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Abstract. Since in a near-ring the distributivity holds just on one side (left or right), it seems naturally to
study the behaviour and properties of the set of elements that “correct” the lack of distributivity, in other
words that elements that assure the validity of the distributivity. The normal subgroup of the additive
structure of a near-ring generated by these elements is called a defect of distributivity of the near-ring. The
purpose of this note is to initiate the study of the hypernear-rings (generalizations of near-rings, having
the additive part a quasicanonical hypergroup) with a defect of distributivity, making a comparison with
similar properties known for near-rings.

1. Introduction

The interest in near-rings and near-fields started at the beginning of the 20th century, when L. Dickson
wanted to know whether the list of axioms for skew fields is redundant or not. He found in [11] that there
do exist "near-fields” which fulfill all axioms for skew fields except one distributive law. Since 1950, the
theory of near-rings had applications to several domains, for instance in the area of dynamical systems,
graphs, homological algebra, universal algebra, category theory, geometry, and so on. A comprehensive
review of the theory of near-rings and its applications appears in Pilz [26], Meldrun [22], Clay [1], Wahling
[31], Scott [28], Ferrero-Ferrero [12], Vukovi¢ [29], or Satyanarayana and Prasad [27].

In [7] Dasi¢ introduced the notion of hypernear-ring as a generalization of a zero symmetric near-ring,
i.e. a near-ring in which any element x satysfies the relation x -0 = 0-x = 0. On the other hand, the
notion of hypernear-ring can be viewed as a generalization of a Krasner hyperring. The additive structure
(R, +) of a hypernear-ring is a quasicanonical hypergroup [21, 23] (called also polygroup, by Comer [2]),
i.e. a non commutative canonical hypergroup, while the multiplicative one is a semigroup, having 0 as an
absorbing element. In Dasi¢ pionering definition, 0 is a bilaterally absorbing element, thatis0-x = x-0 =0,
for any x € R. This particular case of hypernear-ring was called, later, by Gontineac [14] a zero symmetric
hypernear-ring, and he introduced and studied the concept of hypernear-ring in a general case, where 0 is
just a right absorbing element: x -0 = 0, for any x € R, while for some y € R, it takes 0 - y # 0. He called this
new hyperstructure a (right) hypernear-ring.
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The aim of this paper is to extend to the case of hypernear-rings the notion of defect of distributivity, that
was studied by Dasi¢ [5] in 1978 for the zero-symmetric (left) near-rings. As Dagi¢ said in his paper [5], a
defect of distributivity helps to soften the non-linearity presented in the theory of near-rings, since it can be
mathematically translated as the collection of all elements d € R satisfying the relation (x+y)-s = x-s+y-s+d,
forallx,y € Rands € S, where (S, -) is a subsemigroup of (R, -) whose elements generate (R, +). More exactly,
the normal subgroup D of (R, +) generated by these elements d € R is called a defect of distributivity of the
near-ring R [5]. In particular, if D = 0, then R is a distributively generated near-ring [13], while in the opposite
extremal case, when D = R, the near-ring R is zero-symmetric. In all other cases, we say that R is a near-ring
with the defect D. Following this idea, in this note we introduce the concept of hypernear-ring with a defect of
distributivity, and present several properties of this class of hypernear-rings, in connection with their direct
product, hyperhomomorphisms, or factor hypernear-rings. Since this note is the first research on the above
mentioned argument, we will present the results with all the details needed for a better understanding of
the topic.

2. Preliminaries

For the sake of completeness of the paper, we recall in this section the basic properties of the near-rings
with a defect of distibutivity and those connected with hypernear-rings.

2.1. Near-rings with a defect of distributivity

We keep the notation in Dasi¢ [5]. Let (R, +,-) be a left near-ring, i.e. (R, +) is a group (not necessarily
commutative) with the unit element 0, (R, ) is a semigroup and the left distributivity holds: x - (y + z) =
x-y+x-z,foranyx, y,z € R. Itis clear that x-0 = 0, for any x € R, while it might exist y € R such that0-y # 0.
If 0 is a bilaterally absorbing element, thatis 0-x = x-0 = 0, for any x € R, then R is called a zero-symmetric
near-ring. The classical example of near-ring, that suggested its definition, is represented by the set of the
functions from an additive group into itself with pointwise addition and natural composition of functions.

Throughout this section, by a near-ring we intend a zero-symmetric left near-ring.

Definition 2.1. [5] Let R be a near-ring. A set S of generators of R is a multiplicative subsemigroup (S, )
of the semigroup (R, -), whose elements generate (R, +). The normal subgroup D of the group (R, +) which
is generated by theset Dg = {d e R|d = —(x-s+y-s)+(x+y)-s, x,y € R,s € S} is called the defect of
distributivity of the near-ring R.

In other words, if s € S, then for all x, y € R, there exists d € D such that (x + y)-s =x s+ y-s+d. This
expresses the fact that the elements of S are distributive with the defect D.

When we want to stress the set S of generators, we will denote the near-ring by the couple (R, S).

The main properties of this kind of near-rings are sumarized in the following results.

