Filomat 32:3 (2018), 1043-1053
https://doi.org/10.2298/FIL1803043C

Published by Faculty of Sciences and Mathematics,
University of Ni§, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

On the Paranormed Space L(t) of Double Sequences

Hiisamettin Capan?, Feyzi Bagar®

*Graduate School of Natural and Applied Sciences, Istanbul University, Beyazit Campus, 34134 - Vezneciler/Istanbul, Turkey
bInonii University, Malatya 44280, Turkey

Abstract. In this paper, we introduce the paranormed sequence space L(t) which is the generalization of
the space £, of all absolutely g—summable double sequences. We examine some topological properties of
the space L(t) and determine its alpha-, beta- and gamma-duals. Finally, we characterize some classes of
four-dimensional matrix transformations from the space £(t) into some spaces of double sequences.

1. Introduction and Notations

We denote the set of all complex valued double sequences by Q, i.e.,
Q:= {x = (xx) : xy € Cforallk,l e ]N},

which forms a vector space with coordinatewise addition and scalar multiplication; where C denotes the
complex field and N = {0,1,2,...}. Any vector subspace of () is called as a double sequence space. By M,,, we
denote the space of all bounded double sequences, that is,

M, = {x = (1) € Q: Il = sup Il < oo}.
k,leN

A double sequence x = (xy) € Q is called convergent to L in the Pringsheim’s sense (shortly, p—convergent to
L) if for every € > 0 there exists an N = N(¢) € IN such that |x;; — L| < € for all k,] > N. It is well-known that
a p—convergent double sequence need not be bounded. If additionally x € M,, then x is called boundedly
convergent to L in the Pringsheim’s sense (shortly, bp—convergent to L). The spaces of all p— and bp—convergent
double sequences are denoted by C, and Cy,, respectively. A double sequence x = (xy) € C, is said to be
regularly convergent to L (shortly, r—convergent to L) if the limits
Xp 1= ]lim xg (ke N) and x := khm xy (1 € N)

exist. Note that, in this case limy_,c Xx = limj_e X' = L, where L is the p—limit of x. Asseen, in addition to the
p—convergence, the r—convergence requires the convergence of rows and columns of a double sequence,
and so it is bounded. By C,, we denote the space of all r—convergent double sequences.
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Also the spaces of all null double sequences contained in C,, Cp, and C, are denoted by Cpo, Cppo and
Cyo, respectively. Referring to Méricz [14], the sets M., Cyp, C,, Cppo and Cy are Banach spaces with the
norm || + |eo-

Throughout the text, 3 denotes any of the symbols p, bp or r, and any summation without limits runs
from 0 to oo, for example ¥, means }.;_,. The sum of a double series ) ; xiy with respect to 9—convergence
rule is defined by § — Y, xy = 9 — lim ZZ/’,’ZO xy. If there is no confusion, we shall use }';, xy instead of

S = Yk Xu /
The space .L; of all absolutely g—summable double sequences is introduced by Basar and Sever [5], that
is,

L= {x = () € Q: Z |l < 00}; (0<g <o)
"l

By taking g = 1, we obtain the space £, of all absolutely summable double sequences.

For more information on double sequence spaces and related topics one can also see [6-8, 10, 13, 15—
18, 20-23].
The elementary double seqeunces eX! = (e

M:{l, i, j) = (k1)
ij 0 , @)=k,

e := ), e!; the double sequence that all terms are one,

k1

y ), e, ex and e! are defined, as follows;

e

ek =y ekl the double sequence that all terms of k-th row are one and other terms are zero,
el := Y, e¥; the double sequence that all terms of I-th column are one and other terms are zero.
We denote the set of all finitely non-zero double sequences by @, i.e.,
® = {x=()eQ:INeN 5 ¥ (k) e N*\[0,NP, xy =0}
= span{ekl k1 e IN}.

