ] , Lr(Mu = fi, bu = Cu = Cu =0, )

for f € Ly(—m,0) ® Lx(0, ), 1 € C. Denote U(x) := (u(x),—B,(u)) € D(L) and F := (f(x), 1) € H. Then
problem (9) reduces to operator equation

AM-LOHU=F FeH (10)
in the Hilbert space H. For convenience, in below we use the notations
Ge={AeCle<argu<2n—¢€}, 0<e<2m,

and
Uo(r)={AeC:|Al>r}, r>0.

Theorem 4.2. Suppose that the operator A acted compactly from W3(—m,0) ® W3(0, n) into Lr(-m, 0) ® L»(0, ).
Then, for any & > O there exists sufficiently large r. > 0 such that for all A € G, N Uco(r) the operator L — Al is an
isomorphism from H, onto H and following coercive estimate

LA, P)llg, + AL IUCA, F)llg < C(e) [[Fllg (11)
holds for the solution U = U(A,F) of operator equation (10) where C(¢) is a constant, which depend only of €.

Proof. Itis obvious that the operator £ — Al is bounded from H, into H for all complex number A. Applying
the same argument from [19], we have that for arbitrary € > 0, small enough, there are positive numbers
re and Ce such that for all A € G N U (7e) the linear operator T(A) defined by

T(Mu = (Au — P(A)u, £H,u)

is an isomorphism between the Hilbert spaces W%(—n, 0)e W%(O, 1) and (Ly(—7,0) ® L(0, 1)) ® C and for
these A, coercive estimate

lutllz + IAIClullz, + 1B @)]) < Ce(lfll, + 1£i]) (12)

holds for the solution of the nonhomogeneous boundary-value-transmission problem (9). This proves that
the linear operator £ — Al is an isomorphism between the Hilbert spaces H, and . The claimed inequality
(11) follows immediately from estimate (12). The proof is complete. [

Remark 4.3. From coercive estimate (11), in particular follows the maximal decreasing of the resolvent
operator R(A, £) = (Al — £)7!, namely the estimate

IR(, Dllgn < Cle) 1A
holds for all complex numbers A as in the formulation of the last Theorem.

Theorem 4.4. If the operator A acts compactly from W3(—m,0) & W3(0, i) into Ly(—1,0) & Ly(0, 70) then the
spectrum of problems (1) — (5) consists of isolated eigenvalues.

Proof. By virtue of Theorem 4.2 for any € > 0, small enough, there are a positive numbers r. and C, such
that for all F € H, and for all A € G. with |A| > r. the estimate

LA, P)llg, < CellFlle

holds. Consequently, the resolvent operator R(A, £) = (Al — £)™! acted continuously from H onto H,.
Since the embedding operator H, C H is compact, this resolvent operator acted compactly from H into H.
Then by virtue of the well-known theorems about linear operators with compact resolvent in the Hilbert
space (see, [12], Chapter III, Section 6) the spectrum of £ consist of isolated eigenvalues. The proof is
complete. [
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5. Asymptotics of the Eigenvalues

Consider the pure differential part (i.e. without operator A) of the considered problem (1) — (5). Let £y
be linear differential operator in the Hilbert space H with domain D(Ly) = D(L) given by

Lo(u(x), —B[u]) = (Pu, Br[u]).
Theorem 5.1. L is a self-adjoint linear operator.

Proof. Since the operator £y is symmetric, we must show that D(Ly) = D(Ly). Let X € D(L;) be any element
and A be any non-real regular value of £Ly. Then we get

(Aol = L)Y, Xdg¢ = (Y, (Aol = LX)y, for all Y € D(Lo).
Denoting
Xo := (Aol = Lo) ™ (AoX = L5X)
we have that X, € D(£) and o o
(Aol = Lo)Xo = Ao X — Ly X.
Taking in view these equalities and then applying the Theorem 4.4 we have that

(Aol = L)Y, Xy = (Y, (Aol = L)Xy

= (Y, 20Xo — LoXo)u

= Ao, Xoya — Y, LoXo)w
= (Ao, Xoy — (Lo, Xo)w
= (Aol = L)Y, X0}y

for all Y € D(Ly). This shows that the equality

(Aol = L)Y, X - Xy =0

holds for arbitrary Y € D(Ly). Choosing Y = (Aol — Lo)"}(X — Xp) and putting in the last equality yields
IX=Xoller = 0. Thus X = Xo € D(Ly) which proves that D(L;) = D(Ly) as desired. The proof is complete. [J

Corollary 5.2. All eigenvalues of the differential operator Ly are real.

Lemma 5.3. The pure differential operator Ly has precisely denumerable many eigenvalues A,(Lg), n =1,2,..,
which are real and satisfy the asymptotic formula

"2
An(Lo) = i O(n).

