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Abstract. Let R be a non-commutative prime ring of characteristic different from 2 with Utumi quotient
ring U and extended centroid C, L a non-central Lie ideal of R, F and G two non-zero generalized derivations
of R. If [F(u),u]G(u) = 0 for all u € L, then one of the following holds: (a) there exists A € C such that
F(x) = Ax, for all x € R; (b) R € M,(F), the ring of 2 X 2 matrices over a field 7, and there exist a € U and
A € C such that F(x) = ax + xa + Ax, forall x € R.

1. Introduction

Let R be a prime ring of characteristic different from 2. Throughout this paper Z(R) always denotes
the center of R, U the Utumi quotient ring of R and C = Z(U), the center of U (C is usually called the
extended centroid of R). Many results in literature indicate that the global structure of a ring R is often
tightly connected to the behaviour of additive mappings defined on R. A well known result of Posner
[31] states that if d is a derivation of R such that [d(x),x] € Z(R), for any x € R, then either d = 0 or R is
commutative. Later in [24] Lanski proves that if 4 is a nonzero derivation of R so that [d(x), x] € Z(R) for all
x € L, anon-central Lie ideal of R, then char(R) = 2 and R € M,(F), the ring of 2 X 2 matrices over a field ¥ .
More recently Chebotar, Lee and Wong [8] generalize the previous results in case the characteristic of R is
different from 2 or 3. More precisely they prove that if L is a non central Lie ideal of R, then the additive
subgroup S generated by {[d(x), x] : x € L} contains a non central Lie ideal W of R. In particular S is not
contained in Z(R), unless d = 0. Moreover, since both the left (right) annihilator Aw and the centralizer
Cw of a Lie ideal W of a prime ring are trivial, that is Aw = (0) and Cw = Z(R), then both the left (right)
annihilator and centralizer of S are trivial and these facts in a prime ring are natural tests which evidence
that the set {[d(x), x] : x € L} is rather large in R.

In [11] De Filippis considers the problems concerning the annihilator of the commutators with deriva-
tions on Lie ideals and he shows that the left annihilator of the set {[d(x),x] : x € L} in R is zero if L is a
non-central Lie ideal of R. Following this study Shiue [34] prove that if d is a non-zero derivation of R, L a
non-central Lie ideal of R, a € R and k > 1 a fixed integer such that a[d(u), u]x = 0 for all u € L then either
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a = 0 or R satisfies the standart identity s, and char(R) = 2.

This paper follows the line of investigation of the previous ones, by replacing the derivation d with some
additive maps which generalize the concept of usual derivation on R.

An additive map G : R — R is called a generalized derivation of R if there exists a derivation d of R
such that G(xy) = G(x)y + xd(y), for all x, y € R. The simplest example of generalized derivation is a map
of the form g(x) = ax + xb, for some 4,b € R and for all x € R: such generalized derivations are called
inner. Generalized inner derivations have been primarily studied on operator algebras. Therefore any
investigation from the algebraic point of view might be interesting (see for example [21], [28], [29]). Here
we will consider some related problems concerning identities with generalized derivations in prime rings.
More precisely, let F be a generalized derivation of R and define the following subset of R:

T ={[F(x),x] : x € L},

where L is a non-central Lie ideal of R.
A first approach to the study of T is contained in [12], [13] and [33]. More precisely, the following facts hold:

e Let T # (0) and a € R be such that aT = (0) (respectively Ta = (0)), thena = 0;
e LetT # (0) and a € R be such that [a, T] = (0), then a € Z(R),

thatis both the annihilator and the centralizer of T are trivial, unlesswhen T = (0). Thus T is rather largein R.

It seems natural to investigate what happens when the annihilating element is not fixed, but it is de-
pending on the choice of the element x € L. In other words, what about the case when, for all x € L there
exists a; € R such that [F(x), x]a, = 0 (or similarly a,[F(x), x] = 0).

More recently in [15] a first answer to this question is given:

Theorem 1. Let R be a prime ring of characteristic different from 2, U the Utumi quotient ring of R, C = Z(U) the
extended centroid of R, L a non-central Lie ideal of R, F be a non-zero generalized derivations of R. Suppose that
[F(u), u]F(u) = 0, for all u € L, then one of the following holds:

(a) there exists « € C such that F(x) = ax, forall x € R;
(b) R C My(F) for some field F and there exist a € U and a € C, such that F(x) = ax + xa + ax, for all x € R.

In this article we would like to give an answer to a more general question, considering such annihilating
condition, when two different generalized derivations act on the evaluations of a non-central Lie ideal of
R. More precisely we will prove the following:

Theorem 2. Let R be a non-commutative prime ring of characteristic different from 2 with Utumi quotient ring
U and extended centroid C, L a non-central Lie ideal of R, F and G two non-zero generalized derivations of R. If
[F(u), u]lG(u) = 0 for all u € L, then one of the following holds:

(a) there exists A € C such that F(x) = Ax, forall x € R;

(b) R € My(F), thering of 2X2 matrices over a field ¥, and thereexista € Uand A € Csuch that F(x) = ax+xa+Ax,
forall x € R.

2. The case of inner generalized derivations

In this section we will consider the generalized derivations F(x) = ax + xb and G(x) = cx + xq, induced
by suitable fixed elements a,b,c,q € R.

We premit the following result (for the proof see Proposition 1 in [14]):
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Lemma 2.1. Let ¥ be a field of char(¥) # 2, R = My(¥) the matrix ring over ¥ and t > 3. Denote by e;; the
usual matrix unit, with 1 in the (i, j)-entry and zero elsewhere. Let a,b be elements of R, with a = Zf’,s:l Aysers and

b= Z:,s:l biseys, for ars, bys € F and suppose that a;ib;; = 0 for all i # j. Assume that, for any inner automorphism ¢
of R, the following hold:

t t
p(a) = Z aers,  @b) = Z bisers and ajb; = 0.

r,s=1 r,s=1

Then either a € Z(R) or b € Z(R).
We begin with:

Lemma 2.2. Let F be a field of char(F) # 2, R = M{(F) the algebra of t X t matrices over ¥ with t > 3, Z(R) the
center of R, L = [R,R], a,b,c,q elements of R. Assume that ¢ € Z(R). If (au® + u(b — a)u — ub)(cu + ug) = 0 for all
u € L, then one of the following holds:

(a) c=—q € Z(R);
(b) a,b € Z(R).

