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14-Point Difference Operator for the Approximation of the First
Derivatives of a Solution of Laplace’s Equation in a Rectangular
Parallelepiped

Adiguzel A. Dosiyev?, Hediye Sarikaya®

?Near East University, Department of Mathematics, Nicosia, KKTC, Mersin 10, Turkey

Abstract. A 14-point difference operator is used to construct finite difference problems for the approxi-
mation of the solution, and the first order derivatives of the Dirichlet problem for Laplace’s equations in a
rectangular parallelepiped. The boundary functions ¢; on the faces I';, j = 1,2,...,6 of the parallelepiped
are supposed to have pth order derivatives satisfying the Holder condition, i.e., ¢; € CP/(I'}), 0 < A < 1,
where p = {4,5}. On the edges, the boundary functions as a whole are continuous, and their second and
fourth order derivatives satisfy the compatibility conditions which result from the Laplace equation. For
the error u;, — u of the approximate solution u;, at each grid point (x1, x2, x3), |1y — u| < cpp’4(x1,x2,x3)h4 is
obtained, where u is the exact solution, p = p(x1, x2,x3) is the distance from the current grid point to the
boundary of the parallelepiped, / is the grid step, and c is a constant independent of p and h. It is proved
that when @; € CP*, 0 < A < 1, the proposed difference scheme for the approximation of the first derivative
converges uniformly with order O(™1), p € {4, 5}.

1. Introduction

It is well known that the use of difference operators with a low number of pattern and with the highest
order of accuracy for the approximate solution of differential equations reduces the effective realization of
the obtained system of finite-difference equations. Moreover, to enlarge the class of applied problems the
convergence of the difference solutions are preferred to be investigated under the weakened assumptions on
the smoothness of the boundary conditions. All of these become more valuable in 3D problems, especially
the derivatives of the unknown solution are sought.

The application of derivatives arise in many applied problems such as problems in electrophysics in
which the first derivatives of the potential function define the electrostatic field [7], and in the fracture
problems where the firtst derivatives of the stress function define the components of the tangential stress
[8].

The investigation of approximate derivatives started in [9], where it was proved that the high order
difference derivatives uniformly converge to the corresponding derivatives of the solution for the 2D
Laplace equation in any strictly interior subdomain, with the same order & with which the difference
solution converges on the given domain. The uniform convergence of the difference derivatives over the
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whole grid domain to the corresponding derivatives of the solution for the 2D Laplace equation with the
order O(h?) was proved in [14]. In [5], for the first and pure second derivatives of the solution of the 2D
Laplace equation special finite difference problems were investigated. It was proved that the solution of
these problems converge to the exact derivatives with the order O(h*).

In [17] for the 3D Laplace equation the convergence of order O(h?) of the difference derivatives to the
corresponding first order derivatives of the exact solution is proved. It was assumed that ton the faces
the boundary functions have third derivatives satisfying the Holder condition. Furthermore, they are
continuous on the edges, and their second derivatives satisfy the compatibility condition that is implied
by the Laplace equation. Whereas in [16] when the boundary values on the faces of a parallelepiped are
supposed to have the fourth derivatives satisfying the Holder condition, the constructed difference schemes
converge with order O(h?) to the first and pure second derivatives of the exact solution. In [5] it is assumed
that the boundary functions on the faces have sixth order derivatives satisfying the Holder condition, and
the second and fourth order derivatives satisfy some compatibility conditions on the edges. Different
difference schemes with the use of the 26-point difference operator are constructed on a cubic grid with
mesh size h, to approximate the first and pure second derivatives of the solution of the Dirichlet problem
with order O(h*).

In this paper O(h"~!), p = 4,5 order of approximation for the first derivatives of the solution of 3D
Laplace’s equation is obtained under weaker assumptions on the smoothness of the boundary functions on
the faces of the parallelepiped than those used in [6]. Moreover, to construct the finite difference problems
the difference operator with a lower number of pattern is used.

