Filomat 32:4 (2018), 1359-1378
https://doi.org/10.2298/FIL1804359M

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

On Approximation Properties of Baskakov-Schurer-Szasz-Stancu
Operators Based on g-integers

M. Mursaleen?, A.A.H. AL-Abied?, Khursheed J. Ansari®

?Department of Mathematics, Aligarh Muslim University, Aligarh-202002, India
bDepartment of Mathematics, College of Science, King Khalid University, 61413, Abha, Saudi Arabia

Abstract. In the present paper, we introduce Stancu type generalization of Baskakov-Schurer-Szész opera-
tors based on the g-integers and investigate their approximation properties. We obtain rate of convergence,
weighted approximation and Voronovskaya type theorem for new operators. Then we obtain a point-wise
estimate using the Lipschitz type maximal function. Furthermore, we study A-statistical convergence of
these operators and also, in order to obtain a better approximation.

1. Introduction and Preliminaries

The g -calculus has played an important role in the field of approximation theory since last three decades.
In the year of 1987, Lupas was the first to apply the g -calculus in approximation theory. He introduced
the g -analogue of the well known Bernstein polynomials [11]. Another remarkable application of the g
-calculus advented in the year of 1997 by Phillips [12]. He used the g -calculus to define another interesting
g -analogue of the classical Bernstein polynomials. Ostrovska [19] obtained more results on the g - Bernstein
polynomials. In recent years, many studies have been done related to this subject [2], [3], [8], [9]. For
f € C[0, o), anew type of Baskakov-5zasz type operators proposed by Gupta and Srivastava [10] which is
defined as

Sn(f/' x) =n Z pnlk(x) L bn,k(t)f(t)dt, (1)
k=0
where
k — k k
pra) = (” +k 1)(1+XW bui(t) = (YZI)-e‘"f.

It is observed from [10] that these operators reproduce only the constant functions. In the last decade lots
of work has been done on g -operators and approximation by different types of summability operators. We
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refer the recent work in this direction due to Aral [1] and Mursaleen et al [16], [17], [18].

The g -integer [n];, the g -factorial [1],! and the q -binomial coefficients are defined by (see [11])

1-q" . +

[n]; := { 1-q liq € ]lf Vi) for n € N and [0], =0,
nn, ifg=1,
[nlgln —1];---[1];, n>1,

[n],! = { T ey

[ n ] _ ]!
k], kgt = kgt

There are two g -analogues of the exponential function ¢?, defined as (see also [11]):

For|z|< and|q|<1

1
) = Z[qu (s

andfor|gq <1,
where (1 -x)5 = [TZo(1 - ¢/%) .

(o]

E@=[[(1+0-g0q72) iﬂlkz
k=0

=0

—(1+(1 0z);

The g -improper integral is defined as

o0 /A

f@)dgt = (1 - q)Zf(—)— A>0.

nez

The g -Gamma function is given by

co/A(1-q)
T,(u) = K(A, u) fo t e, d,t,

where

u

A 1 ! 1-u
K(Au) = == A( +Z)(1+A)q.

In particular, foru € Z , K(A, u) = 21) and K(A4,0)=1.

1360

In [21], Yiiksel introduced the q -Baskakov-Schurer-Szdsz type operators SZ,p( f;x), which was general-

ization of (1).

o co/A(1—q)
Sy = I+ 1L Y bus®) [ s 0F 0t
k=0

where

[ n+prk-1] X
bupi(®) = [ k ]6] A+ vk

([n+p] t)k —[n+
Supk(t) = Tq'q eq[ plat

()
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2. Operator and some auxiliary results

Letp,ke N,neIN\ {0}, A>0 and f be a real valued continuous function on the interval [0, ). For
every n€IN,0<g<1 and f€C,[0,00):= {f € C[0,00): f(t) = O(t") as t = oo for some y > 0}.

We introduce the Stancu type generalization of 4 -Baskakov-Schurer-Szasz type linear positive operators
as

. d oo/A(1=q) [n+plt+a
S = 0P Y g0 J A e e ®)

Incaseqg=1,a=0,$=0 and p = 0, the above operators reduce to the operators (1). Fora =0, =0
the operators (3) reduce to the operators (2).

Lemma 2.1. (see [21]). For SZ/p(t’";x) ,m=20,1,2, one has

0 Si,Lx) = 1,
1 1
il SZ tx) = —=x+ ,
(ii) Syt %) Pl P
Gy Sy = P, 112rq 1t
np\t s

+ X+ ,
7°ln +plg Pln+pl, Pln+pl;

+p+1n+p+2 14+20+32+28° +gH)[n+p+1
(i) L) = [r+p+1glntp+2ly , (1+29+3¢"+2q +q)n+p+1l ,

q2[n +pl; g n +pl;
+1+3q+5q2+5q3+3q4+q5 +1+2q+2q2+q3
P[n +pl a°[n +pl;

(m+p+1l[n+p+2n+p+ 3]qx4
q[n +pl;
(1429437 +44° +3¢* +2° + ) n + p + 1y [n + p + 2]
q19[n +P]$
A+7F + 112 + 144" + 149 + 110° + 797 + 3¢® + @) [n + p + 1]
+ q17[n +p]3
+1 +4g + 9% + 15¢° + 19* + 19¢° + 15° + 997 + 4¢° + qu
q14[n +P]3
+1 +3g + 5% + 64° + 5¢* + 3¢° + ¢°

qlo [n + p]é

(©)  Shp(t2)