Let X be a real or complex linear space and g be a function from X to the set R of real numbers. Then,
the pair (X, g) or shortly X is called a paranormed space and g is a paranorm for X, if the following axioms
are satisfied for all elements x, y € X:

(i) g(x) =0,

(ii) g(x) = 01if x = O, where 0 is the zero vector in X,
(iii) g(x) = g(=x),

(iv) g(x +y) < g(x) + 9(v),

(v) Scalar multiplication is continuous, i.e., [a; — a| — 0 and gix'=x) =0 imply glax' — ax) — 0 for all
a’sin R and all x’s in X.

Throughout the text, t = () denotes any double sequence of strictly positive real numbers. We define
the double sequence space L(t), as follows:

L) = {x =(xy) €Q: Z‘ Ixul™ < OO}
k]
Clearly, L(e) = £, and L(qe) = L;; where 0 < g < co.

Let H = sup; ;. tu < o0 and M = max{1, H}. Now, one can easily check by similar approach used for
single sequences that the set £L(t) is complete paranormed space with the paranorm

1/M
g(x) = (Z |xk1|tk1) .
Tl
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2. Dual Spaces of L(t)

In the present section, we determine the dual spaces of the space L(t). It is important to notice that
although the alpha- and gamma-duals of a double sequence space are unique, its beta-dual may be more
than one with respect to 9— convergence rule. In the rest of the study, C denotes any of the symbols a, ()

or y and also A"¢ means that {/\(” 1)‘:} for a double sequence space A and n € Ny, the set of positive integers.
The a-dual A%, the B(8)-dual AP® and y-dual AV of a double sequence space A are defined by

A = {a = (ay) € Q: Z |a x| < oo for all x = (xy) € /\},
k1
AP®) = {a =@y eQ:d- Z ayxy exists for all x = (xy) € /\},
k1
AV = {a = (ag) € Q: sup Z apxg| < oo for all x = (xy) € /\}
mnelN k,1=0

Definition 2.1. ([21, p. 225]) A double sequence space A containing @ is said to be monotoneif xu = (xyuy) € A
for every x = (xy) € A and u = (uy) € {0, 1NN, where {0, 1}N*N denotes the set of all sequences consisting
of 0’s and 1’s. If A is monotone, then A% = AP®) = ABOP) = AF0) AV,

Definition 2.2. ([5, p. 154]) A double sequence space A is called solid if
{u=(u) e Q:Tx=(xu) €A > |ugl < |yl forall k1€ Nj c A.
If A is solid, then it is monotone and A% = AP®) = APl = AP0 = 27,

Now;, one can easily observe that the set L(t) is solid. Therefore, to obtain C—dual of L(#), it is sufficient
to calculate its a—, f(8)— or y—dual.

Definition 2.3. ([9, p. 342]) A sequence space A is called (—space if A = A%°. Further, an a—space is also
called Kothe space or perfect sequence space.

Since there are various convergence rules for double sequences (see [10] for other types of convergence),
we give a new definition for f—space.
Definition 2.4. Let A be a double sequence space and the symbols v, § denote any kind of convergence
s
rule. Then, we call that A is a B(v, 8)—space if A = {)\ﬁ )}/ ? for fixed v, ¥’s and is a f—space if A = {/\5(") }ﬁ( )
for all v, 9’s. In this study, we only use this definition for v, 9 € {p, bp, r}.