Finally, the obtained theoretical results are supported by the illustration of numerical results.

2. Some Properties of a Solution of the Dirichlet Problem on a Rectangular Parallelepiped

Let R = {(x1,x2,x3) : 0 < x; < a;, 1 = 1,2,3} be an open rectangular parallelepiped; I';, j = 1,2,...,6 be
its faces including the edges; I'; for j = 1,2,3 (j = 4,5, 6) belongs to the plane x; = 0 ( x;—3 = a;-3), and let
6
I = ‘Ull" j be the boundary of R; y,, = Iy N T, be the edges of the parallelepiped R. CKA(E) is the class of
]:
functions that have continuous kth derivatives satisfying the Holder condition with an exponent A € (0,1).
Consider the boundary value problem

Au=0onR, u=¢jonlj, j=1,2,..,6 (1)
where A = 3‘9—% + % + 9‘9—;%, ¢; are given functions.
Assume that
g€ (r), 0<A<1,j=12..,6 pe (45 @)
Pu =Py onyu, (3)

82 . 2 82
P, + ¢, + Pu
ot o, o,

=0onyu, 4)

84@# ‘94%1 :54‘Pv oy
ot oot ot IR,

on Yy, ()

where1 < u <v <6,v—u#3,t, isan element in y,, and t, and t, is an element of the normal to ), on
the face I'; and T',, respectively.
The following Lemma follows from Theorem 2.1 in [12].

Lemma 2.1. Under conditions (2)—(5), the solution u of the Dirichlet problem (1) belong to the Holder class crA (E),
0<A<1,pef4,5}.
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Lemma 2.2. Let p (x1, xp, x3) be the distance from the current point of the open parallelepiped R to its boundary and
let & Ea1%+a2£+a3%,a5+a§+a§ =1.

Then the next inequality holds

< cpP 0 (xy, x0,x3),  (x1,%2,Xx3) € R and p € (4,5} (6)

9%u (x1, %2, x3)
ol6

where u is the solution of the problem (1), c is a constant independent of the direction of derivative %,

Proof. Since u € CP* (R), p € {4,5} (Lemma 2.1) the proof Lemma 2.2 follows with the use of Lemma 3 in [10]
(Chap.4,Sec.3) O

3. Finite Difference Problem

We introduce a cubic grid with a step / > 0 defined by the planes x; = 0,1, 2h, ..., i = 1,2, 3. It is assumed
that the edge lengths of R and /1 are such that 7 > 4 (i = 1,2, 3) are integers.

Let Dj, be the set of nodes of the grid constructed, R,=RnND,, R,=RND,, R;‘l C Ry, be the set of nodes
of R;, lying at a distance of kh away from the boundary I' of R, and I', =I' N Dj,.

The 14-point difference operator S on the grid is defined as (see [19])

14

6
1
Su(x, %, x3) = %[8 Y w+ Y uq], (x1,%2,%3) € Ry, 7)

p:l(l) q=7(3)

where Z(m) is the sum extending over the nodes lying at a distance of m/2h away from the point (xq, x5, x3)
and u, and u, are the values of u at the corresponding nodes.

On the boundary I' of R, we define continuous on the entire boundary including the edges of R, the
function ¢ as follows

P1 on F1
- -1
?=) ¢, on rj\(],glri), j=2,3,..6. ®
Obviously,

p=¢jonl;, j=1,2,.,6.
We consider the finite difference problem approximating Dirichlet problem (1):
up = Supon Ry, u, =@ only, 9)

where S is the difference operator given by (7) and ¢ is the function defined by (8). By maximum principle,
the system (9) has a unique solution (see [11], Chap. 4).

In what follows and for simplicity, we denote by ¢, ¢y, ¢y, ... constants, which are independent of 1 and
the nearest factors, the identical notation will be used for various constants.

