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Bivariate-Schurer-Stancu Operators Based on (p, g)-Integers

Nadeem Rao?, Abdul Wafi?

?Department of Mathematics, Jamia Millia Islamia, New Delhi-110025

Abstract. The aim of this article is to introduce a bivariate extension of Schurer-Stancu operators based
on (p, g)-integers. We prove uniform approximation by means of Bohman-Korovkin type theorem, rate of
convergence using total modulus of smoothness and degree of approximation via second order modulus
of smoothness, Peetre’s K-functional, Lipschitz type class.

1. Introduction

In 1962, Schurer [13] introduced the following generalization of the classical Bernstein operators for all
non-negative integer / and n € IN

n+l
Bln(f,‘ x) = Z (n ;- l)xk(l _ x)n+l—kf(£),

k=0

where f € C[0,] + 1], x € [0, 1] and N is the set of positive integers. Various modifications have introduced
and studied their approximation properties in different functional spaces (see [16], [18], [19], [17] and
references therein).

In recent past, the applications of g-calculus attracted the attention of mathematicians and has interesting
impact in the research in approximation theory. It has been noticed that linear positive operators based on
g-integers are quite effective as far as the rate of convergence is concerned. In 1987, Lupas [7] first defined
g-analogue of Bernstein operators. In 1997, Philips [12] studied other form of Bernstein-polynomials based
on g-integers. Several extensions of g-linear positive operators have been studied by different researchers
(see [2], [8] and references therein). Recently, Mursaleen et al [9] added an idea based on (p, g)-calculus
in approximation theory and gave a (p,q) extension to the classical Bernstein operators. The motive of
(p, 9)-integers was to generalize various forms of g-oscillator algebras in physics [4]. Several generaliza-
tion of Bernstein operators were studied using (p, q)-analogue and their approximation properties have
been investigated. For instance, (p, q)-Bernstein-Stancu operators [10], (p, q)-Bernstein-Schurer operators
[11], (p,q)-genuine Baskakov-Durrmeyer operators [5], (p, 4)-Baskakov-Kantorovich operators [6], (p,q)-
Schurer-Stancu operators [21], (p, q)-Baskakov-Durrmeyer-Stancu [3], (p, g)-Bivariate Berntein-Kantorovich
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operators [1], (p, g)-Bivariate Berntein-Chlodowsky operators [20] etc. were introduced and their approxi-
mation properties are studied. Motivated by the above generalizations, we present a bivariate extension of
(p, 9)-Schurer-Stancu operators in this paper.

Let 0 < g < p < 1. Then, (p, g)-integers for non negative integers , k are given by

p—q
pP—q

(p, 9)-binomial coefficient

[klpq = and [kl =1 for  k=0.

(n) _ [1]pq
k), W =K,

and (p, g)-binomial expansion

n

n (n— k(n —k-1) k(k 1)
—— nkk n—k k
) (k) P q T amhxy
P4

k=0

(ax +by), ,
@+, = @+PEx+pyY)E*x+q°y).. (" x—qg"y).

2. Construction of (p, g)-Bivariate-Schurer-Stancu operators

LetI = [0,/ + 1] and (x1,x2) € I xI = [0,/ +1] x [0,] + 1]. Then, for any function f € C(I X I) and
(n1,12) € N X N, the operators sz Bo o cIx 1) - C([0,1] x [0, 1]) is defined as follows

ny+l np+l
a
mlz fu(f P12, G12; X1, X2) = E E ZT ?]V (x1 )Szzz?j,z(xz)
v1=01v,=0 (1)

o (P”l_vl ilpg + a1 P72 [v2lpng, + 042)
[nl]p1q] + ﬁl ’ [nZ]pzqz + ﬁZ ’

a12,B12 041 a2,p1,p2
where S ﬁ (f P12, qlz,,xl,X2) = nl nz,lﬁblf (f/ P1,491,P2,92; X1, X2) and
ni+l-vi—
i _ 1 ni+1 ’i("'-l)
S lv( X;) = DD | g, H (pz - qlx,
p- 2 b pis qz

with the conditions
(i) for any positive real number p; and g; (i = 1,2) such that 0 < g; < p; < 1,
(ii) for any non-negative real value of a; and ; (i = 1,2) such that 0 < a; < ;.