Theorem 2.2. [5]

i) Every homomorphic image of a near-ring with the defect D is a near-ring with the defect f(D), when f is a
homomorphism of near-rings.

ii) Every direct sum of a family of near-rings R; with the defects D;, respectively, is a near-ring whose defect is a
direct sum of the defects D;, fori € I.

iii) Let R be a near-ring with the defect D and A be an ideal of R. The quotient near-ring R/A has the defect
D ={d + A | d € D}. Moreover, R/A is distributively generated if and only if D C A.
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2.2. Hypernear-rings: terminology and basic results

At the beginning of this section, we insist on the terminology used for this topic, since along the years,
several terms have been used by different researchers in connection with the distributive property. Referring
to the history of ring-like hyperstructures, the first one who introduced them was Krasner [18], defining
what we call now Krasner hyperring as a hyperstructure R endowed with a hyperaddition ” + ” (such that

/i

(R, +) is a canonical hypergroup) and a multiplication operation (such that (R, -) is a semigroup) which

is distributive over the hyperaddition, meaning that, for any x, y, z € R, the following equalities are valid:

x-(y+z)=x-y+x-z
x+y)-z=x-z+y-z

In 1973 Mittas [24] defined the superrings as hyperstructures having both parts additive and multiplicative
as hyperstructures. Later on, Vougiouklis [30] generalized Mittas’superrings, introducing the hyperrings in
the general sense, where again the addition and multiplication are hyperoperations (called also hyperaddition
and hypermultiplication), but only the “weak version” of distributivity holds, i.e. for any x,y,z € R, the
following inclusions are valid:

x-(y+z)Cx-y+x-z

x+y)-zCx-z+y-z

Moreover, if the hypermultiplication is distributive over the hyperaddition, then the hyperring is called good
(or strong) hyperring in the general sense. If only the additive partis a hypergroup, while the multiplicative one
is a semigroup, and the weak distributivity holds, then we call R a additive hyperring (in particular, Krasner
hyperrings are additive hyperrings); when the multiplication is distributive over the hyperaddition, then
we get good (or strong) additive hyperrings. The additive hyperrings (when the multiplication is weakly
distributive over the hyperoperation) are also called hyperrings with inclusive distributivity, cf. Jan¢i¢-Rasovi¢
and Dasi¢ [15-17]. On the other hand, the same term weak distributivity is used by Davvaz [8] (and later on
by other researchers) to define the validity of the following relations on R: for any x,y,z € R,

x-(y+z)N(x-y+x-2)#0,
x+y)-zn(x-z+y-z)#0.

More details about the terminology and history of hyperrings can be read in Nakasis [25], or Cristea, et al.
[3, 4].

Combining near-rings and hyperrings, Dasi¢ [7] defined hypernear-rings, as an algebraic system (R, +, ),
where R is a non-empty set endowed with a hyperoperation ” +” : R X R — #*(R), and an operation
7.7 Rx R — R, satisfying the following axioms:

I) (R, +) is a quasicanonical hypergroup, i.e. it satisfies the following axioms:

i) x+(y+z)=(x+y)+zforanyx,y,z€R
ii) there exists 0 € R such that, forany x € R, x + 0 = 0 + x = {x}
iif) for any x € R, there exists a unique element —x € R, such that 0 € x + (-=x) N (=x) + x

iv) forany x,y,z € R,z € x + y implies that x € z + (-y), y € (—x) +z.

II) (R,-)is asemigroup endowed with a two-sided absorbing element 0, i.e. foranyx € R, x-0=0-x=0.

7

III) The operation is distributive with respect to the hyperoperation ” + ” from the left side: for any
XY,zERx-(y+z)=x-y+x-z
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As we have already recalled in Introduction, this kind of hypernear-ring was called by Gontineac [14] a
zero-symmetric hypernear-ring.

In this paper, we want to keep the initial terminology, and therefore, a hypernear-ring is meant to be a
hyperstucture (R, +, ) satisfying the above mentioned axioms I) and II), and the new axiom

i

III') The operation is inclusive distributive with respect to the hyperoperation ” + ” from the left side:

foranyx,y,z€ R, x-(y+z)Sx-y+x-z.

Accordingly, the Da8i¢” hypernear-ring is called in this note a strongly distributive hypernear-ring.
Next we recall two examples of strongly distributive hypernear-rings, then we present a new one of
hypernear-ring, where the multiplication weakly distributes over the hyperaddition.

Example 2.3. [7,14] Let (H, +) be a hypergroup (not necessarily commutative) and let M(H) be the set of all mappings
f+H — H. On the set M(H) define the following hyperoperation:

fog=1{heM®H) | h@x) e f(x)+g(x),¥x € H}.

”_r

Then (M(H), ®, o) is a strongly distributive hypernear-ring, where ”"o” is the composition of mappings.

Example 2.4. [19] Consider the set R = {0, a, b, c} endowed with the hyperaddition and multiplication defined by the
tables below:

+ [0 a b c
0 {0} {a} {b} {c}
a {a} {0, a} {b} {c}
b {b} {b} {0,4,c} {b, c}
c {c} {c} {b, c} {0,a, b}
| 0 a b c
0 0 0 0 0
a 0 a b c
b 0 a b c
c 0 a b c

Then (R, +, ) is a strongly distributive hypernear-ring. Moreover, notice that the additive part (R, +) is
a canonical hypergroup, since the hyperaddition is commutative.

In the first part of the following example, we will present a general method, from Davvaz’ book [10], to
construct a quasicanonical hypergroup (polygroup).

Example 2.5. Let (G, ) be a group with the identity e, and set P = G U {a}, where a is an arbitrary element not

”_r

belonging to G. Defining on P¢ the hyperoperation “o” as it follows:

aoa=e
eox=xoe=x,Yx € Pg
aox=xoa=x,Yx € Pg\ {e, a}
xoy=x-yYxy) G, y#x!
xox ! ={ea),Vx € P;\ e a},

one obtains that (Pg, o) is a quasicanonical hypergroup [10]. It is clear that, if G is a commutative group, then Pg is
a canonical hypergroup.

Take now G = (Zs,+), the additive group of integers modulo 3, and a = 3. Then we endow the set Pc = R =
{0,1, 2,3}, where for simplicity denote Z3 = {0, 1,2}, with the hyperoperation defined above (i.e. it is represented by
the following table):
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WM o4

Then, define on R the multiplication, as follows: forany y € R, 0-y = 0, and forany x € R\{O}andanyy € R, x-y = y.
Note this is the same multiplication used in Example 2.4. Then (R, +,-) is a strongly distributive hypernear-ring.