Theorem 2.5. Let 0 < tyy < 1. Then, the C—dual of the space L(t) is the set M,(t), where
M, (@) = {x = (xg) € Q: sup [l < oo}.
k,leN

Proof. LetO<ty <1.
M, (t) c {LD}": Take a = (agy) € M, () and x = (x) € L(t). Then,

Z lagxl™ < sup lag|™ Z x| < o0,

kleN

i.e., ax € L(t). Therefore, for a given ¢ > 0, there exists a positive integer 1y = ny(¢) such that

9,1 np, o

2 lagxi| + Z lag x| + Z lagxl < e.

k,l=110+1,0 k,l=0,l’l()+1 k,l=n0+1
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Then, for every k > ng or | > ngy or both we have |agxu|* < ¢ < 1 and so |agxy| < 1. Thus, we obtain
lakxu| < lagxyl™ < € for such k and I’s. This implies thatax € £, i.e., a € {L(t)}".
{L®))" € M, (t): Suppose thata = (ay) € {L(f)}" \ My (t). Then, for every x = (xy) € L(t) we have

Z lagxp| < 0o but  sup |ay|* = co.
k.l k,lEN

In this case, there exist index sequences (k;) and (I;) of natural numbers, at least one of them is strictly
increasing, such that

|k, i 4 > (i + 1)
for all i € N. We define x = (xy) € L(t) by

[ G+ k=kandl=1,
i = 0 C k#korl#l

for all k,I € IN which gives
Y lal = Y la gl + 17250 > Y1 = oo,
7] i i

i.e.,a ¢ {L(t)}", a contradiction. Hence, a must be in M, (t). O
It is known that ME, =L, and Lf; = M,. Now, we have the following corollary:

Corollary 2.6. Let 0 < g < 1. Then, the following statement holds for all k € IN:

nl . _ Mu ’ Tl:2k—l,
L "{ Ly, n=2

Let t = (fy) and s = (sy) are connected with the relation

1 1
—+—=1 forty,sy>1.
ta Sk

In this case,

Skl tu
—=su-1, —=ty—-1, syty=su+ty
tr Ski

and the inequality

Iyl < xial™ + [yl™

is satisfied for any x = (xy) and y = (yx) in Q.
Unless stated otherwise, we take fy, s,y > 1 for all k,I € IN in the rest of the section.
Now, we define the following solid set with an integer N > 1:

MP6) = {a = (aw) € Q: ) lanPN/ < oo}.
N=2 k1

Theorem 2.7. The inclusion £(s) C Mg)(s) holds.

Proof. The proof is easy. So, we omit the detail. [J

Theorem 2.8. L(s) = Mg)(s) ifand only if s € M,,.
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Proof. Let s = (si7) € M,. Then, we have 0 < infy jen N—sultn < SUPy jeN N—/ta < 1 for some integer N > 1.
Now, it is easy to see that £(s) = Mg) (s).

Conversely, suppose that £(s) = Mg)(s) but s = (si) ¢ M,. Then, there exist index sequences (k;) and
(I;) of natural numbers, at least one of them is strictly increasing such that s;,;, > i + 1 for all i € IN. Define

x = (xi) € L(s) by

L 1 , k:kiandl:li,
W=Y0 , kekorl#l

for all k,I € N which gives the fact
|xkl|5k1N—5k1/fk1 - NG < N7 < oo
L L ek

for some integer N > 1,i.e., x € Mg) (s). This contradicts the hypothesis. Hence,s € M,. O
Theorem 2.9. The C—dual of the space L(t) is the set Mg) (s).

Proof. Mg)(s) c{L®)}": Letae Mg)(s) and x € L(t). Then, we get

Z lagxal = Z laggN "~ xy Nt

k1 k1
Z |ak1|5klN_skI/tkl + NZ‘ |xk1|fk1 < 0
k1 k1

for some integer N > 1, i.e., a € {L()}".