Proof. Since c € Z(R), by the assumption we have that
(au* + u(b — a)u — u®b)u(c + 7)=0 (2.1)

forallu € [R,R]. Here we denotep = c+q = Y, Prsers, 4 = ), arseys and b = Y, byseys, fOr ays, bys, prs € F. Let i, j k
three different indices and choose u = ¢;; — ¢j; + ex € [R,R] in (2.1). Left multiplying (2.1) by e we get

exxalei + e — e]']')p =0. (2.2)
On the other hand, for u = ¢;; — ej; — e € [R,R] in (2.1) and left multiplying (2.1) by ex we also get
ekka(eii — €jk — ejj)p =0. (2‘3)

Comparing (2.2) with (2.3) and right and since char(¥) # 2, it follows aypxi = 0. Moreover, for any inner
automorphism ¢ of R, the elements ¢(a) and ¢(p) satisfy the same algebraic condition as a and p. Therefore,
by Lemma 2.1, one has that either a € Z(R) or p € Z(R).

In case 0 # p € Z(R), the relation (2.1) reduces to (au* + u(b — a)u — u*b)u = 0, for all u € [R,R]. Thus by [6,
Theorem 4.7] we have that a,b € Z(R), as required.

Assume now that a € Z(R). In this case (2.1) reduces to

(ubu — ub)u(c +4q) =0 (2.4)

forall u € [R,R]. For u = e;; — ej; + e € [R,R] in (2.4) and left multiplying (2.4) by e;;, since char(F) # 2, we
get

(—ejjbei; — ejjbex)p = 0. (2.5)
Analogously, for u = ¢;; — ej; — e € [R,R] in (2.4) and left multiplying (2.1) by e;; we also get

—ejib(eii — ex)p = 0. (2.6)
Hence, by comparing (2.5) with (2.6) and using char(¥) # 2 it follows

biipiy =0, ¥r, Vi#]j (2.7)

Let x be the inner automorphism of R defined as x(x) = (1 +¢;j)x(1 —¢;;) = x + e;jx — xe;j — e;jxe;;, and denote
X(0) = Y. bisers, X(p) = Y. psers, for b, phs € F. Since x(b) and x(p) satisfy the same algebraic condition as b
and p, then by (2.7) one has b;.l.plfr =0, forallre{l,...,t} and for any i # j. By computations it follows that
biipji = 0, for all i # j. Hence, by Lemma 2.1, either b € Z(R) or p € Z(R). If b € Z(R), we are done. On the
other hand, in case p € Z(R), as above the conclusion follows from [6, Theorem 4.7]. [
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Lemma 2.3. Let F be a field of char(F) # 2, R = My(F) the algebra of t X t matrices over ¥ with t > 3, Z(R) the
center of R, L = [R,R], a,b, ¢, q elements of R. Assume that b —a € Z(R). If (au® + u(b — a)u — ub)(cu + uq) = 0 for
all u € L, then one of the following holds:

(@) a,b e Z(R);
(b) ¢ =7 € Z(R).

Proof. Since b —a € Z(R), by the assumption we have that
[a, 1®](cu + uq) =0 (2.8)

forall u € [R,R]. Leti # j, choose u = ¢;; — ¢j; € [R, R] in (2.8) and multiply both on the left and on the right
(2.8) by ey, for any k # i, j. One has

ekk(—ae,-]- + aeﬁ)qekk =0. (2.9)

In the same way, for u = ¢;; + ¢j; € [R, R] in (2.8) and multiplying both on the left and on the right (2.8) by
exk, for any k # i, j, it follows

exk(aej + aeji)ger. = 0. (2.10)
Comparing (2.9) with (2.10), since char(¥) # 2, we get
ajiqixk =0, Vi#j, Vk#i,j. (2.11)
Let ¢’ and ¢” be the inner automorphisms of R defined as
@' (x) = (1 + ep)x(1 — ej) = x + ejx — xej — ejxXejx
@"(x) = (1 —ex)x(1 + ex) = x — exx + Xxey — ejxXxei

and denote ¢'(a) = Y.ajer, ¢”(a) = Lagers, 9'(q) = L qisers, " (q) = L gsers, for ay, ajg, g, 4, € F. Since

@'(a), p"(a), 9’ (), ¢’ (q), satisty the same algebraic condition as 2 and g, then by (2.11) one has a,’(}.q;k =0and
a,’(’].qlf}; =0, forall i # j and for any k # i, j. By computations, the following hold simultaneously:

axi(qrk — gii — qi) = 0 (2.12)

axj(—qk + qii — ki) = 0. (2.13)
Therefore, by comparing (2.12) with (2.13) and since one has

aigri =0, Vi#j, Vk#i,j. (2.14)

Let now x be the inner automorphism of R defined as
X(x) = (1 +ej)x(1 —eji) = x +ejix — xej; — ejixej;

and denote x(a) = Y. a/less, x(q) = Y. g7 ers, for ay, g/t € . As above, x(a) and x(q) must satisfy relation
(2.14), that is aiqy =0, forall i # jand k # i,j. It is easy to see that this implies axjqx; = 0, for all k # j.
Hence, by Lemma 2.1, either a € Z(R) or q € Z(R). If a € Z(R) then we are done, thus we assume here that

g€ Z(R). Letc+ g =p = ). prseys, with ps € F. Then (2.8) reduces to
[a, uz]pu =0 (2.15)

for all u € [R, R]. Again we subsitute in (2.15) u with ¢;; — ej; and multiply on the left by ey, for any i # j and
k #1i,j. Then

ex(—aeiipe;j + ae;ipeji — aejjpe;; + aejjpej;) = 0. (2.16)
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Similarly, for u = e;; + ej; in (2.15) and left multiplying by ey, we also have
exk(aeipeij + aejipeji + aejjpeij + aejipeji) = 0. (2.17)
Comparing (2.16) with (2.17) we get
axipij + axjpjj = 0. (2.18)
We finally choose the following automorphism of R:
X'(x) =1 +ejp)x(l —ej) = x +ejpx — xej — epxej

and denote x'(a) = Y.a%s, xX'(p) = Y. piles, for ail,p € F. Thus, by (2.18), QZ;PZ] + a;j;p;? = 0 and by

computations it follows that a;;px; = 0, for any k # .