Remark 2.1. One can find that
(i) if p; = 1(i = 1, 2), then the operators defined by (1) reduce to q-Bivariate-Schurer-Stancu operators,

Vll+l 712+]
alz ﬁ1z(f 1, G231 xz) 2 Sql ( z)f [Vllql + aq [V2]q2 +
7 7 7
e v1=0v2=0 i nzlvz [y, + B1” [n2lg, + B2 )
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(i) if a; = Bi = 0, (i = 1,2), then the operators defined by (1) reduce to (p, q)-Bivariate-Bernstein-Schurer operators
ni+l np+l 1 v1 V ] nz—Vz[v ]
g ﬁu( P ()P Upigr P 2lpag2
12,412, X1, X2) = (x2) (
nlzl f P12,4 261;) ni, lvl nzlvz f 1]P1!71 [n2]pzqz
and
(iii) ifl = 0and a; = B; = 0, (i = 1, 2), then the operators defined by (1) reduce to (p, q)-Bivariate-Bernstein operators
n o 1N n1—vi [V ] n2—V2 [1/ ]
bhz ,312(f P1 q P2,q2 Upg P 21pagn
P12, G12; X1, X2) = (x1)83,” (xz)f(
"12 Z(h;) o e [m]Pl‘h [HZ]quz
where
1 n: vitv; ) ni—vi=l .
Szliﬁ/li(xi) = (nj)(n;=1) (VZ) P T H (p{ - qu,)
p Y piai j=0
Lemma 2.2. Lete;; = xix), ,0<i, j < 2 are the two dimensional test functions. Then, we have
5:1:?12(@0,0; P12, qi2;X1,%2) = 1,
np+1x +a
Snz fu (e10; P12, G125 X1, X2) %,
, [y + 1x2 +
S:zfu (eo1; P12, 912, X1, X)) = 2[712]—_'_2522
c [1’11 + l]x1 + aq [7’12 + Z]XZ + an
S22 o115 p1a, qua; X1,
ot (€11 P12, q12; X1, X2) il + By (] + B
o ) [y + 0@+ 2a0)x gl + g +1- 113 a?
€0; P12, q12; X1, X2) = ,
mad (0PI 127 ([m] + 1) ([m] + 1) ([m] + 1)
g ) [y + NPT +2a0)x2  qolng +1[ny +1 - 112 . o3
€02, P12, 412, X1, X .
mad (P12 12782 ([n2] + P2 (In2] + P2 (In2] + P2
Proof. From equation (1), we find that
0112512 e _ Sal Py, . . S“Zrﬁz . .
S, (€00 P12, q12;X1,X%2) = - (eo; 1, q1;x1) (e0; P2, 92; x2),
:12612(61 0, P12, 912, X1, X X2) = (xllpllqllxl)snz I, (601p21 Clz,xz)
:zﬁln(eo 1, P12, q12; X1, X2) = ni il (€0,P1,q1,x1)5nz ﬁz(xz;le q2; X2),
zzélz(é’l 1, P12, q12; X1, %2) = zj il(xl,iﬂl,m,xl)s ¥ Z(Xz,Pz,@,xz)
Zzﬂ,u(ezo/}?lz,lhzrxll xX) = :11 il(x]/pllqllxl)snz I (301P2, q2; X2),
;Yz/ln(eo P12, 12, X1, %) = SOV h(eo,pl,ql,xl)s 2ﬁz(xz,pz, G2 X2),

using these equalities, we can easily prove Lemma 2.2.
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Lemma 2.3. Let Sa12 ’g”(f P12, G12,; X1, X2) be defined by (1). Then, we have

2
auﬁu(((fl —x1)%); P2, 12 %1, X2) m([nl +1[m +1=1lg1 = 2[m + 1J([m1] + B1) + (] + ﬁl)z)
[y + 0GP+ 200) ~2aa((ml + 1) - af
([m] + B A
2
auﬁu(((fz — 2)%); P12, G125 X1, X2) m([nz +1[ny + 1= 1]g2 = 2[na + I[([n2] + B2) + ([m2] + ﬁz)z)
2 + 0y + 200) —20(m] + o) o
([n2] + o)? P+

Proof. In view of Lemma 2.2 and linearity property, it is easy to prove Lemma 2.3.

3. Main Results

Definition 3.1. Let X, Y C R be any two given intervals and the set B(X X Y) = {f : X XY — R|f is bounded on
XXY}. For f € B(XXY), let the function wa(f; -, *) : [0, 00) X [0, 00) — R, defined for any (61, 62) € [0, 00) X [0, o0)
by

Wiotal (f; 01, 02) = sup  {If(x,y) = f(& ¥ (), (¢, y) € [0, 00) X [0, 00)},

[x=x"|<01,ly—y’|<02
is called the first order modulus of smoothness of the function f or the total modulus of continuity of the function f.