(L)} C Mg)(s): Suppose that a € {L()}" \ Mg)(s). Then, for every x € L(t) and all integers N > 1 we
have

Z |axxy| < oo but Z || N5/t = oo,
T *l

Then, there are following three possibilities:
(i) For fixed Iy € IN there exists strictly increasing sequence (k;) of natural numbers such that

IN

kis1
lay. |0 (i + 2) ™/l > 1 or
k=k;j+1

(ii) For fixed ko € IN there exists strictly increasing sequence (I;) of natural numbers such that

li+1
g, %01 (i +2) S0ilfo1 > 1 or
I=;+1

(iii) There exist strictly increasing sequences (k;) and (/;) of natural numbers such that

ki+1/li+1
Mi= Y lagl+2) > 1,
kI=ki+1,1;+1

We continue to the proof of the theorem with Case (iii). One can obtain the similar result for the other cases.
Now, we define x = (xy) by

P |ak1|5k"1(i + 2)_5“Mi_1 , ki<k<kjandl; <1<y,
’ 0 , otherwise
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for all k,I € IN. Then, one can see that

kiv1,liv1
Zlﬂklxk1| = ZM;l Z law ™ (i +2)~
5l ; k Ikt 11+1
ki1, div1
= Y MG Y a2
i kI1=ki+1,1i+1

Z(i +2)7! = oo,

ie., a ¢ {L(t)}". But, by the inequalities

|akl|(5kl_1)tkl(i + 2)—Sk1fk1Mi—tkl < |akl|(5k1—1)fkl(i + 2)—Sk1fklMi—1
_ Skl (1 —Sp—tu+2(; =2ng-1
= agl(@+2)" 701+ 2) "M
Ski (1 =Sk /tk (7 -2z g1
< agl( +2)" MW (E + 2) "M

we conclude that
Y bl < Y (42 < o,
Kl i

i.e., x € L(t), a contradiction. Hence, a € Mg)(s). O
Theorem 2.10. Let t € M,. Then, the C—dual of the space Mg)(s) is the set L(t).

Proof. L(t) C {Mg)(s)}a: This is similar to the proof of the inclusion Mg)(s) c {£L(H)}* in Theorem 2.9.

{Mg)(s)ia C L(t): Suppose thata € {Mg)(s)}a \ L(t). Then, we have }¥;;lau|* = co. As in the proof of
Theorem 2.9, there are three cases. We give the proof only for one case.
There exist strictly increasing sequences (k;) and (I;) of natural numbers such that

kis1div1
M, = Z Iaklltk’ > 2N

kI=ki+1,1;+1

We define x = (xy) by
o Iakl|t’“71M;1 , ki<k<kjiiandl; <<y,
Yl = 0 , otherwise

for all k,I € IN which gives

k1+1rli+1

Z |ax| = Z M;! Z lajl™ = Z 1= 0o,
5l i 7

k,l=k,'+1,li+1
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ie.,a¢ {Mg)(s)}a. Take inf jen s = h. Then, for some integer N > 1, we get that

Z |xk1|5k1N—Sk1/fkl
k1

k1+1/li+1

ty—1)s —SkI NT—Ski /1]
|akl|( kl )klh/]l IN kl/ kI
i k,l—_ki+1,li+l

kz+1/li+1

N 5K
Y, ) el

i kl=ki+1,l;+1

IA

ki+1/lr+1
-1 t —sp+1
E Mi E |{1k1|”Ml. K
i kI=ki+1,1i+1

kis1,div1

Z Mi_l Z |akl|tk121(—5kz+1)
i kI=ki+1,1;+1

< Zzi(—h+1) < oo,
i

ie,xe Mg) (s). This contradicts the hypothesis. Hence, a € L(t). O

IA

Corollary 2.11. Let t,s € M,. Then, the following statement holds for all k € IN1:

w ) L) , n=2k-1,
Lo "{ £H , n=2k

Now, we can give the following corollary:

Corollary 2.12. The following statement holds for all k € IN;:

nC ._ LS s nsz—l/
L "{Lq , n=2k

Also, one can easily derive the following two corollaries:

Corollary 2.13. Let 0 < fyy < 1. Then, the set L(t) is not a C—space.

Corollary 2.14. Let1 <ty < SUPy jen thi < ©0. Then, the set L(t) is a C—space.