Proof. Let ¢1(x, A) be the solution of the differential equation

if = —f"+q9@)f = Af, x€[-1,0)U (0, 7] (13)
satisfying the initial conditions

f(—n) =01 , f’(—ﬂ) = 010-

Now we proceed from @1 (x, A) to define the solution ¢,(x, 1) of the same equation (13). Namely, we shall
define by @»(x, A) the solution of equation (13) satisfying the initial conditions

£04) = ~2010-, 1),
Y10
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, VooV — ViV _
f(0+) = ——Eﬁég;I—ELEBqn<o—,A>—-qua<0—,A»
10

It is easy to see that the function ¢(x, A) defined by

| pi(x,A)  forxe[-m,0)
Pl A) = { (p;(x, A)  forxe(0,7]

satisfies equation (13), first boundary condition (2) and both interface conditions (4) and (5). Therefore, by
substituting ¢(x, A) in condition (3) we find the eigenvalues, i.e. the eigenvalues consist of the solutions of
equation
w(A) = ba(pa(, A)) = 0. (14)
Let A = p?. It is easy to verify that the solution @;(x, A) satisfies the next integral equations:
1, . 1 .
@i(x, A) = @i(a;, A)cos [u (x —a;)] + ﬁ(pi(ai, A)sin [u (x —a;)] + ; fsm [ (x = D] q(t)pi(t, A)dt

and

X

Pi(x, A) = —u@i(a;, A)sin [u (x — a;)] + @i(a;, A) cos [y (x — a;)] + fcos [p (x = D] q(t)pi(t, A)dt

ai

fori=1,2; a1 = —n, a; = 0+. Then, by using the approach in [17] we can find

+ 4t
—%610# sin[rtp] cos[ux] + O(elRerlt+m)) (15)
21

(PZ (x/ /\) =
and

’ V+ 7/+ : : eu|(x+7
@5(x, A) = %610[12 sin[rtu] sin[ux] + O(I[JleIR plx+m)) (16)
21

as |A| — oo. Substituting (15) and (16) in the equation (14) we arrive at the asymptotic equation
pt sin®[rru] + O(JulPe?™Rely = 0

Take a circle T := {u € C | |u| = n + 1} of radius n + 1 in the u— plane, where 7 is a natural number. By
applying the well-known Rouche theorem, we have that there are as many zeros of A(u) := w(u?) inside T,
as the function Ag(u) := p*sin®*[ryu] for sufficiently large 1, provided that each zero is counted according
to its multiplicity, i.e., 4n + 6. Since the function A¢(u) is even, we only need consider its positive zeros.
Consequently there are 211 + 3 positive roots i of function A(u) less than n + 1 for sufficiently large 7. Then
we have u, = 5 + O(1) as n — oo, from which it follows immediately the needed asymptotic formula (13).
The proof is complete. [

Let us define a new operator Ay : H — H by
A(F) = ( (AF),0 ) (17)

and domain of definition D(Ay) = D(Lp). Then, the main problem is acquired to the operator-equation
form

(Lo +A)U = AU, U € D(Lo) (18)

in the Hilbert space H.
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Remark 5.4. The eigenvalues of problems (1)-(5) and (18) are coincide, and the corresponding eigenfunc-
tions of (1)-(5) are the first components of the eigenelements of the operator L given by L = Ly + Ap.

For further investigation, we need to use some definitions and facts. Let A be closed linear operator in a
Hilbert space E. A regular value A of A is a complex number such that the resolvent operator (A — AI)™
exists, is defined on a dense set and is bounded. The resolvent set p(A) of A consist of all regular values of
A. The set C — p(A) is called a spectrum of A and is denoted by d(A). If the resolvent operator (A — AI)™!
does not exist then the value A is called an eigenvalue of A. The algebraic multiplicity of the eigenvalue A
is the dimension of the linear subspace

(o)

Ky, := |_JIf € D@A"), (A = AoD)"f = 0},

n=1

Let G be any subset of complex plane C and r > 0 be any real number. By N(r, G, A) we shall denote the
number of eigenvalues of A belonging to G, which are smaller than r and are counted according to their
algebraic multiplicity, i.e.
N, G, A) = Z 1.
nefk:AeG, |A|>r}

Definition 5.5. Let A; be any closed linear operator having at least one regular point. A linear (in general,
unbounded) operator A, is said to be A;-compact if D(A;) 2 D(A1) and if for some regular point Ag € p(A1)
the operator A;R(Ap, A1) = Az(Ar — AoD)7lis compact (see, for example [6]).