+

9
X3

'ix2

Lemma 2.2. Let S )( f;x) be given by (3). Then the followings hold:

ngq,p
i) S“Pmx = 1,
(i) SP(t ) n+ Pl 1+qa
nq,p\-s

Pln+pl+p)  qn+pl,+p)’
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[n+pln+p+1], , (A+2q+@ +27a)[n+pl;  (1+q+2¢a+g¢°a?)
Pl 4P @A tpE @ pl P
[n+plhn+p+1n+p+ 2]qx3
12([71 + p] + 6)3
(1+29+3¢4+2¢° +q¢* + 3¢° a)[n+plyln+p+1], 2
" 7+ ply + PP
(1+3q+5¢*+5¢° +3¢* +¢° + 3 a(1+2q+q2)+3q7a2)[n+p]
* P +pl, + P
(1+29+2¢* + ¢ + 3¢°a(1 + q) + 3¢°a* + ¢°a®
+
q%([n + ply + B)°
[n+plyn+p+1n+p+2,n+p+ 3]qx4
7 ([n+plg+p)*
[n+ p]q[n +p+ 1]q[n +p+ 2],1
q"°(n+ply +p)*
[n+plln+p+1],
17([” + p]q + ﬁ)4

+11¢° + 77 + 3¢° + ¢° + 49°a(1 + 29 + 3¢4* + 2¢° + ¢*) + 64" 2)

(iii)  SuP(t; %)

(i) SWPW;x) =

7

(©) Sppthx) =

(1+2q+3qz+4q3+3q4+2q5+q6

+4ql9a)x3 +

(1 +7¢%* + 11¢° + 144" + 14q°

N [n +p],
q"*([n +ply + p)*
+9q7 + 4q8 + q9 + 4q5a(1 +3g + Sq2 + 5q3 + 3q4 + q5) + 6q9a2(1 +2q + qz)

+4q12 3)

(1 +4q +9¢% + 15¢° + 19¢* + 19¢° + 15¢°

1 ( 2,3 =4 a5
+—————|1+39+59"+6q° +59" +3
]0([n+p]q+‘8)4 q q q q q

+q6 + 4q40c(1 +29+ 2q2 + q3) + 6q7a2(1 +q)+ 4q a®+ q10a4)

Proof. (i)
( ) [ OO/A(l_Q)
Snaqﬁp(ll x) = [Yl + P]q Z bn,P,k(x) f(; S"’p’k(t)dqt
k=0
) 0 T'k+1)
= [n+pl, ; bk ) TR A, K+ Dl + 7],
= 1.
(ii)
co/A(1—q) t

fqaqﬁrz(t x) = [n+P]qu"Pk(x)f skl [[n J‘r";;]]qq :g)d t

- ([n+P]q+ﬂ)Zb”pk(x)f k]q‘ o

aln + p]q fDO/A (1-9) ([Tl + p]qt) —[n+plqt
NCErETP- Z Presl2) T
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[n+ P]q o
N TET Y (Shp(t; ) + (CESIEYs) (Syp(1;x))
r+ply, 1 . 1 " a
([n+ply+B)q 2% gln+pl,”  (n+pl;+p)
[n+pl; 1+qa

7A([n +ply + ﬁ)x " q([n+ply +B)

(iii)

) oo /A(1-q) [n+p] t+a
Sf«z qﬁ;(tz/x) = [n +p]qZ bnpk(x)f Snpk T’l + p]qq +ﬁ ) d :

[n+p oo/A(l=q) ( n+p]t _[n+
= Wirpl, PR Zb”’”‘(x)f N

20([71 + p]q /A=) ([Tl + P] t)k ~[n+pl,
n+p] +ﬁ)2 Zb"”k( f [k],! “ dt

o [Tl + p]q oo/A(1=4) ([n + p]qt)k —[n+plyt
n + P]q + ﬁ)z Z b”Pk( f [k]q! eq dqt
[n+pl; 2a[n +pl, a?

= — 1 (T () —— (] S

G+l +pR o G g O D T G

3 [”+P]2 n+p+1], , 1+2g9+¢° 1+g

T [ty +/3)2( Tn+pl, | Plntpl, “q3<[n+p1q>2)

. 2a[n + pl, (l L1 )+ a?

(n+ply+ B \g*  qln+ply/  (n+ply+p)>?
[n+plyn+p+ 1]L,x2 N (1+2q+g*+25%a)[n + p]qx . (1+g+29%a+ ¢°a?)
q°([n + ply + B)* 7 ([n+plg + p) 7 ([n +ply + p)?