3. Matrix Transformations

Let A and p be two double sequence spaces, and A = (@yux)mnkien be any four-dimensional complex
infinite matrix. Then, we say that A defines a matrix transformation from A into p and we write A : A — p, if
for every sequence x = (xy) € A the A-transform Ax = {(AX)yn}muen Of x exists and belongs to p; where

(Ax)yn = S — Z AnnkXr for each m,n € IN. (1)
7

We define the S-summability domain Af) of A in a space A of double sequences by

/\ff): x=(xy)eQ:Ax =

d - Z amnklxli existsand isin A }.
ki mneN

We say with the notation of (1) that A maps the space A into the space uif A C yff) and we denote the set of all
four-dimensional matrices, transforming the space A into the space u, by (A : p). Thus, A = (@uux) € (A @ p)
if and only if the double series on the right side of (1) converges in the sense of 9 for each m,n € NN, i.e,
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Ay € AP for each m,n € N and every x € A, and we have Ax € y for all x € A; where A, = (ki) e
for each m,n € IN. Here, we note concerning with four-dimensional matrix transformations that ¥ must
be fixed, otherwise the results may be incorrect. In this paper, we do not fix 9 since the f(3)—duals of
corresponding spaces are identical.

For all m,n,k,1 € N, we say that A = (a,ux) is a triangular matrix if a,,,q = 0 for k > m or [ > n or both,
[1]. Following Adams [1], we also say that a triangular matrix A = (a,,,x) is called a triangle if aym, # 0 for
all m,n € IN. Referring to Cooke [11, Remark (a), p. 22], one can conclude that every triangle matrix has an
unique inverse which is also a triangle.

Theorem 3.1. Let t = () be any double sequence of strictly positive real numbers. Then, the necessary and sufficient
conditions for A € (X : Y) can be read from the following table:

[ X1 Yo [ M [ Cs [ Cx|
LHO<ty< 1. 2. 3.
L(t) (1 <ty < OO) 4. 5. 6.

where
1.
sup |anmk1| < ©0. (2)
m,n,k,leEN
2. (2) and
dayeC > 9- lim ayu =an foreach k,1€N. 3)
m,n— 00
3. (2) and
Al = (@mnk!)mpen € Cso  for each k,1 € N. 4)
4.
D = sup Z AN~ < 00 for some integer N > 1. (5)
m,nelN k1

5. (3) and (5).
6. (4) and (5).

Proof. We only give the proof of the class (L(t) : Cs) for all t; > 1 for all k,] € N.
Necessity. The necessity of (5) is immediate from f(3)—dual of L(t). Besides, since the set {ekl k1 e ]N}

c L(t), AeM = A¥ = (@) muen € Cs for each k,I € N by the hypothesis. Hence, the condition (3) is also
necessary.

Sufficiency. Let the conditions (3) and (5) hold, and take x € L(t). Then, there exists a positive constant
K such that ¥, [xyl* < K. So, we get that

Z |apmaxil < Z Al NS0/ 4 N Z ||
Tl Tl )

D+ NK < o0

A

IN
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for some integer N > 1 and all m,n € IN. Thus, we see that the series ) ; ; a,.xXx converges absolutely, and
similary }; ; anxy, too. Since x € L(t), we can write that

00,1y 1,00 o0

b, Y bl and Y bl (6)
k,l:ﬂ0+1,0 k,I:O,Vl0+1 k,l:Vl()Jrl

are less than €/12(D + NK) < 1 for some 1y € IN. Also, one can write by the condition (3) that
1o
€
Z (@it = awallxal < 5 7)

k1=0

for all sufficiently large m, n’s. Thus, we obtain by (6) and (7) that

1o 0,10
Z Apunki XKl — Z axy| < Z |k — awllxw| + Z |k — arl|x]
Tl Tl k1=0 k=g +1,0