Once again, by Lemma 2.1, either a € Z(R) or p € Z(R). The first case implies that b €€ Z(R). Let
p =c+q € Z(R). Since g € Z(R) we have ¢ € Z(R). Using these facts in (2.8) we have either [a,u?]u = 0 or
p = 0. By [6, Theorem 4.7] the first case implies thata € Z(R). If p = 0 we have ¢ = —q € Z(R), asrequired. [

Lemma 2.4. Let ¥ be a field of char(F) # 2, R = My(¥) the algebra of t X t matrices over ¥ with t > 3, Z(R) the
center of R, L = [R,R], a,b, ¢, q elements of R. If

(au® + u(b — a)u — ub)(cu +uq) = 0 (2.19)
forall u € L, then one of the following holds:

(@) a,b e Z(R);
(b) c =—q € Z([R).

Proof. Denote b —a = w = }, wyse,s and ¢ = Y cysers, With wys, crs € F. Let u = e;; € [R,R] in (2.19). Therefore,
by our assumption we get ¢;;(b — a)e;jce;; = 0, that is wjic;; = 0, for all i # j. By Lemma 2.1, either ¢ € Z(R) or
b —a € Z(R) and the conclusion follows respectively by Lemmas 2.2 and 2.3. [

Lemma 2.5. Let F be a field of char(F) # 2, R = M{(F) the algebra of t X t matrices over ¥, Z(R) the center of R,
L=1[R,R], a,b,c, qelements of R. If

(au® + u(b — a)u — u*b)(cu + uq) = 0 (2.20)

forall u € L, then one of the following holds:

(@) b—ae Z(R);
(b) c =—q € Z(R).

Proof. Letc =), crsers and q = )Y, gysers and denote p = b —a = ), pysers, With Crs, Grs, Prs € F -
Fori # ] and u = €ij in (2.20), we have eijpeijceij = 0, that is

piicii=0, Yi#j ije{l,2} (2.21)
Let now u = ejgy + €31 in (2.20), then the (1, 1)-entry of the matrix (2.20) is

(P11 — p22)(c12 + g21) + (P12 — p21)(Cc22 + q11) = 0. (2.22)
On the other hand, for u = —ejy + €21 in (2.20), the (1, 1)-entry of the matrix (2.20) is

(p22 — p11)(c12 — g21) + (=p12 — p21)(c22 + q11) = 0. (2.23)
Subtracting (2.23) from (2.22), since char(R) # 2, it follows that

(p11 — p2)ci2 + p12(c22 + q11) = 0. (2.24)
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Similarly one may obtain the following (we omit the computations for brevity):

(P22 — p11)car + pa1(c1 + g22) = 0. (2.25)

Assume that c is not a diagonal matrix, without loss of generality we suppose c1» # 0. Thus, by (2.21),
P12 = 0 and, by (224), P11 = p22.
Let ¢’ and ¢” be the inner automorphisms of R defined as

@'(x) = (1 +ep2)x(1 — e12) = x + eppx — xeyz — epxerr (2.26)
and

@ (x) = (1 —en2)x(1 + e12) = x — e1px + Xxeqp — enpxern (2.27)
and denote ¢'(p) = L prsers, ¢ (p) = Lpjiers, () = L Crsers, 97 () = L criers, for pro, pil, ¢ i € 7. Clearly
@' (p), 9" (p), ¢’ (c), p” (c) satisfy the same algebraic condition as p and c.
If ¢}, # 0, then, by the previous argument, both 0 = p}, = p22 — p11 — p21 and 0 = p}; = p5, = pu1 + 2p21 — p22,
which imply p21 = 0. In this case p € Z(R) and so we are done. Analogously, if ¢}, # 0 then p is a central

matrix.
Hence we assume that both ¢}, = 0 and ¢, = 0, that is:

ciz+cn—c11—cn1 =0 (2.28)
and
C1p—Cp+c11—cn =0. (2.29)

By the last two relations it follows that c1p — ¢21 = 0, i.e. ¢33 = c12 # 0. Therefore, by (2.21), po; = 0 and
p € Z(R).Hence the following holds: either c is diagonal or p is central.

In the sequel we assume that p is not a central matrix. Hence ¢ = cj1e11 + cx2e20, moreover @(p) ¢ Z(R),
for all ¢ € Aut(R). In particular, let @(x) = (1 + e21)x(1 — e21) = x + ex1x — xex1 — ex1xez;1. Since @(c) must be a
diagonal matrix, then easy computations show that ¢1; = 2, that is ¢ € Z(R). Hence, if denote w = ¢ + ¢,
(2.20) reduces to:

[au + ub, uluw =0 (2.30)

for all u € [R,R]. Recall that any commutator [X, Y] € [Ma(F), Ma(F)] is either invertible or nilpotent. In
particular we choose u = e11 — ey in (2.30).