(Sp(L;x))

(v)

) oo /A(1~q) [n tplt+a
S;qﬁrz(t‘l,x) = [n +p]qunpk(x)f Snpk T’l +p]qq +ﬁ ) d t

[n+pl, o/A(1=q) ( n+p]t _[n+
W)y +ﬁ>4zb””k(x)f IR

40([71 + p]q /A=) ([Tl + P] t)k ~[n+pl,
n+p +ﬁ)42bnpk( f [k]q_q dt

n+pl, AT ([n+ plgh) ™2 iy,
n+P]q+ﬁ)4anpk( f ST "t

3[n +pl, A ([n+ plg)™ iy,
n+p] +ﬁ)42bnpk( )f Y iyt

a*[n + P]q 0o/A(1=9) ([n + p]qt) ~[n+plyt
n+p]q+ﬁ)42bnpk()f Y it
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[n + p]?

6a’[n + plz

daln + p]s
(n+ply+p)*

4a3[n + pl,
(n+ply+p)*

(Sh,p(£5%))

T ply + By
o 1 1.
+ CETEYL (Snp(1;x))
[n+plhn+p+1n+p+2n+p+ 3],1x4
7([n+ply +p)*
[n+pliln+p+1n+p+2],
q%(n +ply + p)*
[n+plln+p+1],
+4q19a)x3 + 77 + P]q B

+11q6 + 7q7 + qu + q9 + 4q6a(1 +2g9 + 3q2 + 2q3 + q4) + 6q11a2)x2

(Sip(#2)) + (Sh,p(t;2))

(1+2q+3q2+4q3+3q4+2q5+q6

(1 +74% + 11¢° + 144" + 14¢9°

N [n+pl,
q"*([n +ply + p)*
+977 +4¢° + ¢° + 49°a(1 + 3 + 5¢° + 5¢° + 3" + ¢°) + 64°a*(1 + 29 + ¢%)

(1 +4q + 9% + 15¢° + 194" + 19¢4° + 15¢°

+4q12a3)x + 1+3q+5¢* + 64 +5¢* +3¢°

R
+q6 + 4q4oz(1 +29 + 2q2 + q3) + 6q70z2(1 +q)+ 4q9a3 + qw 4).

Lemma 2.3. Foreveryq € (0,1), and p € N, we have

. [n+p] 1+qa
@B s _ o, _ 7 _ - @
OsER=20 = (G P T v
el [n+plgln+p+1] 2[n +pl
@B _ 2oy g g g 2
@S- = Fn+pl,+ B2 Pn+pl, +P) )
+((1+2q+q2+2q3a)[n+p]q ~ 2+ 2qa )x
7(n+plg + B> q([n +ply + P)
(1+q+2¢%a +g°a?)
7([n+ply +p)?
=: ﬁn,q(x)/
@B d _ ([n+plhln+p+1gn+p+2], [n+p+3], 0
(ii))S,gy((t = 0)% ) = { P+l + P (([n TP 4 )
[i+ply (Bln+p+1ly ¢ 4
+([n +ply + ﬁ)(([n +pl; +B) 49 )+ 1}x
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U;Qﬁﬂi;i;g%kl+2q+&f+4f+3¢+2f+q%

+4q19a]({21z—]:_'_2];) - 4[q8(1 +20+ 3¢ +2¢° +q*) + 3q13a])
2 3

+q5([” +1p]q +p) [3(1 ‘("[2‘1;1 :Ifsz)q 2 4 (1 + qa)]}XS

+{%([(1 +7¢% + 11¢° + 14g* + 149° + 11¢° + 74’

[n+p+1],
([n + P]q +B)
—4[q8(1 +3g + 5q2 + 5q3 + 3q4 + q5) + 3q12a(1 +29+ qZ) + 3q15a2])

+3q8 + q9) + 4q60c(1 +2q + 3q2 + 2q3 + q4) + 6q11a2]

3(1+2q+2¢%a +g°a?)) , 1 )
7([n + pl, + B)? } {q14([n +pl; +B)° ([(1 +4q+9q

+15¢° + 199" + 199° + 15¢° + 997 + 4¢° + ¢°) + 49 a(1 + 39 + 5¢°

+
+59° + 34" + ) + 60°a*(1 + 29 + 4°) + 4q120€3]%
q

—4 q8(1 +2q+ 2q2 + q3) + 3q“a(1 +q)+ 3q13a2 + ql4a3])}x
1

+—

q"([n +ply + p)*

+4q4a(1 +2q+ 2q2 + q3) + 6q7a2(1 +q)+ 4q9a3 + qlo 4).

((1 +3g + 5q2 + 6q3 + 5q4 + 3q5 + q6)

Lemma 2.4. For every x € [0, c0), we have

() lim [n], S (= x);x) = 1+a,
(id) lim [y, Sy (E = 0% %) = x(2+ ).

Lemma 2.5. For f € Cg[0, o0) (the space of all bounded and uniform continuous functions on [0, o) endowed with
norm || f ||= supi| f(x) |: x € [0, o0)}), one has

1S 1< £

3. Direct Theorems

In this section, we prove some direct theorems for the operators Si,a,ﬁz (f;x).

Theorem 3.1. Let 0 < g, <1 and A > 0. Then for each f € C,[0,00) , the sequence of operators s,ﬁ“qff ?p( fix)
converges uniformly to f on [0, A] if and only if im, e gn = 1.