Lemma 2.6. Let (R, +,-) be a hypernear-ring. For any x,y € R, the following identities are fulfilled:
i) —(x+y)=(-y)+(-x)
i) y-(=x)=~(y-x)

Definition 2.7. [14, 21] Let (R, +, -) be a hypernear-ring.

i) A subhypergroup A of the hypergroup (R, +) is called a normal subhypergroup if, for all x € R, it holds:
x+A-xCA

ii) A normal subhypergroup A of the hypergroup (R, +) is called a left hyperideal of R, if x - a € A, for all
x € R,a € A.

iii) A normal subhypergroup A of the hypergroup (R, +) is called a right hyperideal of R if (x+A)-y—x-y C A,
forall x,y € R.

iv) If A is aleft and a right hyperideal of R, i.e. if [(x+ A) -y —x-y]Uz-AC A, forallx,y,z € R, then we
say that A is a hyperideal of R.

Remark 2.8. i) If A is a normal subhypergroup of R, then A = x + A — x, or equivalently x + A = A + x,
for any x € R.

ii) It can be easily verified that the condition (x + A) - y —x - y C A in the previous definition is equivalent
to the condition —(x - y) + (x + A) -y C A, forany x,y € R.

Definition 2.9. Let (R, +,-) and (R’,+’,”’) be two hypernear-rings. The map f : R — R’ is a strong
homomorphism of the hypernear-rings R and R’ if the following relations hold, for all x, y € R:

i) fx+y)=f)+ f(y)
i) f(x-y)=f(0) " f(y)
iii) £(0) =0

Next we recall the construction and the basic properties of the quotient hypernear-ring [7, 14].
If A is a hyperideal of the hypernear-ring R, then we define the relation x = y(modA) if and only if
(x —y) N A # 0. This is an equivalence relation on R and the class represented by x is C(x) = x + A.

Theorem 2.10. Let (R, +,-) be a hypernear-ring. If A is a hyperideal of R, then on the set of classes R/A = {C(x) |
x € R} we can define a hyperoperation ” @ ” and an operation ” © " as follows:

Cx)®oCy)={Cz) |zex" +y,x € C(x),y € C(y)}
C(x)0C(y) =C(x-y)

The structure (R/A, ®, ©) is a hypernear-ring, called the factor hypernear-ring.
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We conclude the introductory part with one result regarding the direct product of two hypernear-rings,
that can be generalised to an arbitrary family of hypernear-rings.

Theorem 2.11. Let (R, +, ) and (Ra, +,-) be two hypernear-rings. On the Cartesian product Ry X Ry we can define
the hyperoperation ” ® ” and the operation ” @ ” as follows:

(x1,2)® (Y1, v2) =1+ y1) X (2 +y2) = {(x, y) [x €Ex1+ Y1,y € x2 + Y2}
(x1,%2) © (Y1, y2) = (x1 - X2, Y1 - ¥2)

The structure (R1 X Ro, ®, ©) is a hypernear-ring, called the direct product of the hypernear-rings Ry and R,.

3. Hypernear-rings with a defect of distributivity

In this section, we first introduce the concept of hypernear-ring with a defect of distributivity, illustrating
it with some examples. Then, we characterize the defect D of a hypernear-ring and present several properties
concerning the image of a strong homomorphism, the direct product of hypernear-rings and the factor
hypernear-ring.

Definition 3.1. Let (R, +,) be a hypernear-ring. If (S, -) is a multiplicative subsemigroup of the semigroup
(R, ) such that the elements of S generate (R, +), i.e. for every r € R there exists a finite sum ), +s;,
where s; € S, forany i € {1,2,...,n}, such that r € YL, +s;, then we say that S is a set of generators of the
hypernear-ring R.

Note that in the sum Y/, +s; we could have also some terms of the type —s; that are not elements is S,
evenifs; € S.
The hypernear-ring R with the set of generators S will be denoted by (R, S).

Definition 3.2. Let (R, +, ) be a hypernear-ring with the set of generators S and set

Ds ={d|de—-(x-s+y-s)+(x+y)-s,x,yeR,s€S5}=
= U [-(x-s+y-s)+(x+y)-s].

x,y€R
seS

The normal subhypergroup D of the hypergroup (R, +) generated by Ds is called the defect of distributivity
of the hypernear-ring (R, S). Moreover, we say that (R, S) is a hypernear-ring with the defect D.

Example 3.3. Consider the strongly distributive hypernear-ring in Example 2.5. We take S = {2} a system of
generators of the canonical hypergroup (R, +). We determine all elements in the set Dg and we get:

Ds={deR|de—-(x-2+y-2)+(x+y)-2,Vx,y € R}
={deR|de(-2+2)+R-2)U(0+R-2)U(-2+R-2)}
={deR|de(-1+1{0,2})uU{0,2} U (1+1{0,2})}
={deR|de{1,2}U{0,2}U{0,1,3}}

=R

It is clear now that the normal subhypergroup D of (R, +) generated by Ds is the entire suppport set R, i.e. the defect
of distributivity of R is R.