Consider two systems of grid equations

v, = Sup+gp onRy, v, =00nTy, (10)
oy = Sv,+yg, onRy, v, =0o0nTy, (11)

where g;, and g, are given functions and |§h| < gponRy.
Lemma 3.1. The solutions vy, and vy, of systems (10) and (11) satisfy the inequality

|5h| < v, onRy.
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The proof of Lemma 3.1 is similar to that of the comparison theorem in [11] (Chap.4, Sec.3).
Define

N(h) =

min {ay, a2, ﬂ3}] , (12)

2h

where [a] is the integer part of a.
Consider for a fixed k, 1 < k < N(h) the systems of grid equations

v =Sk +gfonRl, vf =0onTy, (13)

where

k _ 11 P (x11x2/ x3) = khr
In = 0, p(x1,x2,x3) # kh.

Lemma 3.2. The solution v’}; of the system (13) satisfies the inequality
vy (x1,x2,%3) < Ty, 1<k < N(h), (14)

where TF is defined as

5
k _ Tk _) 7, 0< p (x1,x2,x3) < kh,
Th Th(X1,X2,X3) { 5k, P (1, x2,x3) > kh. (15)

Proof. By the direct calculation of the expression ST¥, we obtain

1, p(x1,x2,x3) =kh,

Or P (xll'XZI x3) * kh/ (16)

T,’;—ST,Ez{

on Ry,. On the basis of (13), inequalities (16) and taking the boundary condition T} = 0 on I’ into account,
by Lemma 3.1, we get (14). O

Let xo = (x10, X20, X30) , be some point in R;. By Taylor’s formula for the solution u of the problem (1)
around the point xjp, we have

u(x1, x2,x3) = ps (X1, X2, X3; X0) + 5 (X1, X2, X3; X0) , (17)

where ps is fifth-degree Taylor polynomial and 75 is remainder.
Since u is a harmonic function and S is linear, by taking into account that Sps (x10, X20, X30; X0) =
u(x19, X20, x30) from (17) follows

Su(x10, %20, X30) = t(X10, X20, X30) + S5 (X10, X20, X30; X0) - (18)

Lemma 3.3. The following estimation holds

p+A

h
max |Su—ul < cse—r, k=1,2,.., N(h), p € (4,5}, 19
(X1,Xz,xs)eRjj| | 4 ko-r—-2 (h), p € {4,5} (19)

where u is the solution of the Dirichlet problem (1), S is the difference operator defined by (7), and N(h) is given by
(12).
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Proof. Let xo = (x10, X20, X30) be some point in Rll, and let Pyq = (x10 + mh, xo0 + 1h, x30 + gh), where m,n,q =
0,1, m® + n* + g* # 0, be any point in the pattern of operator S. Then by using the integral form of the
remainder term of Taylor’s formula for each point Py,;,; by virtue of Lemma 2.1 and Lemma 2.2, we obtain

|r5 (10 + mh, x50 + nh, x30 + qh; x0)| < ch"*, p € {4,5}. (20)

From the structure (7) of the operator S follows that its norm in the uniform metric is equal to one, then
using by (20), we have

|S7s (x10, X20, X30; X0)| < chP*™, p € {4,5). (21)

On the basis of (18) and (21) follows the inequality (19), for k = 1. Let xp € R’,; be an arbitrary point for
2 < k < N(h), and let 5 (x1, x2, x3; x0) be remainder term of the Taylor formula (17) in the Lagrange form.
Then Srg (x10, X20, X30; X0) can be expressed linearly in terms of the 14 number of sixth derivatives of u at
some points on the open intervals connecting the points of pattern of the operator S with the point x;. The
sum of the absolute values of the coefficients multiplying the sixth derivatives does not exceed ch® which is
independent ko (2 < ko < N(h)) or the point xq € RZU. Using the estimation of the sixth derivatives by Lemma
2.2, for allk, 2 < k < N(h), we obtain

ho WA
1 (kh)é—p—/\ =a Jo-pr-7A"

575 (x10, X20, X30; X0)| < ¢ (22)

By virtue of (18) and (22) follows the estimation (19). O
Theorem 3.4. Assume that the boundary functions @; satisfy conditions (2)—(5). Then at each point (x1, x2,x3) € Ry,
lup — ul < coh*pP™*, p € 4,5}, (23)

where uy, is the solution of the finite difference problem (9), u is the exact solution of problem (1) ,and p = p (x1, x2, x3)
is the distance from the current point (x1, X2, x3) € Ry, to the boundary of the rectangular parallelepiped R.