19,00 )
+ Z @i — axllxwl + Z @i — axal|xl
k,1=0,n9+1 k,l=‘fl(]+1
£,8 & ¢
< —H-+-+4+-=¢
2 6 6 6

for all sufficiently large m, n’s. This implies that Ax € Cy for 9 € {p,bp}. To obtain Ax € C,, we also have
to show that the rows and columns of Ax converges. Since Ak = (@mnk)mnen € Cr from (3), there exist
some scalars a;; and aj; such that limy—co @y = ay; (n € IN) and limy—e pu = ) (m € IN). Note that,
limy, o0 ay; = limye0 4] = an. Now, replacing ay with ajj and 4}, in the inequalities, above, we derive the
desired result. This completes the proof. O

Now, we can give the following corollary:

Corollary 3.2. The necessary and sufficient conditions for A € (X : Y) can be read from the following table:

X1 Yo [ My [ Cs [ Cu |
L£,0<q<1) 1 [2] 3
L, (1<q <) 7.1 8 | o.
where
7.
sup Z |2l < 0. (8)

mmnelN k1

8. (3) and (8).

9. (4) and (8).
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Conclusion

In this paper, we have worked on some algebraic and topological properties of the paranormed space
L(t). This space were also studied by Gokhan and Colak in [12]. However, there are some missing points
in [12]. For instance, in the proof of Part (i) of Theorem 8 in [12], they wrote for a double sequence (p,) of
strictly positive real numbers that if inf,, sen, pmn = O then there are two cases:

(a) There exist strictly increasing sequence (m(i)) of positive integers and n(1) < n(2) < --- < n(ko) for
some fixed ko € IN such that py) ;) < 1/i for all positive integers i and for 1 < j < ko (or there exist
strictly increasing sequence (n(j)) of positive integers and m(1) < m(2) < --- < m(ko) for some fixed
ko € Ny such that py)n(j) < 1/] for all positive integers j and for 1 < i < ko) or

(b) There exist strictly increasing sequences (m(i)) and (1(j)) of positive integers such that py,) u(j) < (i+ Nt
for all positive integers i, ;.

Nevertheless, these cases do not include all possibilities whenever inf,,; ;en;, P = 0. One can easily observe
this by means of the sequence p = (pu,) defined by

1/m , m=n,
Pmn = 1 , m#n

for all m,n € Ny. Clearly, inf,, yew, pmn = 0 and Part (a) is invalid. To obtain pyu; < (i + j)™', we must
take m(i) = n(j) for all i,j € IN;. This implies that m(i) = n(j) = k for all i,j € IN; and a fixed integer
k € IN;. Therefore, they are not increasing sequences. Also, even if they are strictly increasing sequences,
we get for infinitely many m(i) and n(j)’s that py)n;) = 1. Thus, Part (b) is invalid too. In this study, we
obviate missing points and also characterize some classes of matrix transformations from the space L(t) to
the spaces M,,, Cs and Cg for all t’s. So, the present study may consider as a complement of Gékhan and
Colak [12].

Let ¢, denotes the space of all absolutely p—summable single sequences, and {(p) be paranormed
counterpart of £,, where 0 < p < co. Altay and Basar [3] and Basar and Altay [4] investigated the
space bu, as the domains of two-dimensional backward difference matrix A in the space £,. Also, in
[2], they studied the domain of Riesz mean R7 in the paranormed space {(p). Here, we note that as a
continuation of the present paper, to obtain more general spaces of double sequences with some algebraic
and topological properties, one can investigate the domain of certain four dimensional triangles, for example
four dimensional backward difference matrix A or Riezs mean R% with respect to the sequences g = (gi)
and s = (s;) of non-negative numbers which are not all zero, in the space L(t).

As a natural continuation of Altay and Basar [2], Yesilkayagil and Basar [19] have recently investigated
the domain R7(L;) of four dimensional Riesz mean R” in the space L; of absolutely s-summable dou-
ble sequences. Of course, following the present paper one can extend the normed space R%(L;) to the
paranormed case.
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