Since we are more interested in hypernear-rings with the defect of distributivity not “too big”, we
consider another example. This is only a hypernear-ring (so not strongly distributive), having the additive
part a canonical hypergroup obtained using the Davvaz’ general method, presented in Example 2.5.
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Example 3.4. Tnke G = (Zg, +), the additive group of integers modulo 6, and set R = Pc = G U {6}. Then the
additive part (R, +) can be represented by following table:

+ 0 1 2 3 4 5 6
0 0 1 2 3 4 5 6
1 1 2 3 4 5 {0, 6} 1
2 | 2 3 4 5 {0, 6} 1 2
3 3 4 5 {0, 6} 1 2 3
4 4 5 {0, 6} 1 2 3 4
5 5 {06} 1 2 3 4 5
6 6 1 2 3 4 5 0
Define on R the multiplication as follows:

0o 1 2 3 4 5 6

ojo0o o0 o o0 o0 0 O

1 o 5 4 3 2 1 0

210 1 2 3 4 5 0

3,0 0 O O O 0 o©O

4 |0 5 4 3 2 1 0

5/0 1 2 3 4 5 0

6/ 0 0 O O O 0 O

It is simple to check that the multiplication is associative, so (R, -) is a semigroup, having 0 as two-sided absorbing
element. Moreover, the multiplication inclusive distributes over hyperaddition, so for any x,y,z € R, we have
x-(y+z) Cx-y+x-z(welet this part to the reader as a simple exercise). The distributivity (so the equality in the
above relation) is not satisfied, since, for example, 1-(4+2)=1-{0,6}=0<{0,6} =2+4=1-4+1-2.

Take S = {0, 2,3} a system of generators of the hypergroup (R, +). We also notice that (S, -) is a subsemigroup of
(R, ). Now we determine the set Ds, using Definition 3.2:

Dg = U [-(x-s+y-s)+(x+y)-s]

x,y€R

seS
-(x-0+y-0)+(x+y)-0|x,yeRU
-(x-2+y-2)+(x+y)-2|x,y € RV
-(x-3+y-3)+(x+y)-3|lx,yeR]
{0} U {0,6} U{0,3,6} ={0,3,6}.

nC C

Indeed, let A = —(x-2+y-2)+ (x+y)- 2, forany x,y € R. In the following tables, the values of x are written on the
first column, while those for y in the first line. The table of the hypercomposition x - 2 + y - 2 is the following one:

0 1 2 3 4 5 6
00 1 2 0 1 2 0
1| 4 2 0,6} 4 2 0,6} 4
2 | 2 {06 4 2 {0,6) 4 2
310 4 2 0 4 2 0
4 | 4 2 0,6/ 4 2 0,6} 4
512 {06 4 2 {0,6) 4 2
6 |0 4 2 0 4 2 0
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from which we obtain the table of —(x -2+ y - 2):

0 1 2 3 4 5 6
00 2 1 0 2 4 0
1|2 4 0,6/ 2 4 0,6} 2
2 | 4 {06 2 4 {06} 2 4
310 2 4 0 2 4 0
4|2 4 0,6} 2 4 0,6} 2
514 {06 2 4 {0,6) 2 4
6 | 0 2 4 0 2 4 0

Similarly, the table of the hypercomposition (x + y) - 2 is:
0

N R ON RO
O N R O N R
B O N R O NN
N RO N R OWw
O N RO N R
N O N RO NG
N R ON R O

AU WD~ O

o

2 0 0

It follows that A = {0} U {0, 6} = {0, 6}. Similarly, we obtain that B=—(x-3+y-3)+ (x+y)-3=1{0,3,6}.
Thereby, Ds = {0} U AU B = {0, 3, 6} and the hyperaddition on Dg has the following table:

+]0 3 6
00 3 6
3 13 {06 3
6 16 3 0

meaning that Dg is a normal subhypergroup of (R, +), so Dg = D. We conclude that the defect of distributivity of the
hypernear-ring R is D = {0, 3, 6}.
Lemma 3.5. Let (R, S) be a hypernear-ring with the defect D.

1. Then the defect D may be characterized as

where z;j € R and d; € Ds.
2. Forallx,y € Rand s € S, it holds:
(x+y)-sCx-s+y-s+D.
Proof. 1.Firstwe will prove that D is a subhypergroup of (R, +). Letu,v € D. Thenu € )7, (2}1:1 zij £ d; — 27:1 zij)
andve Yk, (Zi»:l zj;+ d;— Zé-:l zlf].), for some m, n,k,I € IN.
Thus, we can write

m
u+vgz (zn+...+z2p+0+...+0)xdi —(zn +...+z;+0+...+0) |+
i=1

n+l n+l

k
+2 (Zh+...+z;+0+...+0)xd, — (z; +...+2;+0+...+0)| S D
i=1

n+l n+l
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and

m

—uc- Y zij +di — Zz,] ZA Z( Aj) =
j=1

i=1 | j=1

A;
-Z[Zzl,id Zz,-j]gp.

Also, for any x € R, it holds:

X+uU—-xC X4z +...+ztdy — (211 + ...+ z1)+
+2o1 + ...+ 2oy £do — (21 + ...+ Zop)+

+zZp + o A Zgn Edy — (2 + .+ Zg) — X C
x+211+...+Zlnid1—(211+...+Zln)—x+

X4+ 21+ ...+ 2oy £dy — (201 + ...+ 2Zpy) — X+
+x+2z31+...+23, £d3 — (231 + ... + Z3,) — X+

N

tx+zm oA Zg dy — @+ Zg) — X =
n

= i((x+izij)idi_zzij—X)) =
i=1 =1

= e
= i(x+Zz,-]-) +di—(x+ Z‘zi]») cD.
i=1 =1 =1

Therefore, D is a normal subhypergroup of the hypergroup (R, +). Obviously, Ds C D.
If Ais anormal subhypergroup of (R, +) such that Ds C A, then, for arbitrary m,n € Nand z;; € R,d; € Ds,
(whereie(1,2,...,m},j€{1,2,...,n}),it holds:

n n
A; = Zzijid,-—Zzij =
=1 =1

=zp+...+@nxdi—zi)—zip-1—...— 21 C
Cza+...+ @1 +A=Zin1) —Zin2— ... —Zin C

Czy+A—z7q CA.

m
Thus, Z; A; C A and it follows that
i=1

L

U]

m,neN

2. Letx,y € Rand s € S. Then:

(x+y)-s=0+x+y)-sC(x-s+y-s)+(—(x-s+y-s)+(x+y)-sCx-s+y-s+D.
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Definition 3.6. If (R, S) is a hypernear-ring with the defect D = {0}, then we say that (R, S) is a distributively
generated hypernear-ring (by short, d.g. hypernear-ring).