If [a(e11 — e22) + (e11 — €22)b, e11 — ex2] is invertible, then (e11 — ex)w = 0, which implies easily that w = 0, as
required. Suppose now that w # 0 and [a(e11 — ex) + (e11 — €22)b, €11 — ex2] is not invertible. We prove that a
contradiction follows. Since

M = [aenn — ex) + (e11 — ex)b, e11 — ex]* =0

we firstly notice that the (1, 1)-entry of the matrix M is 4p1op»1 = 0. This means that, if ¢ is a central matrix
then p1op21 = 0. By using the same above automorphisms (2.26) and (2.27), we have that ¢’(c) € Z(R) and
@ (c) € Z(R), so that

0 =piopor = (P12 + p22 = puu — p2)p2r = (P22 = p11 — p1)pn (2.31)

and

a4

0 =phpsy = (P12 — p2 + p11 — p21)p21 = (=P + P11 — p21)p2i- (2.32)
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By comparing (2.31) and (2.32) we get p;, = 0 thatis p2; = 0.
Finally we consider the following automorphisms of R:

X'(x) = (1 +e)x(1 —e21) = x + ex1x — Xep1 — ez1x€21

X' (x) = (1 —ex)x(1 +ep1) = x — 21X + xep; — ex1X€01

and denote x’(p) = Y. gisers, X (P) = Y. qiters, for ql,, qis € F. Since x’(c) € Z(R) and x”(c) € Z(R), then

0= q1o0y = pra(p11 — P2 — p12) (2.33)
and

1

0 = 41295 = pr2(=pu + p22 = p2)- (2.34)
Comparing (2.33) and (2.34) one has pj, = 0 that is p12 = 0, which means that p is a diagonal matrix. This

argument also shows that x’(p) must be a diagonal matrix, in particular 0 = q;, = p11 — px, thatis p € Z(R),
which is a contradiction. [

The following is an easy consequence of Lemmas 2.4 and 2.5:

Corollary 2.6. Let R = M(F) be the algebra of t X t matrices over a field ¥ with t > 2, Z(R) the center of R,
L =[R,R], a,c elements of R. If

la, ul2[c,u] =0
forall u € L, then either a € Z(R) or ¢ € Z(R).

Remark 2.7. If B is a basis of U over C then any element of T = U #c C{xy,...,x,}, the free product over

C of the C-algebra U and the free C-algebra Cl{xy,...,x,}, can be written in the form g = }; a;m;. In this

decomposition the coefficients a; are in C and the elements m; are B-monomials, that is m; = qoy141 - - * *Ynqn,

with g; € Band y; € {x1,...,%,}. In [9] it is shown that a generalized polynomial g = }; a;m; is the zero

element of T if and only if all a; are zero. Letay, ..., ar € U be linearly independent over C and
ag1(x1, ..., x0) + .o+ agi(x, ..., x,) =0€T,

for some g1,...,9x € T. If, for any i, gi(x1,..., %) = Z}Ll xjhij(x1,...,x,) and hj(x1,...,x,) € T, then
g1(x1, ..., Xn)e .., gk(x1, ..., xp) are the zero element of T. The same conclusion holds if

g1, x)m g, ) =0€ T,

and gi(x1,...,x,) = Z;’:l hj(x1, ..., xq)x; for some hj(xy,...,x,) € T. (We refer the reader to [2] and [9] for
more details on generalized polynomial identities).

Lemma 2.8. Let R be a prime ring of characteristic different from 2, a, b, c, q elements of R such that
D(x1,x2) = (alx1, x2]* + [x1, %2](b — @)[x1, x2] — [x1, x2]*b)(c[x1, x2] + [x1, %219) (2.35)

is satisfied by R. If R does not satisfy any non-trivial generalized polynomial identity, then either a,b € C or
c=—q€C
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Proof. Since R and U satisfy the same generalized polynomial identities (Theorem 2 in [2]), we have that
D(x1, x7) is satisfied by U.

Assume first that {1, 4} is linearly C-independent. By the previous Remark 2.7 and since ®(x1, x7) is a
trivial generalized polynomial identity for U, it follows that

(@lx1, 2% + [x1, x2](b — a)[x1, x2] = [x1, 2]°b)[x1, x2]g =0 € T
which implies
(@lx1, x2* + [x1, x2](b — @)[x1, x2] = [x1, x2]*B)[x1, x2] =0 € T. (2.36)

If {1, a} is linearly C-independent, and since (2.36) is a trivial generalized identity for U, we have a[x1, 0] =
0 € T, which gives the contradiction a = 0. On the other hand, if {1,a} is linearly C-dependent, thena € C
and (2.36) reduces to

([x1, 21b[x1, 2] = [x1, 21°D)[x1, x2] = 0 € T. (2.37)

Moreover, since (2.37) is a trivial generalized identity for U, then {1, b} is linearly C-dependent, thatis b € C,
and we are done.

Let now {1, g} be linearly C-dependent, i.e. g € C, and denote u = c + q. Therefore by (2.35) one has that
(alx1, x2]* + [x1, %2](b = @)[x1, x2] = [x1, X2 b)ulx1, x2] =0 € T. (2.38)
As above, If {1,4} is linearly C-independent, and since (2.38) is a trivial generalized identity for U, we have
alxy, 2P ulx1, x2] =0€ T (2.39)
implying u = 0, as required.
Finally, if {1, a} is linearly C-dependent, then a € C and (2.38) reduces to

[xl,xz][b, [xl,le]u[xl,le —0€T. (2.40)

Since (2.40) is a trivial generalized identity for R, it is easy to see that either b € C or u = 0, in any case we
get the required conclusion. [J

For the proof of the next result, we premit the following:

Fact 2.9. Let R be a non-commutative prime ring of characteristic different from 2, d a derivation of R, a € R a
non-zero element of R. If d(r)a = O, for all r € R, then d = 0 (the proof is a classical result, for instance contained in
[4, Lemma 7]).

Fact 2.10. Let R be a non-commutative prime ring of characteristic different from 2, d a derivation of R, a € R a
non-zero element of R. If [d(r), r]a = O, for all ¥ € R, then d = 0 (it is an easy consequence of the result in [5]).