Proof. Let e;;, 1 < k < N(h), be a solution of the system

g’,j = Sg’; + y’,; on Ry, SZ =0onTy, (24)
where
Su—uon Rk
k_ h
Hy, _{ 0 on Rh\lel. ' )
Let
Ep =Up —UON Eh. (26)

By (9) and (26) the error function ¢, satisfies the system of equations
en=Se+(Su—u) onRy, e, =0onTy. (27)
We represent a solution of the system (27) as follows

N(
&y = ZEZ, (28)
k=1

where N(h) defined by (12), 8’,;, 1 <k < N(h), is a solution of the system

81;1 = Se';l + a’Z on Ry, e’,j =0onTy, (29)
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when
Su —u on R¥
k _ h
% ‘{ 0 onR,\Rk. (30)
Then on the basis of (28), (29), (30), Lemma 3.2 and Lemma 3.3, for the solution of (27), we have
N(h) N(h) N(h) Tk
lenl < &l<Y T max [Su-ul<ch®y —1—
;' h’ kgl‘ h (r1x2,9)eRE 1 kzl‘ (kh)67p7/\
p/h=1 N(h)
k p/h
< 5C1hp+/\ Z Iy +5C1]’l6 Z Ry
e (k) F &, ()
< 5C1hp+/\ k—5+p+A + 5C1hp—1+)\p k—6+p+/\
k=1 k=p/h
< C2h4p74+”+/‘ + C3h4p < C4h4p’”74, p € {4,5}. (31)

From (26) and (31), for any point (x1, x2, x3) € Ry, we obtain
lun — ul = |en] < coh*p"H(x1, X2, %3), p € {4,5).

O

4. Approximation of the First Derivative

4.1. Boundary Function is from C>*
Let the boundary functions ¢;, j = 1,2,...,6, in problem (1) on the faces I'; be satisfied the conditions

g eCM(r), 0<A<1, j=1,2,..6 (32)

i.e,p=>5in(2). Let u be a solution of the problem (1) with the conditions (32) and (3) — (5).
We put v = 3‘97“1, and ®; = 57"1 onTj, j=1,2,..,6. It is obvious that the function v is a solution of the
following boundary value problem

Av=0onR,v=®;onT}, j=1,2,..6, (33)

where u is a solution of the problem (1) for p = 5.
We define an approximate solution of problem (33) as a solution of the following finite difference problem

v, = Svy on Ry, vy = @jy(uy) on r’;, i=1,2,..6, (34)

where 1, is the solution of the problem (9), @1, (P4y) is the fourth order forward (backward) numerical

differentiation operator (see [1], [2]) used in [6] with the 26-point difference operator. On the nodes I'" the

boundary values are defined as ®,(u) = ‘;%”, p=2,3,5,6.

Theorem 4.1. The estimation is true

= 2 <ot (35)

max
ox 1

(x1,22,%3)€Ry,

where u is the solution of the problem (1), vy, is the solution of the finite difference problem (34) .
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Proof. Let

€, =V, —von ﬁk, (36)

where v = ‘97“1. From (34) and (36) , we have

€, = Sep+(Sv—v)onRy,
€, = Dy(up)—von Fh, k=1,4,¢,=00n FZ, p=235,6.
We put
en=-¢,+e€;, (37)
where
ei = Se}l on Ry, (38)
e, = Ou()-vonT}, k=14, ¢ =00nT}, 4=2,35,6 (39)
€ = Se;+(Sv—v)onRy € =00onT}, j=1,2,..,6. (40)