Lemma 3.7. If (R, S) is a hypernear-ring with the defect D, then:

1. (=x)-se€—(x-s)+D,
2. (x—y)-sCx-s—y-s+D,

forall x,y € Rand each s € S.

Proof. 1.5ince0 =0-s € (x+(-x))-s € x-s+(—x)-5+ D, then there existsd € D such that0 € x-s+ (—x)-s+d
and therefore —(x - s) € (—x) - s + d. By the axiom [)iv) of the definition of a hypernear-ring, it follows that
(—x)-se—(x-s)—dC —(x-s)+D.

2. Based on the previous point, it is clear that (x = y)-s Cx-s+ (-y)-s+DCx-s—y-s+D. O

Moreover, we remark that in a hypernear-ring (R, 5), generally it does not hold the equality (—x) - z =
—(x - z), for all x, z € R, because the right distributivity generally doesn’t hold.

Now we deal with some elementary properties of a hypernear-ring with the defect of distributivity.
Next theorems are generalisations of the similar theorems in Dasi¢ [5].

Theorem 3.8. Let (Ry,S) be a hypernear-ring with the defect D and let R, be an arbitrary hypernear-ring. If
f : Ry — Ry is a strong homomorphism, then Imf is a hypernear-ring (f(R1), f(S)) with the defect f(D).

Proof. Obviously, (f(R1),+) is a hypergroup such that f(-x) = —f(x), for all x € Ry, and (f(R1),) is a
semigroup with a two-sided absorbing element f(0) = 0. Moreover, for all x,y,z € Ry, it holds: f(x) -
(F) + f@) = F0) - f(y +2) = f@x- (y+2) € f-y+x-2) = f&) - f(y) + Fx) - f2). Thus, (F(R1), +,) is a
hypernear-ring.

Besides, (f(S), -) is a subsemigroup of the semigroup (f(R1), -) and if x € Ry, then there exists # € IN such
that x € )., +s;, for some sy, 8y,...,5, € S and so f(x) € Y.i_; £f(s;). Thus, f(S) is a set of generators of the
hypernear-ring f(R;).

The defect D’ of the hypernear-ring (f(R1), f(S) is generated by the set

Disy = | -0 @) f6) + f@) - f&) + (F) + fW)) - £(5)] =

x,y€R
seS

= | J[f-@-s+y-9)+@x+y)-5)]=f(Ds).

x,y€R
s€S

Thus,
)3

i=1

-U|

mmelN

(2 Fay) + f(di) - Z f(zz])ﬂ

where z;; € R and d; € Ds. Thereby,




S. Jan¢ié-Rasovi¢ , I. Cristea / Filomat 32:4 (2018), 1133-1149 1143

Theorem 3.9. The direct product of the hypernear-rings (Rq, S1) with the defect Dy and (R, Sp) with the defect Dy
is a hypernear-ring (Rq X Ry, 8| X S}) with the defect Dy X D,, where S = S; U {0} and S, = 5, U {0}

Proof. Let (R; X Ra, ®,©) be the direct product of the hypernear-rings R; and R;. The element (—x, —y) will
be denoted by &(x, y). Obviously, (0,0) is the two-sided absorbing element in (R; X Ry, ®). Using the fact
that, fori = 1,2, S; is a subsemigroup of (R;,-), while 0 is two-sided absorbing element of (R;, ), we obtain
that, for arbitrary (x, y), (u,v) € S} X S}, itholds: (x, y) © (u,v) = (x-u, y-v) € S| XS, meaning that (S] X S}, ©)
is a subsemigroup of (Ri X Rp, ©).

Next, we prove that the hypergroup (R X Ry, @) is generated by S] X S). For any (x, y) € Ry X Ry, it holds:
(x,¥) = (x,0) ® (0, y). On the other side, there exist n € IN and sgl), (21), ..,8 (1) € Sy such thatx € Y, s, W,

Thus, (x,0) € Y1, &(s; M ,0). Similarly, there exist k € IN and s(z) .,s,(f) € S; such that x € Z i=1 +s§2)

Thus, (0,y) € Z -1 a(0, s(2 ). It results that (x, y) € Y14 @(s(l) 0)® Z =1 ®(O, 55.2)). Therefore, S| X S is a set of
generators for the hypernear—rmg Ri X Ro.
The defect D’ of the hypernear-ring (R; X Ry, S] X S}) is generated by the set

Dy/xs; =
1 @006, 800065 8 (1) 8 1,0) 05| =

(x,y),(1,0)ER1XR2
(51,52)€S] XS,

= | Fastus)x@snto-s) e (@t u)s)x (y+0)-s)] =
(x,y),(1,0)ER1 XRo
(s1,52)€5] XS,

= | s rues) X (<520 2) @ (4 1) -5 X (y +0) - 52)] =
(x,y),(1,0)ER1 XRy
(51,52)€S1 XS}

= | [@sirus)+@+us)x(~(y-s2+0-5) + (y+0) - 5)] =
x,u€R1,y,0€R,
sleSi,szeS’z

It can be easily verified that, if x, u € Ry and s; € 51, then —(x-s1 +u-s1) + (x + u) - 51 € Dg, and for s; =0,
itholds that —(x-sq +u-s1)+ (x+u)-s; = 0. So, since 0 € Dg,, it follows that —(x-s1 +u-s1) + (x+u)-s; € Dg,,
forall x,u € Ry and each s; € S]. Similarly, —(y-s2 +v-8;) +(y +v)-s2 C Ds,, forall y,v € R, and each s; € S).
Thereby, T = Ds, X Ds,, meaning that the defect D’ of the hypernear-ring (R1 X Ry, S| X S)) is generated by
the set Dg, X Dsg,.