Fact 2.11. Let R be a prime ring of characteristic different from 2, d and g derivations of R, such that d(r)g(r) = 0, for
all v € R. Then either d = 0 or g = 0. (It is a reduced version of [35, Theorem 3]).

Proposition 2.12. Let R be a non-commutative prime ring of characteristic different from 2, a, b, c,q elements of R
such that

D(x1,x2) = |alx1, x2] + [x1,x2]b, [x1,x2]](0[x1,x2] + [x1, x219) (2.41)

is satisfied by R. Then one of the following holds:
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(@) a,beC;
(b) R C My(F), the ring of 2 X 2 over a field ¥ and b —a € C;
() c=—geC

Proof. By Lemma 2.8 we may assume that ®(x3, x;) is a non trivial generalized polynomial identity for R. By
a theorem due to Beidar (Theorem 2 in [2]) this generalized polynomial identity is also satisfied by U. Let F
be the algebraic closure of C if C is infinite and set ¥ = C for C finite. Clearly, themapre U~ 1€ U F
gives a ring embedding. So we may assume U is a subring of U X). ¥ . By (Proposition in [26]), ®(r1, 2)
is also a nonzero GPI of U ®c ¥ . Moreover, in view of (Theorems 2.5 and 3.5 in [18]), U @c ¥ is a prime
ring with ¥ as its extended centroid and both U and U (X). ¥ are centrally closed. So we may replace R

by either U or U Q) F according as C is finite or infinite. Thus we may assume that R is centrally closed
over its extended centroid which is either finite or algebraically closed and ®(ry, ;) = 0, for all r1, 7, € R. By
Martindale’s theorem [30], R is a primitive ring having a non-zero socle with ¥ as the associated division
ring. In light of Jacobson’s theorem ([20], page 75) R is isomorphic to a dense ring of linear transformations
on some vector space V over ¥ .

Assume first that V is finite-dimensional over ¥. Then the density of R on V implies that R = M,,(¥),
the ring of all m X m matrices over . In this case the conclusion follows by Lemmas 2.4 and 2.5.

Assume next that V is infinite-dimensional over . Since V is infinite dimensional over ¥ then, as in
Lemma 2 in [36], the set [R, R] is dense on R and so from

alr1, 2] + [, r2lb, [wﬂ](c[rl,rz] t[r,alg) = 0

for all i, € R, we have

[au + ub, u](cu + ug) =0 (2.42)
for all u € R. In (2.42) we substitute u with x + 1 and apply again (2.42), then we obtain

[ax + xb,x](c+g)+ [a+ b, x](cx + xq) + [a+ b,x](c +g9) =0 (2.43)
for all x € R. Again for x = y + 1 in (2.43) and using (2.43) we get

2[a+b,yllc+g9) =0 (2.44)

for all y € R. Since char(R) # 2 and by Fact 2.9, it follows that eithera+ b€ Corc+4q = 0.

Suppose first that c + g # 0and a + b = A € C, then by (2.43) it follows that [ax — xa, x](c+ ) = 0, for all x € R.
Applying the result in Fact 2.10, one has a € C, as required.

On the other hand, ifa + b ¢ C and ¢ + g = 0, then (2.43) reduces to [2 + b, x][c, x] = 0 for all x € R. Using the
result in Fact 2.11, we have ¢ € C, and we are done.

Finally consider botha + b = A € C and ¢ + g = 0. In this case we write (2.42) as follows:

[a, ulalc,u]l =0 (2.45)

forall u € R.
By contradiction we assume that a ¢ C and ¢ ¢ C. Under this assumption there exist 71,7, € R such that
ary # ria and cry # rpc. By Litoff’s Theorem in [19] there exist e2=e¢ecRanda positive integer k = dimg(Ve)
such that

ary, 114, cry, r2C, 11,2 € eRe = Mp(F).

In the relation (2.45) replace u with (1 — e)x(1 — e), for any x € R and multiply both on the right and on the
left by e. It follows that R satisfies

ea(1 —e)x(1 —e)x(1 —e)x(1 —e)ce = 0.
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Since R is a prime ring with char(R) # 2, by [32, Theorem] the last relation implies that either ea(1—¢) = 0
or (1 —e)ce = 0, that is either ea = eae or ce = ece. In any case, eRe satisfies (2.45). Following the matrix-case
argument in Lemmas 2.4 and 2.5, we have that either eze € Z(eRe) or ece € Z(eRe). Hence, one of the
following cases happens:

® ar; = ear, = eaer; = riede = ride = 14,
® (7ry = eCry = ecer, = ryece = ¥pce = T5C.

In any case we have a contradiction and the proof is completed. [

Corollary 2.13. Let R be a prime ring of characteristic different from 2, L = [R, R], a, c elements of R. If
la,ulpcu =0

forall u € L, then either a € Z(R) or ¢ = 0.

3. The main Theorem
Firstly we need to recall some well known results:
Remark 3.1. Every derivation 4 of R can be uniquely extended to a derivation of U ([3], Proposition 2.5.1).

Remark 3.2. Let I be a two-sided ideal of R. Then I, R and U satisfy the same generalized polynomial
identity with coefficients in U ([9]).

Remark 3.3. We denote by Der(U) the set of all derivations on U. By a derivation word we mean an additive
map A of the form A = did,...d,,, with each d; € Der(U). Then a differential polynomial is a generalized
polynomial, with coefficients in U, of the form D(Mix;) involving non-commutative indeterminates x; on
which the derivations words A; act as unary operations. The differential ®(“/x;) is said to be a differential
identity on a subset T of U if it vanishes for any assignment of values from T to its indeterminates x;.