First, we estimate the difference @y, (uy,) — v on FZ, k = 1,4 using the representation
DOy () = v = (Prn(un) — Pren(u)) + (P (1) — 0) (41)
Since Py, (1), k = 1,4 are the fourth order approximation of du/dx; on I'y and by Lemma 2.1 the fifth order

partial derivatives of the solution u are bounded in R, the difference @y, (1) — v has estimation (see [1], [2])

max max [P (u) —v| < k. (42)
k=14 (x1,x0,73)€T§

To estimate Dy, (uy,) — O, (1), we take the fourth order forward formula (k = 1),

1
DOp(uy) = ﬁ[—%% (o2, x3) + 48uy, (h, x2, x3) — 361y, (2h, X2, x3) (43)

+16uy, (3h, x2, x3) — 3uy(4h, x2, x3)] on T™.

Using the pointwise estimation (24) in Theorem 3.4, when p = 5, and taking into account the values of the
distance function p(x1, x5, x3) in the formula (43), we have

(D1 (1) = Pri(w)| < o™, (44)
The estimation (44) is true for the backward formula (k = 4), also. On the basis of (41), (42), (44), by using

the maximum principle, for the solution of system (38), (39), we have

max |€,11| < st (45)
(x1,22,X3)€Ry,
The solution si of system (40) is the error function of the finite difference solution for problem (33), when

the boundary functions ®; = du/dxy, j = 1,2, ..., 6, as follows from (2) — (5) satisfy the conditions

®;eCH (), 0<A<1, j=1,2,..6
O, =0, onyy,

P o, P, I’
+ +

ot; o ot

Then, on the basis of Theorem 4 in [19] for the error ei, we have

=0on Vv

max |e,%| < bt (46)
(x1,%2,%3)€R},

By virtue of (37), (45), and (46) follows the inequality (35). O
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4.2. Boundary Function From C**
Let the boundary functions ¢; € C** (Fj), 0<A<1,j=1,2,.,6,in(1)—(5),ie,p =4in(2), and let

U= 597”1 and let @; = 57”1 onlj, j=1,2,..,6,and consider the boundary value problem:
Av=0onR, v=®;onTl}, j=1,2,..6, (47)

where u is a solution of the boundary value problem (1).
We define the following third order numerical differentiation operators ®@,,, v = 1,4

Oyp(up) = %[—11(101 (x2, x3) + 18uy, (h, x2, x3) — Yuy, (2h, x2, x3)
+2uy, (31, x2,x3)] on T, (48)
Oy (up) = 61;1[11@4 (x2, x3) = 18uy, (a1 — h, x2, x3) + Yuy, (a1 — 21, x2, x3)
—2uy, (a4 — 3h,x2,x3)] on FZ, (49)
and we put
D, () = i—(ﬁf, onl}, p=2,3,56 (50)

where 1, is the solution of the finite difference problem (9).
It is obvious that ®;, j = 1,2, ..., 6, satisfy the conditions

D e M), 0<A<1, j=1,2,..6 (51)
(Dy = O, on Yuvs (52)
P,  Po, PO,
+ +
ot o2 ot

uv

=0onyy. (53)
Let v;, be the solution of the following finite difference problem
vy = Svypon Ry, v, = ©j on I“;’, i=12,..,6, (54)
where @, j =1,2,...,6, are defined by (48) — (50) .
Theorem 4.2. Let the boundary function @; € C*/(T'j), j = 1,...,6. The estimation is true

= 2 < a3, (55)

X1

max
(x1,%2,x3)€Ry,

where u is the solution of the problem (1), vy, is the solution of the finite difference problem (54) .