Theorem 5.6. Let S be self-adjoint operator in a Hilbert space the spectrum of which is discrete, A be S-compact
operator and £ = S + A. Then if S has a precisely numerable many positive eigenvalues and

N((r(1+¢),R*,S) ~N(r,R*,S), asr — o0, ¢ > 0
then forany a (0 < a < 3)
N (r,G4,£) ~ N(r,R*,S), asr — oo
where R* = (0, 00), G, is the angle as in the previous section and f(A) ~ g(A) as r — oo is the abbreviation for

lim & =1.

r—00 g(r) -
Proof. The proof of this theorem follows immediately from the results of [6]. [

Lemma 5.7. Let the operator ‘A be Ly-compact in the Hilbert space H. Then the spectrum of L = Lo+ Ay is discrete
and consist of precisely denumerable many eigenvalues. For any arbitrary small a > 0 all eigenvalues of L with the
possible exception of a finite number lie in the sector P, = {A € C : largA| < a} of angular 2« and for the sequence
of eigenvalues (Ayq),n 2 0, belonging to the sector 1, which, when listen according to nondecreasing modulus and
repeated according to algebraic multiplicity, satisfies the following asymptotic formula:
n? )
Anal = G +00r%), 10— oo (19)

Proof. Let A1(Ly) < A2(Lp) < ... be the sequence of eigenvalues of Ly which counted with their algebraic
multiplicity. By Lemma 5.3 there are real numbers m;, mj,, such that

n? n?
min + Z < /\n(.[,()) <myn+ Z

foralln =1,2,.... From this relation it follows that

N(r, RY, Lo)=1+ \/;+O(i) as r — oo.
Vr
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Since for arbitrary € > 0

Vr+e = W+O(i) as r — oo

\r
and . . .
=—+ 0O( ) as r — oo,
Vrre VP

we have that

N(r(1+¢), R*, Lo) = N(r, R", Lo) = O(%) as r — oo.

Consequently,
N(r(1+e¢), R*, Lo) ~N(r, R*, Ly) as r —> .
Then by virtue of the Theorem 5.6 we have
N(r, a, Lo+ Ag) ~N(r, R*, L) as r —> 0.
Thus, we get
N(r, Yo, Lo+ Ao) = N(r, R*, Lo) +o(N(r, R*, Ly)) as r — 0. (20)

Here, as usual, the expression f(r) = o(g(r)), as r — oo means that lim % = 0. Now, writing (20) for
r—0o0

7 = |A, 0| yields the desired formula (19). The proof is complete. [

Theorem 5.8. Under condition of previous Lemma the spectrum o(L) of the operator L is discrete and consist
of denumerable many eigenvalues (A,(L)) (is several non- real) which, when arranged in decreasing modulus and
counted to their algebraic multiplicity, has the following asymptotic representations

12n?

ReAy (L) = 1

+o(n?) and ImA (L) = o(n*) as n — co. (21)

Proof. We know that the number of eigenvalues of the operator L for which |argA| > «a is finite. Taking in
view this fact and using Lemma 5.7 yield

2
Ana(L)l = 7 +0(n?) asn — co. (22)

By virtue of Theorem 4.2, there is a natural number 7, such that the inequalities
ReAn(L) > |An(L)l cosa

and
[ImA, (L) < A (L)lsina

are hold for all n > n,, from which it follows easily that

ReAn (L) ~ 1A (L)l

and

[ImA, (L) = o(IAx (L))

as n —> oo. Together with (22), this shows that the asymptotic formulas (21) are true. The proof is
complete. [

The main result of this section is the the following theorem.
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Theorem 5.9. Let the operator ‘A acted compactly from W%(—n, 0)e W%(O, nt) into Lo(—m,0)® Ly(0, 7). Then, the
spectrum of BVTP (1)-(5) is discrete and consist of precisely denumerable many eigenvalues A,, n = 1,2, ... (is several
non-real) which, when listed according to decreasing real parts and repeated according to algebraic multiplicity has
the following asymptotic representation:

2,2
N
Ay = 1 +o(n?) as n — co.
ie.
2,2
| An — 551
tim
n—oo n

Proof. By virtue of the Theorem 4.4 the resolvent operator R(A, £) = (AI — £)~! maps the Hilbert space H
continuously into the H;. At the other hand, the operator Ay, defined by (17) is compact from H, to Hy,
by assumption on L. Consequently the operator Ay(Al — £)~! is compact in the Hilbert space H, and so
Ay is L-compact operator. Now, to complete the proof it is enough to apply the Theorem 5.8. [J

Remark 5.10. Note that the operator A satisfying the conditions of this theorem may be non-self-adjoint
and/or unbounded in the Hilbert space Ly[-, 0) ® L,(0, t] = Lp[—m, ).

6. Conclusion

In this paper we have discussed new type of discontinuous Sturm-Liouville problem (1)-(5) involving
an abstract linear operator in equation (1). The pure differential part of this problem is not self-adjoint in
the usual Hilbert space Ly[—m, 7t]. For operator treatment in appropriate Hilbert space we have defined an
alternative inner product (6) in terms of transmission conditions (4)-(5). We want to emphasize that the
spectral properties of our problem (1)-(5) is essentially different from the spectral properties of classical
Sturm-Liouville problem. For instance, it is well-know that the eigenvalues of classical Sturm-Liouville
problem are real and the second asymptotic term in asymptotic expansion of eigenvalues has the form
O(n). But the eigenvalues of our problem (1)-(5) may be also non-real complex numbers and the second
asymptotic term appears in more weak form as o(1%). Moreover, we have proved such non-usual results as
topological isomorphism and coercive solvability for corresponding non-homogeneous problem (9).
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