We can write now that

m

)3

i=1

- U

m,nelN

Z(xl]/ yzj d(l) dEZ)) © Z(xij/ ]/l])]] s
j=1

where (xij, yij) € R1 X Ry, (dgl), dﬁz)) € Dg, x Ds,. Using the definition of the hyperoperation @, we obtain:

SR V1) 3] DIREETES R, MO o B
; =1 =1 =1

mmneN | i=1

Af'l) AEZ)

g e bee)
i=1 =1

N melN
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Since .7, Az(.l) CDjand Y7, Az(.z) C D,, it follows that D’ € Dy X D,.

Conversely, if (x, y) € D1 X Dy, then, for some m, k,p,n € N, it holds that x € Zﬁ1(21;21 Xij £ dl(,l) - Zl;zl Xij)
and y € Y! (X7, vy + dl(,z) — Xj-1 yi)- Without loss of generality, we can suppose that n = k and m = p.
Indeed, if for example n > k, then ):’;:1 Xij = ):']-1:1 xlfj, where xl’.j = xjj, for j = 1,2,...k and xl’j = 0, for
j=k+1,k+2,...,n Also, if for example m > p, then

Y P - Zw)—Z(Z%] 247 - Zw

i=1 j=1 i=1 j=1

where y;j = yij, fori = 1,2,...,p, j = 1,2,...,m, d;(2) = dgz), fori = 1,2,...,p, and yz’.j =0, fori =
p+1l,p+2,...,mj=12,...,nand d;(z) =0,fori=p+1,p+2,...,m. Therefore,

oy e [Dm@i g =d” - 0 )| x [T vy = d? - X i) =

Yt (T xij £ 40 = T ) x (T v £ dP = D0 )| =
Y (T (g i) o (@, dP) © L (xij, vi)) € D

Thus, D'=DyxD,. O

Theorem 3.10. Let (R, S) be a hypernear-ring with the defect D. If A is a normal subhypergroup of the hypergroup
(R, +) such that D C A, then A is a right hyperideal of the hypernear-ring R if and only if A- S C A.

Proof. If A is a right hyperideal of the hypernear-ring R, then (0 +4a)-s—0-s C A, foralla € Aands € S.
Since0-s =0, thena-s € A, and therefore A-S C S.

Now suppose that A-S C A. Letx,y € Rand a € A. There exist s1,52,...,5, € S such that y € Y/, +s;
and thus

n

(x+a)'y—x-yC(x+a)'2+s,-—x-Zisi=

i=1
JUED RS e

uex+a i=1
n

U Z+u Sl_Z+(x si)y=T

uex+a i=1
Ifuex+a,thenu-s;e(x+a)-s; Cx-sj+a-s;+D. Sincea-s; € Aand D C A, it follows thatu -s; € x-s; + A.
Thus, T C Y. 1L, +(x-s;+A)— Y.ir; £(x-s;). Thereby, we have that —(x-s;+A) = —A—x-s; = A—x-s5; = —=x-5;+ A
and so YL, +(x-s; + A) = (X, £x - 5;) + A. It follows that

TCH+x-S1%+...+x-8, +AFXx-S, FX-S,1F...Fx-5 C
CH+x-51*+...+x-8, 1+AFx-s,1Fx- sn_2+...+x-51C

C+x-51+AFx-s1 CA.

It is clear now that A is a right hyperideal of the hypernear-ring R. [

Corollary 3.11. If (R, S) is a hypernear-ring with the defect D, then:

1. R-DCD
D-ScD
3. D is a hyperideal of R.
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Proof. 1.Letr € Randd € D. Thend € 221(27:1 zij £ d; —Z;’zl zij), for some m,n € N, z;; € R and d; € Ds.

Sor-de Zﬁl():?:l (r-zij) £ r-di - Z';:lr-zij). Leti € {1,2,...,m}. Since d; € Ds, then there exist x, y € R

and s € S, such thatd; € —(x-s+y-s)+ (x+y)-sand thus, r-d; € r- (—(x-s+y-s) +r-(x+y)-s C

—(r-(x-s+y-s))+(r-x+r-y)-sC—(r-x-s+r-y-s)+(r-x+r-y)-s. So,r-d; € Dy and thereforer-d € D.
2. Letd € Z?il(Z;l:l zijidi—27=1 zij)and s € S. Then

m

d-se Z(Zzijidi—z,zij)-s +D
=1 =1 j=1
m n n (1)
- Z(ZZ{j)'Sidi‘S+(— Zij)'S + D.
i=1 j=1 =1
Ai

Obviously, (X71zij) s € Yjqzj s+ D and, by Lemma 3.7, (-YX7;zj) s € —(Xj25) -s) +D <
—[(27:121‘]‘-5)+D]+D = —D—Z';:lzij-s+D = —Z']?:lz,-]--s+D.
Letdie —(x-s;i+y-s;)) + (x+y)-s;. Then,

di-s€ (-y-si—x-s)-s+(x+y)-si-s+DC
C (-y-si)s+(=x-s)-s+D+(x+y)-s;-s+DC
C —(y-sirs)+D—-(x-s;-5)+D+D+(x+y)-si-s+DC
C —y-si-s—x-s5;-5+(x+y)-si-s+D.