Let D;,; be the C—subspace of Der(U) consisting of all inner derivations on U and let d be a non-zero
derivation on R. By Theorem 2 in [23] we have the following result (see also Theorem 1 in [27]): If
D(x1,..., %% x1, ..., % x,) is a differential identity on R, then one of the following holds:

(a) eitherd € Djy;
(b) or R satisfies the generalized polynomial identity ®(x1,...,Xu, Y1,...,Yn)
Remark 3.4. Let I be a two-sided ideal of R. Then I, R and U satisfy the same differential identity.([27])

We refer to [[3], Chapter 7] for a complete and detailed description of the theory of generalized polyno-
mial identities involving derivations.

We are ready to prove the main result of the paper:

Theorem 3.5. Let R be a non-commutative prime ring of characteristic different from 2 with Utumi quotient ring
U and extended centroid C, L a non-central Lie ideal of R, F and G two non-zero generalized derivations of R. If
[F(u), u]G(r) = O for all u € L, then one of the following holds:

(a) there exists A € C such that F(x) = Ax, forall x € R;

(b) R € My(F), thering of 2X2 matrices over a field ¥, and thereexista € Uand A € Csuch that F(x) = ax+xa+Ax,
forall x e R.
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Proof. By Theorem 3 in [28] every generalized derivation g on a dense right ideal of R can be uniquely

extended to the Utumi quotient ring U of R, and thus any generalized derivation of R can be implicitely

assumed to be defined on the whole U and assumes the form g(x) = gx + d(x) for some g € U and d a

derivation on U. In light of this we may assume that there exist a,c € U and d, g derivations on U such that
F(x) =ax+d(x) and G(x) = cx + g(x).

Moreover it is known that there exists a non-zero ideal I of R such that 0 # [[,R] C L or char(R) = 2 and

R € My(F) for some field F (see [22, pp 4-5], [17, Lemma 2, Proposition 1], [25, Theorem 4]).
Since char(R) # 2, then by our assumption we have that I satisfies

D, 2, d(xr), d(32), 9(x0), 52) = [als x2] + (e 3], [, 22, 2] + g D) (3.1)
that is
(w1, 2, (1) d(x2), 9(x0), 952)) = [alr, 32] + ), 2] + [ de) b, )| el )
[l + 1), v + Lo de)] [, 221 - ), ] (3.2)
[, 22l + ) 2] + [, 0], [, 2] - [, )

Moreover, since I and U satisfy the same generalized polynomial identities as well as the same differential
identities (see Remarks 3.2 and 3.4), then U satisfies (3.1). In light of Proposition 2.12, we assume that d and
g are not simultaneously inner derivations.

Case 1: Assume that d and g are linearly C-independent modulo U-inner derivations. By Kharchenko’s
theorem in [23] and by (3.2), U satisfies

D(x1, x2,d(x1),d(x2), g(x1), g(x2)) = [ﬂ[xlzxz] + [y1, x2] + [x1, y2l, [xlzle] - c[x1, x0]
+ [a[X1,Xz] + [y, x2] + [x1, v2], [xl,Xz]] “[z1,%2] (3.3)
+ [a[xl,xz] + [y1, x2] + [x1, y2], [xl/le] - [x1,22].

In particular U satisfies the blended component

[[ymcz], [X1,x2]] “[z1,x2] 3.4)

thatis U is a prime ring satisfying a polynomial identity and hence there exists a field ¥ such that U C M;(¥)
with t > 1. Moreover U and M,(¥) satisfy the same polynomial identity. Assume ¢ > 2 and choose in (3.4)
Y1 = e1p, X1 = €1, X = exp and z; = epp. Thus, by computations, the contradiction e;, = 0 follows. Hence
t =1 and U is commutative, a contradiction to the non-commutativity of R.

Case 2: Assume now thatd and g are C-dependent modulo U-inner derivations. Thus there exista, 5 € C
and g € U such that ad(x) + Bg(x) = [g, x]. In this case we prove that a number of contradictions occurs.
Assume first that a = 0, so that g(x) = [p, x], for all x € U, where p = f~!q and d is not an inner derivation (if
not we are done). If d = 0, then (3.1) reduces to

[a[xl,Xz], [xl,Xz]]((c +p)lx1, x2] - [X1,x2]p) =0
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and by Proposition 2.12 we have that either p € C and ¢ = 0 (that is G = 0), or a € C. In any case we are
done.
Assume d # 0, hence by (3.1) we have that U satisfies

[a[xl,le T [d(xr), %] + e, d(x)], [xl,le]c[xl,le
(3.5)
N [a[xl,le + [de), x2] + [, d(x)], [xl,le][p, [xl,le].

Since d is not inner, then by Kharchenko’s theorem and (3.5), we have that U satisfies the generalized
identity

[a[xl,xz] + [y1, x2] + [x1, 21, [xl,le]C[xl,xz]

(3.6)
+ [a[xl,xz] + [y1, x2] + [x1, v2], [xl,xz]Hp, [x1/x2]]~
In particular U satisfies
[y, 221 + Ly sl ey G+ P, e = L sl (37)

Let u € U be such that u ¢ C and replace any y; with [u, x;] (for i = 1,2) in (3.7). Thus it follows that U also
satisfies

[, x21]2(<c + p)l, el - [ lp) (38)

Thus, application of Proposition 2.12 to (3.8) implies that c = 0 and p € C, thatis G = 0.
Let now 8 = 0, so that d(x) = [v, x], for all x € U, where v = a‘lq and g is not an inner derivation (if not we
are done). If g = 0, then (3.1) reduces to

[(a + 0)[x1, x2] = [x1, x2]o, [xl,xz]]c[xl,xz] =0

and by Proposition 2.12 it follows that either c = 0 or 4, v € C, that is, respectively, either G = 0 or F(x) = ax,
with a € C. In any case we are finished.
Let g # 0, then (3.1) implies that U satisfies

[(‘1 +0)[x1, x2] = [x1, x2]o, [xllxz]](c[xl,le + [g(x1), x2] + [xl,!](xz)])-

By Kharchenko’s theorem U satisfies

[(u +0)[x1, x2] = [x1, x2]7, [xl,le](C[xl,xz] + [y1, x2] + [x1, yz])

and in particular U satisfies
[(ﬂ +0)[x1, x2] = [x1, x2]0, [xlrxz]][yhle.