Salzﬁlz

In order to get the rate of convergence and degree of approximation for the operators , we consider
Tllz,l

pi = pn, and g; = gy, for i = 1,2 such that 0 < g,,, < p,, < 1 satisfying

hm pn - a;, hm q” — b;where0<ag;<b; <1 (2)
and

lim p,, = 1, hm \ ;= 10=1,2). 3

nj—oo

Here, we recall the following result due to Volkov [15]:

Theorem 3.2. Let I and | be compact intervals of the real line. Let Ly, », : CUI X J) = C(I X ), (n1,n2) € N X IN be
linear positive operators. If
nllr}gm Lm Vlz(el]) = eijr (l/ ]) € {(0/ 0)/ (1r 0)1 (0/ 1)}/

lim Ly, »,(e20 + €02)
1n1,NMp—00

€0 + €2,
uniformly on I X |, then the sequence (Ly, », f) converges to f uniformly on I X | for any f € C(I X ).

Theorem 3.3. Let e;j(x1, x2) = xilxé(O <i+j <2,i,j € N)bethe test functions defined on IXI and (py,), (qn,),i = 1,2
be the sequences defined by (2) and (3). If

lim (2% %e;)(x1, 22) = e3j(x1, %),
n1,NMp—00

uniformly on I X 1, then

lim (Salzﬁlzf)(thCz) fx1,x2),

Mnq,NMpy—00

uniformly for any f € C(I x I).
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Proof. Using the Theorem 3.2 and Lemma 2.2, Theorem 3.3 can easily be proved.

Theorem 3.4. [14]Let L : C([0, 00)X[0, 00)) — B([0, 00) X [0, 00)) be a linear positive operator. Forany f € C(XXY),
any (x,y) € X X Y and any 61,0, > 0, the following inequality

ILACY) = fuy)l < ILeoo(x, y) = LIf(x, y)l
+ [Leoox, 1) + 87" yJLeoo(, LE = 32)2(x, 1) + 657 y[Leoo(x, Y)LE: = y2)2(x,y)

071051\ (Leoo)x, yIL( = )20 YLC: = YN ) | (f3 61, 62),

holds.
Theorem 3.5. Let f € C(I x 1) and (x1,x2) € I X I. Then, for (n1,n3) € IN and for any 61,6, > 0, we have

(Spf® s, %2) = far, %2)] < dwrara(f361,62),

where 6alzﬁ” (x) = \/Sa“ﬁ“(( ti — xi)2); P12, G12; X1, X2).

ni2 1

Proof Using Theorem 3.4 and Lemma 2.3 , we can arrive at the proof of the Theorem 3.5.

4. Local approximations

Let C3(I) = {f € Cp(I) : f@) € Cp(I),1 < i,j < 2}, where Cp(I) is the space of all bounded and uniformly
continuous functions on I and f"/ is (i, j)"-order of partial derivative with respect to x, y of f, endowed with
the norm

1 e 1 e+ Ha -+ Z“alfH

The Peetre’s K-functional of the function f € Cg(I) is given by
K(f;60) = int {lIf = gllcym + Ollgllcyap, 6 > 0} (4)
geCp(I)?

The following inequality
K(f;6) < Mifwa(f; Vo) + min(1, 8)llfllcsm},

holds for all 6 > 0 where M; is a constant independent of 6 and f and w»(f; \/5) is the second order modulus
of continuity which is defined in a similar manner as the second order modulus of continuity for one
variable case
w(f; \/E)z sup sup |f(x+2h)=2f(x+h)+ f(x).
0<h< V5, x+2h€[0,00)
Theorem 4.1. Let (q,,) and (py,) for i = 1,2 are the real sequences defined in (2) and (3). Then, for f € Clzg(l X 1), we
have the following

IA

|Salzﬁu [+ x1 + )2 ([1’[2 +1x + )2)

(g, x1,%2) = f(x1,x2)] [m1] + 1 [1n2] + B2

AK(f; My, y (1, 2)) + a)( f; \/(

M{wz(f : My a1, 2)) + min{L, My, (1, )| f||c§(1)}
. [7/[1 + l]xl + a1\2 [1’[2 + Z]X2 + ap\2

+a)(f, \/( [n1] + p1 ) " ( [n2] + B2 ) )’

where Mnl,nz(x1/x2) _ ( thzﬁlz( )) ( 0112/312( ))

IA
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Proof. Consider the auxiliary operators
SR () = ST (f ) - (LG MR G )y ) )
o, [m]+ B [12] + B2
Then
“fﬂ“(f x1,%2) < 3| fllcyay, S mz(tl —X1;X1,%2) = and S@Z(tz —X;%1,%2) =0 (6)
Letg e C%; (I) and (x1, x2) € I. By the Taylor’s theorem, we have
ity
glui, uz) —g(x1,x2) = 3_!](;6—;;962)@{1 —x1) + f(ul - al)w
Bg(;c;;Xz) B f (s - a )9 g(az,xz) 7)
Applying the auxiliary operator defined by (5) on both sides of (7), we find
Efz (9:x1,x2) = g(x1, x2)
= S@Z( f(ul - al)—az‘q(aalz' xl)docl;xl,xz) + Salzﬁlz( f(u 8 g(az, xz)d 2,x1,x2)
Y a2
g
o &zg(az,xz) e [ + [y + a1 Pg(ar, x1)
=S 112( f(uz - ) ————= dozg,xl,xz) f (W +x1 — al)T“%d(xl
gl g
a2 I Pg(az, x2) R [ + 1wy + ap g(az, x2)
+5, 7 (f(uz - m)Tédaz;xl,xz) - f (W + X7 — az)T%d 2.
Hence,