Sincess; - s € D, it follows that —y -s;-s —x-s;-s+ (x+y)-s5;-5=—(x-s;-s+y-s;-5) + (x +y)-s;-s C Dg and
so there exists d; € Ds such thatd; -s € d’ + D. Moreover, —d;-s € —(d; + D) = =D —d = —d + D, since D is a
normal subhypergroup. Therefore,

n n n n
A,‘QZZ,']"S+Di(d;+D)—ZZ,']"S+D=ZZ,‘j‘Sidl’-—ZZil‘-S+D 2)
=1 =1 =1 =1
From (1) and (2), it follows that
n n

m
d-se zii-s+d — zii-s)+D|+D =
] i ]
=1 =1 j

i1
n

Zi]"Sid;—ZZij'S)+DQD.
j=1 j=1

—.

(

M-
&

—_

3. It follows from 1. and 2., based on Theorem 3.10. O

Theorem 3.12. Let (R, S) be a hypernear-ring with the defect D and let A be a hyperideal of R. Then the factor
hypernear-ring (R = R/A, &, ®) has a set of generators S = {C(s) = s + A | s € S} and the defect D = {C(d) =d + A |
d e D).

Proof. For all s1,5;, € S, it holds: C(s1) ® C(s2) = C(s1 - s2) € S. Thus, S is a subsemigroup of the semigroup
(R,®). Moreover, C(0) is a two-sided absorbing element of the semigroup (R, ®). The hypergroup (R, ®)
is generated by the set S. Indeed, if x € R, then x € YL, +s;, for some sq,8),...,5, € S. Thus, C(x) €
C(xs1)®...® C(zs,) = Y1y @C(s;), since C(—s;) = —C(s;), foreachi € {1,2,...,n}.
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Besides,
Ds = U [(C(x) © C(s) ® C(y) © C(s)) & (C(x) & C(y)) © C(s)] =

x,y€R
seS

= U [(e(Cx-s) @ C(y - 5)) @ (C(x) & C(y)) © C(s)] =

x,y€R
seS

= U{C(r)|re—(x-s+y-s)+(x+y)-s}=

x,y€R
seS

= {C(r)|reDs}

D= U Zm:(zn: C(zije C(dy) © Zn: C(zij)),
=]

mpeN i=1 j=1

So

where z;; € R and d; € Ds. By the definition of the hyperoperation ®, we obtain

n n

D={C@d)l|de Z(Z zpxdi— ) 7))

i=1 j=1 j=1

={C(d) | d € D}.

O

Corollary 3.13. Let (R, S) be a hypernear-ring with the defect D and let A be a hyperideal of R. Then the factor
hypernear-ring (R, S) is a d.g. hypernear-ring if and only if D C A.

Proof. The factor hypernear-ring (R, S) is a d.g. hypernear-ring if and only if its defect D = {C(0)}, meaning
that C(d) = C(0) = A, for all d € D. This happens if and only if d € A, for all d € D, thus if and only if
DCA O

In [6] Dasi¢ proved that in a near-ring R with the defect D, the set Ap(R) ={a € R|a-r € D,r € R} isan
ideal of R. Moreover, if R is D-distributive, i.e. foranyx, y,z € Rand anyd € D, itholds (x+y)-z = x-z+y-z+d,
then R/Ap(R) is a ring. In the next corollary, we will present a generalisation of this result.

Corollary 3.14. Let (R, S) be a hypernear-ring with the defect D.

1. DCAp(R)={aeR|VYreR,a-re D}
2. The factor hypernear-ring (R = R/Ap(R), S) is a d.g. hypernear-ring.

Proof. 1. 1Ifd € D, then, forall ¥ € R, itholds r-d € D, accordingly to Corollary 3.11 1. So d € Ap(R), meaning
that D C Ap(R).
2. Letxe R, a e Ap(R)and y € x + a — x. For all r € R it holds:

r-yCr-(x+a-x)Cr-x+r-a-r-xCr-x+D-r-xCD.

Therefore, x + a — x € Ap(R), i.e. Ap(R) is a normal subhypergroup of (R, +).

Now, we will prove that (Ap(R)) - S € Ap(R). Leta € Ap(R) and s € S. Then, for all r € R, it holds
r-(a-s)=(r-a)-s € Ds C D, by Corollary 3.112. Soa-s € Ap(R). Thus, (Ap(R))-S € Ap(R), and accordingly
to Theorem 3.10, the set Ap(R) is a right hyperideal of R. Similarly, we obtain that Ap(R) is a left hyperideal
of R.

Finally, since D € Ap(R), by Corollary 3.13, the factor hypernear-ring (R = R/Ap(R),S) is a d.g.
hypernear-ring. O
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Theorem 3.15. If (R, S) is a strongly distributive hypernear-ring with the defect D, such that, for all x,y,u,v € R,
itholdsx-y+u-vCD+u-v+x-y, then:

(x+y)-Zisigx-(Zisi)+y-(Zisi)+D, 3)
i=1 i=1 i=1

forallx,y € Rand sy, sy,...,5, €S.

Proof. We prove the theorem by induction on 7.

Letn =1ands; =s € S. Obviously, (x+y)-s € x-s+y-s+D. On the other hand, (x+v)-(—s) = —=((x+y)-s) C
—(x:s+y-s+D)=-D—-y:s—x-s=-D+y-(—s)+x-(—s). Sincey-(—s) +x-(—s) SD+x-(-s)+y-(-s),
it follows that (x + y) - (=) S D+ D +x-(=s) + y - (-s),ie. (x+y)-(-s) Sx-(=s)+y-(-s)+D,asDisa
normal subhypergroup of the hypergroup (R, +).

Suppose now that inclusion (3) is valid, for all x,y € R and any summ of length k < n. Let
51,52,.-.,5 Sk+1 € S. Then, we get:

is,- +(x+y) - (£5k41) C

k+1 k
(x+y)'Zis,~ = (x+y)'(Zisiisk+1)§
i=1 i=1
k

Cx-() #s)+y- (Z+s)+D+x (£Sk41) + ¥ - (£5¢41) + D =

i= 1

»H'M»
N

X - ( +5)+y- (Z+s)+x (£Sk+1) +Y - (£Sk41) + D.