Proof. First, we suppose that lim,_,., g, = 1 . Then we will show that S;aqf ?p (f;x) converges to f uniformly

on [0,A] . Note that for 0 <g, <1 and g, — 1 forn — oo, we get [n +p];, — o0 asn — co. Now it can

. [”+P]qn _ n ([P]qn -1) _ B [71+p]qn [”+P]q;;
be easily seen that ;o7 5 = 1+ Qs 55 — Gl p - SO Whenn — oo, gy — 1 and o i — 0.
Using this and the Lemma 2.2, we find that
(a,B) (@,B) (a,B)
S"[fﬂélp(l; X) -1, Sﬂa,qu,p(t; X) - X, Snb,yqf,p(tz; X) - xZI
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uniformly on [0, A] asn — co.

Therefore, the Korovkin’s theorem proves that the sequence qu »(f;x) converges uniformly to f on
[0, A] provided f € C,[0, ).

We shall prove the converse by the method of contradiction. Suppose that the sequence (g,) does not

converge to 1 . Then there must exist a subsequence (g,,) of the sequence (g,) such that g,, € (0,1),

. 1-qy, . .
gn, = 60 €1[0,1) aszem.ThenW:W—ﬂ—é as i — oo because (g,,)" — 0 asi — co.

. . olap) (ap)
Now if we choose n = n;,q = g,,, in Sn‘)fq/j,p(t; x) from Lemma 2.2, then we get S,ffq{ip(t; X) = mx +

5 +1ﬁ_(f—6)) (1?591(1625)) , which is different from x when i — oo, which contradicts our supposition. Hence,

limy e gn = 1. Thus the theorem is completely proved. [J

Theorem 3.2. (Voronovskaja type theorem) Let f € C,[0,00) and q, € (0,1) be a sequence such that q, — 1 and
qn — 0asn — oo such that f', f” € C,[0, ) and x € [0, o), then we have

x(2 +x)

lim [r], (SSP(F0 = fx) = (L +a)f'(x) + = f).

Proof. By Taylor’s formula, we have
f() = f) + (E=x)f'(x) + f"(x) —x)? +r(t, (-0, (4)

where r(t,x) is the Peano form of the remainder and lim;_,, 7(t,x) = 0 . Applying S,(fqﬁ ; f;x) to the both
sides of (4), we have

[l (SS2(Fr0 ~ F0) = g, f @S, = 050) + 3y, @IS~ 075
+[n]y, S5 (= 2%r(t, x); ).

1,45

Now, we will show that [n],, naqf )p(( x)?r(t,x);x) — oo when n — oo . By using the Cauchy-Schwarz

inequality, we have

SUB (¢ = %Pt 00;3) <SSP, 026, x);3) SO, (t - %), ©)
We observe that r*(x,x) = 0 and *(;, x) € C,[0, ) . Then, it follows that

lim [y, S\ (3t %); %) = r2(x,%) = 0, (6)
uniformly with respect to x € [0, A] , where A > 0. Now from (5), (6) and Lemma 2.4 , we obtain

Tim [y, Sin (8, ) (¢ = 2% %) = 0 7)

Now from (7) and Lemma 2.4, we get the required result. [

4. Local approximation

For C3[0, o), let us consider the following K -functional:

Ko(f,8) = inf{ll f=gll +5 1l g" II},
geW?

where 6 > 0 and W? = {g € C5[0,) : g,g" € Cp[0, )} . By Theorem (2.4) of [4], there exists an absolute
constant C > 0 such that

Ka(f, 6) < Can(f, Vo) 8)
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where

wy(f, Vo) = sup sup | f(x+2h) —2f(x +h) + f(x) |

0<h< Vo X€[0,)

is the second order modulus of smoothness of f € Cg[0, o) . The usual modulus of continuity of f € Cg[0, o)
is defined by

w(f,0) = sup sup | f(x+h)—f(x)].

0<h<6 x€[0,00)
Theorem 4.1. Let f € Cp[0, 00), and q € (0,1) . Then for every x € [0, o) , we have

1+qa N [n +pl, ‘e
g(n+ply+B)  g*(n+ply +p)

| SER0 ~ F0) I Canf, 5,0 + o, ) ©)

where

1+ ga [n +pl, )2

_ (@,B) _ . -
6n<x>—\/5n,q,p<<f x)z’x)+(q([n+P]q+ﬁ)+¢12([”+P]q+5)x '

Proof. Introduce auxiliary operators as follows:

1+ qo N [n+ p]q
qn+plg+B)  ¢*(n+ply+p)

Suastfi0 = S - A )+ f0).