15520 (g5 01, %2) — g1, %)

r %g(a2, x2)
f|142 - 0€2|‘%|€l0¢2
2

X2

f|u - al| 200222 g(“z’”)]daz

< Sauﬁlz(
n,l

;xl,xz) +

ﬂlzﬁu

ganbe [m +1]x1 + a12
< { nlzﬁl (1 = x1)% s x1, X2) + (1[711]—:‘811

o ny + l]xo + a2
+{Sn“€12((uz —x2)7 1 1, %) + ([z[nz]]#

() + (22 ol

[ +llxp +ap
[+

)| +| f y—["z[;l]ljz o,

[1nq +l]xq +aq ¥
DI T

[n1 + l]x1 + a1
[m] + B

/

X1

X1 —

[P

+X2

N

X2

) Jighea

) igllcaq)
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and
150282 (g 31, 32) = fOe, )| < IS (f = g, x)| + |5““ﬁ“<g, x1,%2) = g(x1, )| + 9%, y) = f(x, )]
[711 + l]x1 + aq [Tll + l]x1 + aq )
+ X1, x1] = flxg, x
f( [n1] + p1 Y ] + 1 1) = flax)
< 30f = gl + If = gl + 125 (g301, %2) — g1, 22)
[1’11 + l]x1 + aq [1’[1 + l]x1 + aq )
+ X1, +x1)— f(Xx1,x
f( [m1] + p1 Y ] + B1 1) = foax2)
< 4lf - gllean + (577 @) + (62220 Mol
[1’11 + l]x1 + aq [Tll + l]x1 + aq )
+ X1, x1] = flxg, x
f( [n1] + p1 Y +p1 1)~ )
< Alf = gllesw + 2Mo (X1, X2)l 2 1)

[1/11 + l]x1 + aq

[n1] + 1

([1’11 + l]x1 + aq
[n1] + B

2
+X1) +

o \/( )

Next, using the equation (4), we get

S ) fOc ) < 4K My (3, 12)
[ +1]x; +a 2 (m+lx+a §
- “(f;\/(lm—ﬁﬁll”l) (o)
< M{wz(ft \/ZMm,nz(xlle))) + min{l,Mnl,nz(xllxz)}||f||cg(1)}
[ +1]x; + 2 m+llxa+a :
R e

Now, we discuss the degree of approximation for the (p, g)-Bivariate-Schurer-Stancu operators in the
Lipschitz class. We define the Lipschitz class Lip},(y1,)2) by means of two variables as follows:

If(t1, t2) — f(x1, x2)| < Mty

where 0 < y1,y2 <1 and for any (t3, f2), (x1,x2) € I X I.

—x1"f = x0]72,

Theorem 4.2. Let f € Lipy,(y1,72) and (qu,), (pn,), i = 1,2 are defined in (2) and (3). Then for all (x1,x2) € I X I, we
have

|Sa1zﬁ12(g; x11x2) _ f(x1/x2)| < Mézi/z(xl)ézi/z(xz)

11,1

where 6,,(x;) = anﬁ“(((t = X)%); P12, G12; X1, X2).

Proof Since f € Lip;w(yl, ¥2), We can write

Zi;éu(_f qnu/ Pnu/xl/XZ) - f(xl/xz)l
< SEE(f(t, b) = FOL %) Qe P X1, %2)
< MSI (It = 1Pt = X2l G Prni X1, X2)

104 Y
MS 1Zﬁ”(ltl = 211"} Gy P X1, X2)S,) 1Zﬁ“(ltz = 221"} Gryys Prna; X1, X2)-
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and p = -, q = 7=, respectively, we have

2 1/1 VZ 4

alzﬁlz

«,1121 (f qnlz'pnlz'xerZ) - f(xlrx2)|

71
ool ((ty = x1)%; qnlz,pnn;xl,xz)} :

ni2 1

X { :12‘[;]2 ((1 n1zr Prias X1, xz)}

alzﬁlz 2. ) 772
X { nip,l ((t xz) ’q"u/pnu/xlr XZ)}
X { zzﬁu ((1 q”lZ’ pnlzl X1, xZ)}

MO, (x1)8)2% (x2).
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