=1 i=1

A

Ifz' e Zl 1 xsi, theny-z/ +x-(£5k41) € D4+ x-(£5k11)+ Y2 = x-(£5k41) +y-2'+D S x-(£5k41) + Y- (Zl _1 £5i)+D.
Therefore,

k k
A=y ()] 45) + 2 (£501) Cx- (E500) + - () +5) + D, (5
i=1 i=1
and since (x + y) - Zfﬂl +5; Cx- (Z,f:1 +5;) + A+ y - (£5¢41) + D, it follows from (4) and (5) that
k+1
(x+y)- ) #siCx- (Z+s>+x (5k01) + 1/ (Z+s)+D+y (&5k1) + D
k+1 = k+1 = =
:x-zisi+y +s;+D,
i=1 i=1

as D is a normal subhypergroup. Thus, condition (3) is valid for all x, y € Rand all sy,s,,...,5, €S5. O

Remark 3.16. If (R, S) is a near-ring with the defect D, then the conditionx-y+u-v CD+u-v+x-y, for
x,Y,u,0 € R, is equivalent with with the conditionx-y +u-v—x-y—u-v C D, meaning that every additive
commutator for R? is a subset of D. Moreover, relation (3) is equivalent with the following one: for any
x,Y,z € R, there exists d € D such that (x + y) -z = x-z+ y - z + d. Thereby Theorem 3.15 is a generalisation
of Proposition 2.7 in Dasi¢ paper [5].
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Example 3.17. Let (R, S) be a near-ring with the defect D and let A be a normal subgroup of (R, "), i.e. A-x=x-A,
forallx € R. Let R/A = {x = x- A | x € R}. The set R/A becomes a strongly distributive hypernear-ring (R/A, ®, ) if
we define the hyperoperation ” @7 by x @y = {z | z € x + y} and the operation ” - " by x -y =x -y, forall x,y € R/A
(see [14]).

Obuviously, —(x - A) = (-=x) - A, forallx € Rand 0-A = A -0 = 0 is the bilateraly absorbing element in
(R/A,"). Besides, for all s1,s, € S, it holds (s1 - A) - (52 - A) = (s1-$2) - A and if x € R, then, since x € Y., +s;,
for some s1,82,...,5, € S, it follows that x - A € (L1 +s:) A =A- (L 2s) € Y A-(xs) = Yo, £(A -
i) = Y.y =(si - A). Therefore, the hypernear-ring R has a set of generators S = {s- A | s € S}. In this case,

Ds=U[e((x-5)® (y-3) ® (x®Y) - 5], implying that

Ds= | Jletxs-Aey-s-A)er-Aey-4)-s-A] =

X,y€R
S€S

U{(—z)~A®p-s-A|zex~s~A+y-s-A,pex~A+y-A}=

X,y€R
s€S

U{6~A|66(—z)-A+p-s-A,zex~s~A+y-s-A,pex-A+y-A}:

x,y€R
seS

U{w-A|we[(—(x~A-s+y-A-s))+(x-A+y-A)-s]}.

X,y€R
seS

Indeed, if0€ (—z)-A+p-s-A withzex-s-A+y-s-A,andpex-A+y-A, then

oe [-(x-s-A+y-s-A)]-A+(x-A+y-A)-s-A=
A-(-(x-s-A+y-s-A)+A-(x-A+y-A)-sC
—[A-(x-s-A+y-s-A)]+A-x-A+A-y-A)-sC
-(A-xsA+A-y-s-A)+(x-A-A+y-A-A)-s=
—(A-A-x-s+A-A-y-s)+(x-A+y-A)-s=
—(A-xs+A-y-s)+(x-A+y-A)-s=
—(x-A-s+y-A-s)+(x-A+y-A)-s.

Conversely, if we —(x -A-s+y-A-s)+(x-A+y-A)-s,thenwe —-(A-x-s+A-y-s)+(A-x+A-y)-s. Let
a € A. Then we get:

I mnininN i m

—-(@a-A-x-s+a-A-y-s)+(@a-A-x+a-A-y)-s=
—[a-(A-x-s+A-y-s)]+a-(A-x+A-y)-s=
a-[-(A-x-s+A-y-s)]+a-(A-x+A-y)-sC
A-(-(A-x-s+A - y-s)+A-(A-x+A-y)-s=
—(x-s-A+y-s-A)-A+(x-A+y-A)-s-A

Thus, thereexistz€ x-s-A+y-s-Aandp ex-A+y- A, suchthat w € (—z)- A +p-s- A. Therefore, the defect of

the hypernear-ring (R, S) is the set
U Z‘(Z Zij @ wo Z Zl])l

mmneN i=1 j=1

S
m

N

where zjj = zjj - A, w = w - A € Dg, meaning that

n

p= | {d-A|deZ(Zz,, Azw A=)z Al

m,neN i=1 j=1 j=1

where z;; € Rand w € U [(-(x-A-s+y-A-s)+(x-A+y-A)-s]
X,y€R
seS
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4. Conclusions

This paper wants to open a new line of research in hypernear-ring theory, proposing the study of
hypernear-rings with a defect of distributivity. These are near-ring like hyperstructures where the mul-
tiplicity inclusively distributives over the hyperaddition on just one side. We have concentrated on the
characterisation of the set of elements that “correct” the lack of right inclusive distributivity, called the
defect of the distributivity of the hypernear-ring. Then we have presented several properties of the defect
of distributivity of direct product of hypernear-rings, of the image of a homomorphism of hypernear-rings,
and of the factor hypernear-ring. We have supported our study with several examples, and we remark that
it was difficult to find examples of strongly distributive hypernear-rings with the defect of distributivity
less than the entire support set. This remains an open problem for our future work.
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