Proof. The proof of Theorem 4.2 is similar to that of Theorem 4.1, with the following differences in estimation
for the errors €] and €7 in (37) : (i) putting p = 4 in Lemma 2.1 and Theorem 3.4, and taking into account
that the formulae (48) and (49) are the third order, the estimation

max |e}l| < csh®.
(x1,X2,x3)€Ry,
is proved. (i) on the basis of (51)-(53) and Theorem 2 in [19], we obtain
max |e,11| < ceh®.
(x1,x2,x3)€R),
0
Remark 4.3. We have investigated the method of high order approximations of the first derivative du/dx;.

The same results are obtained for the derivatives du/dx;, | = 2,3 analogously, by using the same order
forward and backward formulae in appropriate faces of the parallelepiped.
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5. Numerical Results

Example 5.1. Let R = {(x1,x2,x3):0<x;<1,i=1,2,3},and letI;, j = 1,...,6 be its faces. We consider the
following problem:

Au=0 onR, u=¢(xy,x,x) onlj, j=1,.,6, (56)
where
1
1 2 x% + x% (5+E) 1 X2
@ (x1,%2,x3) = (x3 - 5) - (T + (x% + xg) ' cos ((5 + %).arctan(x—l)) (57)

is the exact solution of this problem,which is in C>1/30.

We solve the system (9) and (34) to find the approximate solution u;, for u and approximate first derivative
vy, for 597”1 respectively.

In Tables 1 and 2 the maximum errors are given. Table 1 shows that the convergence order more than 4
which is corresponds to the product p in Theorem 3.4. Table 2 justified estimation (35) in Theorem 4.1, i.e.,

the fourth order convergence.

el — ullg, Ei
273 7,5172E-09 32,13
2% 2,3396E—10 32,66
275 7,1637E-12 32,74
276 2,1883E-13 32,75
277 6,6827E — 15

Tablel Errors for the solution in maximum norm

h lop = v, Ey
277 45436E - 03 13,40
2% 33909E-04 14,76
275 22975E-05 15,40
276 1.4922E-06 15,70
277 9.5053E — 08

Table 2 Errors for the first derivative in maximum norm with the fourth-order formulae
Example 5.2. Let u be a solution of problem (56) when the boundary function ¢ is chosen from Cha as

2 (4+3170)

12 (2 +x3 RN 1 X
(P(Xl/XZ,xE}) = (X3 - 5) —( 5 + (x1 + xz) . COS ((4 + %).arctan(—)).

X1

Table 3 and 4 give the fourth order convergence when boundary function is from C* for both, solution
and first derivative which are the numerical justification of Theorem 3.4 and 4.2 respectively.

B -l EY
273 3,4801E-08 16,20
274 2,1486E-09 16,36
27° 1,3135E-10 16,37
276 8,0228E-12 16,37
277 4,8998E — 13
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Table 3 Errors for the solution in maximum norm
R ooy, EV

23 §,5126E-03 6,49

27 1,3161E-03 7,29

2% 1,8065E-04 7,66

276 2,3598E-05 7,83

27 3,0144E - 06

Table 4 Errors for the first derivative in maximum norm with the third-order formulae

In Tables 1-4 we have used the following notations:

“ Ul = B m Ul
Uy — Ullg, = max|U;, — Ul and Ej =
Ry

—— where U be the exact solution of the continuous
U=t Iz,

problem, and U, be its approximate values on Rj,.

6. Conclusion

Three different schemes with the 14-point difference operator are constructed on a cubic grid with
mesh size h, whose solutions separately approximate the solution of the Dirichlet problem for 3D Laplace’s
equation with the order O(h4p?"4), p € {4,5}, where p = p (x1, x2,x3) is the distance from the current point
(1, x2, x3) € Ry, to the boundary of the rectangular parallelepiped R and its first derivatives with the orders
O(h—1).

The obtained results can be used to highly approximate the derivatives of the solution of 3D Laplace’s
boundary value problems on a prism with an arbitrary polygonal base and on polyhedra by developing
the combined or composite grid methods [13, 15]. For the 2D case see [3, 4, 18, 20].
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