In the light of the Lemma 2.2, it can be easily seen that gfqaqﬁ;(l ;) =1 and gf:f;(t; x) = x . Now from the

Taylor’s formula, for g € W? , we can write

t
g = g) + g (o)t - ) + f (t - w)g” (uw)du.

g(ﬂtrﬁ)

Applying the operators S, ; ,

to both sides of the above equation, we get

<(ap)
Sn,q,p(g/' x) — g(x)

t
= G (XIS (t = X%) + Sy ( f (t- u)_l]"(u)du)

t
=(a,p) 4
Snap ( f (t—u)g (u)du;x)

t ﬁﬁw%z(gi:}? w7 1+ga [n+p]
=S§l“’ﬁ)(ft—u ”udu;x)—fq ! ( + 1 x—u) " (u)du.
ar ), =097 i Wpl,+p  Enrp,p W

Therefore, we will have

_(a/ﬁ)
Sn,q,p(g; x) - g(x)

1+qa [+ pl, x)zll =z

@B r _ 2. ’ -
< s -oeig” +(q([n I A RS

=500 1 g” Il
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In view of (9), we obtain

| Shap(fi0) = f@) | < |§,(ff,;‘2(f_g,.x)_g(x)| +|§,(f,if;(g;x)—g(x)|
1+qa [n+pl, )
+‘f q([n+p +B) 2([”+P]q+ﬁ)x f(x)’
By Lemma 2.5
IS (Fx) < 31 £ 1,
50, we get
aﬁ) _ 2 1 ) 1+ ga [n +P]q )
IR = @41 S =g I3 g e i o + e )

On taking the infimum of the right hand side running over all g € W? and using the definition of the
Peetre’s functional, we get

g@p) +qa [n +pl, ~
nqp(fx f(x |<4K2(f 6)+wf|q(n+p +ﬁ)+q2([ﬂ+iﬂ]q+ﬁ)x ‘)
Now in view of (8), we obtain

1+ga N [n +pl, N
qn+plg+p)  g*(n+ply+p)

| SB(f32) = £(x) IS Caonlf, 6(0)) + w( ,

_x),

and this completes the proof of the theorem. [J

Theorem 4.2. Let f € C,[0,00), g, € (0,1), such that q, — 1, asn — oo and wq41(f,0) be its modulus of
continuity on the finite interval [0,a + 1] C [0, 00). Then, we have

| S0 = F3) 1< 4MA(1 + @B, () + 2601 (£, \fBug, )
where B, 4,(x) is defined in Lemma 2.3.

Proof. Forx € [0,a] and ¢t >a+1, sincet —x > 1, we have

[ t—x]|
5

| £(£) = fx) 1< AMf(1 + a®)(t — x)* + (1 + )wm( £,6), 6> 0.

Thus, by applying the Cauchy-Schwarz inequality, we have

naqf)p(f x) = f(x) |
< M1+ @)L (= 0% 0) + e (£,0)(1+ 350, (- 075!

=4Ms(1 + 0*)Bug, (X) + 2441 (f, B, (x)),

Choosing 6 = /Bu4,(x) we have desired result. [J
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5. Weighted approximation

The weighted Korovkin-type theorems were proved by Gadzhiev [7]. A real function y(x) =1+ x? is
called a weight function if it is continuous on R and limj—« y(x) = o0, (x) > 1 for all x € R.

Let B, [0, ) be the set of all functions f defined on the positive real axis satisfying growth condition
| f(x) |< Mysy(x) , where My is a constant depending only on f . B,[0,) is a normed space with the
norm || f |l,= sup{| f(x) | /y(x) : x > 0} , for any f € B,[0,00) . C,[0,00) denotes the subspace of all
continuous functions in B, [0, c0) and C; [0, o) denotes the subspace of all functions f € C,[0, o) for which
limpy e (f(x)/y(x)) exists finitely.

Theorem 5.1. Let g, € (0,1) be a sequence such that g, — 1 asn — oo . Then, for every f € C}[0, o) , we have
lim || 527, (;) = () [l,= 0.
Proof. Using theorem in [6], we see that it is sufficient to verify the following three conditions

lim || S (#;x) =« |,=0,  r=0,1,2. (10)

Since, Sfqu 3p(1 ;x) =1, the first condition of (10) is satisfied for » = 0 . Now,

| Shp(t) = x|

S(a,ﬁ) t’ ~ _ n,qn,p
I Sngup(tx) =2l = sup =577
n+ Lt
2[—PL,” —1| sup 2t I
i +pl, + B lxcpoeny L+x2  qu(ln +ply, +P)
[7’[ + p]CIn 1 * qna

_— - B e ——
([ +ply, +B) ' qu([n +ply, +B)
which implies that the condition in (10) holds for » = 1. Similarly, we can write
g@h)
Snap(t2) =2 |l
| S\ (%) — 2 |

1+x2

= sup
x€[0,00)

[n+plg,[n+p+1],
a5([n +ply, + B

x2

p
rel00) 1+ x2

(1+2g, + 2 + 2q30)[n + pl,, x (1+ gy +2¢%a + g3a?)
‘“72([” + p]q,, + ,8)2 x€[0,00) 1+x2 ‘“72([” + p]q,, + .8)2
- [n+plg,[n+p+ 1]% ‘ ‘(1 + 20, + @2 + 23 a)[n + pl,, +(1 +qn + 202 + ‘12012)'
aa([n +ply, + B 3 ([n + ply, + ) g ([n +ply, + P
Which implies that
lim | an p( %x) =2 |l,=0,

(10) holds forr=2. O

Theorem 5.2. Let o >0, g, € (0,1) sequence such that g, — 1 asn — oo and f € C;,[O, 00) . Then, we have