In this case, by [6, Theorem 4.7] we get U = M,(C) and a + v = —v + A, for some fixed A € C, that is
F(x) = —vx — xv + Ax, as required.

Finally we consider the case both a # 0 and 8 # 0 and write g(x) = [w, x] + yd(x) for all x € R, where w = !4
and y = —B~la # 0. Moreover we remark that d is not inner. Notice that, if d = 0 then (3.1) reduces to

[a[xl,xz], [xl/le]((c +w)[xy, 2] - [xl,xz]w) =0.
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Therefore application of Proposition 2.12 implies that either w € C and ¢ = 0 (thatis G = 0), ora € C. In any

case we get the expected conclusion.
Assume d # 0, hence by (3.1), U satisfies

[a[xl,xz] T [d(xr), x2] + [, d(x)], [xl,le]((c T w)[x, 3] - [xl,lew)

n y[a[xl,xz] +[d(x), x2] + [, d()], [xl,xz]]([d(xl), ]+ [xl,d(xz)]). )
By Kharchenko's result and (3.9), U satisfies
ot + Ly, 2] + [, w2 [, 2+ ), 2 = L o .
o fales o + s + Do, el BTy ) + B, e o
In particular U satisfies
[a[xl,xz], [xl,xz]]((c W), 3] - [xl,xz]w). (3.11)

Again by Proposition 2.12, it follows that either w € C and ¢ = 0, or a € C. Let the first case occur. Since

y # 0, by (3.9) we have [a[xl,xz] + [y1, x2] + [x1, y2], [x1,x2]]([y1,x2] + [x1, yz]) = 0. In particular U satisfies

[ﬂ[xl,xz], [x1/x2]][x1/x2]-
By [6, Theorem 4.7] the relation implies that either a € C or [x, y]* € Z(R). By the non-commutativity of R

the second case can not occur. So if w € C then a € ¢, as required. In the sequel we assume thata € C. In
this final case, (3.10) reduces to

[[yl,xz] + [, val, [xl,le]((c )l 0] - [, o)
(3.12)
+ V[[yl,xz] + [x1, 2], [xl,xz]]([m,xz] + [xl,yz]).

Now replace y; with [z, x;] for any i = 1,2 and for a fixed z € U such that z ¢ C. Then by (3.12) one has that
U satisfies

[z, [xl,xz]L((C +w + yz)[x1, x2] = [x1, x2](w + yz)). (3.13)

Since z ¢ C and by Proposition 2.12 we get w + yz € C and ¢ = 0. Thus by (3.12) it follows that U satisfies

[[ywcz] +[x1, 121, [x1,xz]][w, [xl,xz]]
(3.14)
+ V[[ylrxz] + [x1, y2], [xlrx2]]([]/1/x2] + [X1,yz])

and in particular U satisfies

[[XL y2l, [xhxz]][w/ [x1,x2]] + )/[[XL v2l, [X1,x2]][x1, yz]- (3.15)
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Notice that, since y # 0 and z ¢ C, then w ¢ C. Therefore (3.14) is a non-trivial generalized polynomial
identity for U. By Martindale’s theorem [30], U is a primitive ring having a non-zero socle with C as the
associated division ring. In light of Jacobson’s theorem ([20], page 75) R is isomorphic to a dense ring of
linear transformations on some vector space V over C. Of course we may assume dimcV > 2, because U is
not commutative. Consider first the case dimcV > 3. Since w ¢ C then there exists v € V such that {w, wv} is
linearly C-independent. Thus there exists v" € V such that {w, wv, v’} is linearly C-independent. Moreover,
by Jacobson Density Theorem, there exist 1, 72,5, € U such that
710 = 120 = Spv = v and

r(wov) =0, mn(wo)=v, nrnv =0, rnv'=0, v =wv
which imply
1,72 = 1,92 =y, 1,72 = 7 1,72 =y, 1,92 = - .
[r,m2]o =1[r1,8]v=0, [r,rn](wo)=7v, [r,n]v =0, [r,s]v wo

Therefore, by (3.15), it follows the contradiction

0= ([[ﬁ,sﬂ, [rl,rz]][w, [rl,rz]] + y[[rl,Sz], [7’1/7’2]][7’1,52])?) =-v #0.

Finally we study the case dimcV = 2, that is U = M(C), the 2 X 2 matrices over C. In this case we make the
following choices in (3.15): x; = e11, X2 = ez1, Y2 = e12. Thus, both left and right multiplying (3.15) by ey, it
follows that ej1wey; = 0. In a similar way one obtains exwe;, = 0. It is easy to see that the previous relations
imply that w is a diagonal matrix, and standard argument forces the contradictionw € C. 0O

Corollary 3.6. Let R be a non-commutative prime ring of characteristic different from 2 with Utumi quotient ring
U and extended centroid C, L a non-central Lie ideal of R, d and g two derivations of R. If [d(u), ulg(u) = 0 for all
u € L, then eitherd = 0 or g = 0.

We would like to conclude our paper with the following result, which is an application of the previous
one:

Theorem 3.7. Let R be a non-commutative prime ring of characteristic different from 2 with Utumi quotient ring
U and extended centroid C, I a non-zero two-sided ideal of R, F and G two non-zero generalized derivations of R. If
[F(x), x]G(x) = O for all x € I, then there exists A € C such that F(x) = Ax, for all x € R.

Proof. It is known that there exist ¢ € U and g derivation on U such that G(x) = cx + g(x). Using the previous
Theorem, we may assume that R € M(C), the ring of 2 X 2 matrices over C, and there exista € Uand A € C
such that F(x) = ax + xa + Ax, for all x € R. Thus U satisfies

[a, xz](cx + g(x)). (3.16)

Since R is a PI-ring, its Utumi quotient ring U is a finite dimensional simple central algebra and we may
consider U = M,(C), the ring of 2 X 2 matrices over C. Moreover R and U satisfies the same generalized
differential identities as well as the same polynomial identities.