. | Sy = F |
lim sup IR
n—00 x€[0,00) (1 +X ) @
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Proof. Let xy € [0, 00) be arbitrary but fixed. Then
| Sap(fi3) = f@) |

x€[0,00) (1 + x2)1+a
|SSPF0 - F | 1SS - f) |
= 2\1 sup 2\1
x<xg (1 +x2)l+a x>Xp (1 + x2)tte
(ap) 2.
S 1+t5x) | | £(x) |
(a,B) | 14n,p
<||S - + —_—
<l n,q,,,p(f) f ”C[O,xo] | f ||v iljag (1 +x2)1+0z >0 (1 +x2)1+a
. I1f1ly
Since | f(x) I<Il f I, (1 +x?), we have sup,_ (gg))]lm < (1J{x§)a )
to be so large that
Iflh e
(1+x2) 3
In view of Theorem 3.1, we obtain
L | S+ 501 1422 e
flly v (1 + x2)1+a T (14 a2l fly= 1+ x2)a
£l €
hS ﬁ < g
(1+x7)

Using Theorem 4.2, we can see that the first term of the inequality (11), implies that

1SSP () = F llctosr< = 3 6 noe
Combining (12) and (14), we get the desired result. [
For f € C}[0, ) , the weighted modulus of continuity is defined as
| f(x+h)— f(x) |
Q. (f;0)= s —
woo<hes 1+ (x+h)

Lemma 5.3. For every f € C}[0, o), then

(i) Q,(f;0) is monotone increasing function of 5,
(i1) limyo Q,(f36) = 0
(iti) forany A € [0, 00), Q,(f; A0) < (1 + A)Q,(f;0).

Theorem 5.4. If f € C}[0, %), then for sufficiently large n , we have

a/s)p(f x) — f(x) I< K1+ x**"MQ,(f;6,), x €[0,00),

n,qn
where A > 1, 0, = max{ay, B, yn} and K is a positive constant independent of f and n .
Proof. From the definition of Q,(f;6) and Lemma 5.3, we have
| ¢
)

oo

| ft) - Fo) | < (1+(x+|t—x|)2)(1+ x')Qy(f;é)

| t—x

< (1+Qxc+ t)z)(l +

= (Dx(t)(l + %‘Px(t))Qy( £:5),

1370

(11)

Let € > 0 be arbitrary. We can choose x

(12)

(13)

(14)
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where @,(t) = (1 + (2x + )?) and W,(t) =| t — x | . Then, we obtain

S50 = £ 1= (SE @0 + 3-S50, ).

1371

Now, applying the Cauchy-Schwarz inequality to the second term on the right hand side, we get

;aqﬁ)p(f x) = f(x) I< (Siaqﬁ)p(q)”x) + = \/ Snaqf) %) \/Sitaqf) ;x))Qy(f  On).

From Lemma 2.2

1 ([n +plg,[n+p+1], ) x?
1+x2 35(n +plg, + 2 /1+22
(1 +2g, +q; +2qna)[n +plg, | x
( gl + plg, + B)? )1 +x2
+((1 +qn + 292 + qf,az)) 1
qm(n+ply, +pP  /1+x

e Zs;“qff),,(l + 12 x)

<1+Cy,  forsufficiently large n,

where C; is a positive constant. From (16) , there exists a positive constant K; such that S

1_g@p)

1+x4 ”'7 P

Ki(1+x?), for sufficiently large nn. Proceeding similarly,

(15)

(16)

r:xqﬁ)p (q)x; X) <

(1+t%4x) < 1+ C,, for sufficiently large n

, where C, is a positive constant. So there exists a positive constant K, such that ,/S(a B )p(CD ;%) < Ko(1+x2)

, where x € [0,00) and n is large enough. Also, we get

(a,B) 2. [1’1 + p]q’l [7’1 + p + 1]% _ 2[” + P]qn 2
SVI A F’(\er x) ( qg([]fl N p]q” N ‘8)2 q%([n N p]qn N ﬁ) + 1)x
((1 +200 + gp + 2 +ply,  242q.a )
aa(ln + plg, + B)? an([1 + plg, + B)

1+ gy +2¢2a + g3a?)
g ([n +ply, + P2
a,,xz + BuX + Vi

IN

Hence, from (15) , we have

naqﬁ)p(f x) - f) <@ +x )(Kl + %Kz \anX? + Bax + yn)Qy(f; On)-

If we take 0, = max{ay, Bu, Vn} , then we get

naq[j) Lix)—-fx)] < 1+ xz)(Kl + Ky Va2 + x + 1)Qy(f;6n)
< K1+ a2HQ,(f;60),

for sufficiently large n and x € [0, 00) . Hence, the proof is completed. O
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6. Point-wise estimates

In this section, we establish some point-wise estimates of the rate of convergence of the operators Si, qﬁ 13
First, we give the relationship between the local smoothness of f and local approximation. We know that
a function f € C[0, o) isin Lip,,(n) onE, n € (0,1], E be any bounded subset of the interval [0, o) if it
satisfies the condition

[ f() = fx)I<SM|t—x|1, te[0,00) and x€E,
where M is a constant depending only onn and f .

Theorem 6.1. Let f € Lip,, (1), E € [0,00) and n € (0,1]. Then, we have

| S0 - f@ 1< M{5; (@) + 243, ), xe0,w),
where
1 [n+ p]q”[n +p+ l]qn 2[n + p]qn )
02 = - 1
) ( g([n+ply, + B2 qa(n+ply, +P) ’ )x

+((1 +20,+ gy + 2 +ply, 242 )x
ga([n + ply, + P2 an([n + ply, +B)
. (1 +gn + 2020 + goa?)
B[ +ply, + B

where M is a constant depending on n and f , and d(x,E) is the distance between x and E defined as
d(x,E)=inf{|t—x |: t € E}.

Proof. Let E be the closure of E in [0, 00) . Then there exists at least one point x € E such that d(x,E) =] x—x9 |,

| f() = fC) 1<l f(E) = flxo) [ +1 fx0) = f(x) .

(ap)
nap 1

| SO = FO | < SEP £t = Fxo) 152) + SSE f(x) = F(xo) |; %)

By our hypothesis and the monotonicity of S we get

A

< MSSP( t—x0 1T 2)+ | x = x0 ")
< MSSD(t—x12) +2 ] x—x0 ).

2 1 1
Now, applying Holder’s inequality with p = & and ; =1 -, we obtain

T

SR - 1< M{[S0 - x | w2 B,
from which the desired result immediate. [J

Next, we obtain the local direct estimate of the operators defined in (3), using the Lipschitz-type maximal
function of order n introduced by Lenze [14] as

a~)n(f;x): sup %, x€[0,00) and ne(0,1]. (17)

t#x,t€[0,00)
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Theorem 6.2. Let f € Cp[0,00),0 <n <1 and q,(0,1) such that g, — 1 asn — oo . Then for every x € [0, o),
we have

| SEB (F5) = F(x) 1< @y ()62 (0),

where 5,(x) = Sur (£ — x)%; ).
Proof. In the light of the Lemma 2.2, we have

1SCP (0 - F@) 1 <SP £ - () 1)
< wyf; x)Snaqﬁ) (| t=x]|"x)

and in view of (17) , we have
| f(t) = f(x) IS wp(f;2) [ £=x|T.
When we use the Holder’s inequality with p = 2 and 1 =1- ;—7 , we obtain
| Spap(fi0) = f@ | < @y(f; x)sn“q?p(u t-x %)

w,,(f; x)éfZ (x).
Thus, the proof is completed. [J

IN

7. Statistical convergence

Kolk [13] introduced the notion of A -statistical convergence by taking an arbitrary nonnegative regular
matrix A . Let A = (a,x) be a non-negative infinite summability matrix. For a given sequence x := (x), , the
A -transform of x denoted by Ax : (Ax), is defined as

(o]
(Ax), Z AnkXk,
=1

provided the series converges for each n . A is said to be regular if lim,(Ax), = L whenever lim,(x), = L
. Then x = (x), is said to be A -statistically convergent to L, i.e., sty — lim,(x), = L if for every ¢ > 0,
limy, ¥ jep—rjze @k = 0 . If we replace A by C; then A is a Cesaro matrix of order one and A -statistical
convergence is reduced to the statistical convergence [5]. Similarly, if A = I, the identity matrix, then A
-statistical convergence is called ordinary convergence. Now we take a sequence g, such that g, € (0,1)
satisfying the following;:

sta—limg, =1, sta—limg, =a€(0,1), sts— hm % =0. (18)
n n qn

Theorem 7.1. Let A = (a,) be a non-negative reqular summability matrix and q, be a sequence satisfying the
above conditions. Then for any f € C,[0, c0) , we have

sta—lim | Sy, (f;) = f 1= 0
Proof. Let e;(x) = x',wherei=0,1,2. Then, from Lemma 2.2 (i), we have

Sta — hm [ annp(eo, )—e =0
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Next, again from Lemma 2.2 (ii), we have

1+gua

lim || S“P (e1;) — e II< T
m [ Sg,pler;) —er ol + P

[n +pl,, 1’
-
7a([n +ply, + B)

and in view of (18) , we have

1 n+p
sty — 11m( ! — ] 1):
G l—q," + B —qy)
and
1+g,
sty — hm(—)
. gn([n + ply, + B)

Now, for a given € > 0, let us define the following sets:

u = {n e N Sfff,;f?p(el;-) —e |2 8}/
1 1’l+p
= {ne S 125
qn 1 qn +,8(1 q”) 2
1+qn £
R P T

The containment U C U; U U, is obvious which in turn implies that

Zank < Z Ak + Z Ak,

neld nel, nelly
and hence, we have

sta—lim || Sy (er;) = er II= 0.
n

Further, using Lemma 2.2 (iii), we have

159 (e2i) — e

(1+ gy +2¢%a + ga

1374

2).

qn(l G’ + B(1 = gu))? Fa(L =g, " + (1 — gn))?

From (18) , we have

1— n+p 1— n+p+1

sta = lim( =g )= ) -1) = o
mAGe(L =g, + B = qa))?

sty — lim((1 +2g, + qn + ana)(l - qn p)(l - qn)) - 0

! G = qu ™" + B =)

2 3,2
sty — hm((1 +3qn + 20,0 + 4,0 )) 0.
n A qu([n+ply, + B)?