Assume first that g(x) = gx — xgq, thus G(x) = bx — xgq, with b = c + 4. Hence U satisfies

[a, x*](bx — xq). (3.17)

Denote a = Y, aiieij, 4 = Y, gij€ij, € = Y Cij€ij, with aij, Gij, Cij € C. For x = eq1 in (3.17) and both left and right
multiplying by ex» we get

ax1q12 = 0. (318)
We remark that similarly one obtains

apgn = 0. (319)



E. Albag et al. / Filomat 32:4 (2018), 1285-1301 1299

Consider now the inner automorphisms x(x) = (1 + e21)x(1 — e21), p(x) = (1 — e21)x(1 + e21) in M>(C), and
denote x(a) = Y. ajeij, x(c) = X ¢jeij, x(9) = X q;ei, p(a) = L ajieij, ¢(c) = X ¢jeij and ¢(q) = ). q77eij. Since
[x(@), (e (0)x — xx(q))

and
[p@), ¥*1(@b)x — xp(q))

are identities for M»(C), then, by (3.18), a},4;, = 0 and 47,4}, = 0. By computations it follows that both

(a11 — axn — a12)q12 = 0 and (—a11 + ax — az)q12 = 0, which imply that
a12q12 = 0, (a11 — axn)q12 = 0. (3.20)

Therefore, if g1» # 0, then, by (3.18) and (3.20), we get a € C. Let g1 # 0. Now consider the inner
automorphisms p(x) = (1 + e12)x(1 — e12) and o(x)(1 — e12)x(1 + e12) in M>(C), and denote u(a) = Zalfjf’eij,

uq) = L q;j'eij, o(a) = Zazjei]’/ SOEDN qf}’ez‘j. Since

[0(a), ¢*1(o(b)x = x0(q))

and
[u(@), ¥ (u(b)x — xp(q))

are identities for M»(C), then, by (3.19), 47747 = 0 and and alf’zqg’l = (. By computations it follows that both
({122 — a1 — a21)q21 =0and (—azz + a1 — ﬂ21)£]21 = 0, which 1mply that axiqo1 = 0 and (azz - 1111)1]21 = 0. Since
go1 # 0 we get a1 = 0 and a, = a17. By (3.19), we also have a1, = 0 which implies that a € C. Consequently
if either g1 # 0 or g12 # 0, then we geta € C. So if g1 = 0 and q12 = 0 then g is diagonal.

In other words, either g is diagonal or a is central. Moreover, by using the same argument in Lemma 2.5,
it follows that either g € C or a € C. In this last case we are done, so that in the sequel we assume g € C.

Hence G(x) = cx and U satisfies
[a,x*]cx = 0. (3.21)

Replacing x with x + 1 in above relation we have [, x*]c + 2[a, x]cx + 2[a, x] = 0. Again replacing x with x + 1
in the last relation and using char(R) # 2 we get [4,x]c = 0 for all x € R. Since R is a prime ring we have
either a € C or ¢ = 0, as required.

Assume finally that g is not an inner derivation of R. If g = 0, then G(x) = cx and we conclude by the same
above argument. Let g # 0 be an outer derivation of R. In light of Kharchenko’s result and by (3.16)

[a, *](cx + y) (3.22)

is a generalized polynomial identity for U. In particular U satisfies [4,x?]y and by the primeness of U, it
follows that [a,7*] = 0 for all r € U. It is well known that in this case a € C follows, and we are done. []

The followings are easy consequences of Theorem 3.7.

Corollary 3.8. Let R be a non-commutative prime ring of characteristic different from 2 with Utumi quotient ring
U and extended centroid C, I a non-zero two-sided ideal of R, d and g two derivations of R. If [d(x), x]g(x) = O for all
x € I, then eitherd = 0 or g = 0.

Corollary 3.9. Let R be a semiprime ring of characteristic different from 2 with Utumi quotient ring U and extended
centroid C, d and g two nonzero derivations of R. If [d([x, y]), [x, yllg([x, y]) = O for all x,y € R, then d or g map R
into Z(R).



E. Albag et al. / Filomat 32:4 (2018), 1285-1301 1300

Proof. Since R is semiprime, U is also semiprime and C, the extended centroid of R, is a von Neumann
regular ring, so C includes idempotents elements. Let ¢ be the set of all idempotents of C. The elements of
¢ are called central idempotents. Let B be the complete Boolean algebra of ¢. We choose a maximal ideal
M of 8. By [1], MU is a prime ideal of U. Moreover MU is minimal in U, which is invariant under any
derivation of U. We know that (,; MU = (0) (see [[1], Lemma 1 and Theorem 1]). It is also well known
that the pair of derivations d, g on R can be uniquely extended to a pair of derivations on U (see [27]). Let

d, g be a pair of derivations on U = U/MU induced by d, g, respectively. Therefore d and 7 satisfy the same
property of d and g in U = U/MU. By the hypothesis

[d([x, y]), [x, yllg([x, y]) = 0

for all x, y € R. By [[27], Theorem 2] R and U satisfy the same differential identities. Thus U satisfies
[d(x, yD), [x, y1g([x, yD).

Furthermore, U satisfies

[d([%, 71), [%, 7117 (%, )

Since U is prime ring, by Corollary 3.6 we have either d(X) = 0 or §(¥) = 0 or [U, U] = (0). In any case,
we get either d(U)[U, U] € MU or g(U)[U, U] € MU for all M, that is either d(U)[U, U] € Ny MU = (0) or
g(UH[U, U] € Ny MU = (0). In paticular either d(R)[R, R] = (0) or g(R)[R, R] = (0). By easy calculations we
arrive at either [d(R), R] = (0) or [g(R), R] = (0). These imply that either d(R) C Z(R) or g(R) C Z(R). O
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