(1= g1 - g7 1‘ (1 +2g, + 4% + 2450)(1 — 4,"")(1 = q,)

gl +ply, +B)?
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Now, for each € > 0, we define the following sets:

Vv = {n eN:l sﬁlaqffp(ez, J-e > é‘},
Vio= {n EN: (-g, )0 - qnﬂm) -1> f},
ga(l =g, + B(1 — g,))? 3
v, - { (L4290 + 5 + ana)(l gn A=) _}
(1= g, + Bl = q,))? -3
v, = {neN: (1+3qn+2q%a+qn a?) S f}_
gn(ln +ply, + B)? 3

The containment V € V; U V, U V3 is obvious which in turn implies that

oS ) o+ et )

neVv nevVy nevp nevVs
Therefore, we get

sta —lim || S5 (e2;) = ez 1= 0.
n

This completes the proof. [J

Theorem 7.2. Let A = (an) be a non-negative regular summability matrix and q,, be a sequence satisfying (18).

Let the operators Silaqﬁ ?p ,n € N be defined as in (3). Then, for each function f € C,[0, o) , we have

sta —lim | S (f) = f 1,=0,
where y(x) =1+ x>, 1> 0.

Proof. It is sufficient to prove that sty — lim,, || S,(qu )p(e,, ) —¢; |l,= 0, where e;(x) = x',i=0,1,2. Then, from
the Lemma 2.2 (i), we have
. 8
sta —lim || Sy (e0;) = e lly= 0.

Next, again from the Lemma 2.2 (ii), we have

@B .y _ X [n +plg, ‘ 1 1+ gua }
IS, q,,p(ell y—erll, < xz[lglzo {1 T2 %( n+plg, + ‘3) 1+x2q,([n+ply, +P)
[n+p]qn _1‘ 1"‘%
g ([n +plg, +B) an([n +plg, + )’

For each € > 0, let us define the following sets:

G = (ks -elz el

k+p

1-

G o= o m— -12 2
qkl—qkp+ﬂ(1—qk)

B ] 1+qkoz £
¢ = {k'qk<[k+plqk+ﬁ>22}'
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The containment G € G; U G, is obvious which in turn implies that
Yk < Y+ Y o
keG keGy keGy

Hence, on taking the limitasn — oo,
st — lim || S22, (er;) — ex I}, = 0.
Proceeding similarly,

1S5 (e2;) —ex lly

(=g, - g, e (L+2, +q, + 2qna><1 -3, 4)
qn(l g+ - qn))2 Ta(L =g, " + (1 — gn))?

1+g,+ ana + qn
gl +ply, + B

Now, let us define the following sets:

M= ol sy - e iz e,
1- k+p 1— k+p+1 )
Ml = {k ( qk+)( q ) _125}/
TR qkp+ﬁ1—¢7k)
y {k (1+2g;+ g% + qua)(l 9.1 - q1) e}
2 = 3/
=3

71— p +B(L = qr))?
1+ g +20°a + .
o
7, ([k + plg, + B)? 3
Then we obtain M € M; U M, U M3 which implies that

Foas Yo T our T

keM keM; keM, keMs

Hence, on taking the limit as n — oo,

sta —lim || quf)p(@, )-ell,=0
n

This completes the proof of the theorem. [

8. Better estimates

It is well known that the classical Bernstein polynomials preserve constant as well as linear functions.
To make the convergence faster, King [12] proposed an approach to modify the Bernstein polynomials, so

that the sequence preserves test functions ¢y and e, , where ¢;(t) = #,i=0,1,2. As the operator quaq’g ;( f;x)
defined in (3) reproduces only constant functions, this motivated us to propose the modification of this
operator, so that it can preserve constant as well as linear functions. The modification of the operators given
in (3) is defined as

. D sl
Sehfi) = [n+P]qu O A

q ([n+p]q+ﬁ)x q(1+qa) for x € I

q
where 1y ,(x) = Gl = [m, ).
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Lemma 8.1. Foreachx € l,, by simple computations, we have

0 S =
(ii) St =x,
(i) Spap(E5x)
[n+p+1], ) (1+2q+q +2q a)[n+p]q—2(l+qa)[n+p+1]q
= x
g*[n +ply 7([n + ply + B)n + pl,
(1+qga)[n+p+1],—[n+ply(@ +ga) 1 + 29 + ¢* + 25°a) + (1 + g + 2¢°a + g°a?))
+ )
g ([n + ply + B)*[n + ply
Consequently, for each x € [, , we have the following equalities:
Swap(t=x:2) =0
Amﬁ)((t Py = ([n +p+1], ~ 1)x2 .\ 1429+ +2¢°a)[n +ply -2+ ga)[n +p + 1]qx
Snap 7*ln+pl, 7([n + ply + P)ln + ply
(I +ga)n+p+1lg—[n+pl(Q+ o)1+ 29+ ¢* + 25°a) +q(1 + g + 29 a+q3a2))
+
g4 ([n + pl; + B)*[n + pl,
=: &u(x). (19)

Theorem 8.2. Let f € Cp[0, ), and q € (0,1) . Then for every x € I, , there exists a positive constant C such that

| St (f3%) = f(2) < Caoa(f, VEL)
where &,(x) is given by (19).

Proof. Now from the Taylor’s formula, for g € W?,x€l, and t € [0, 00) , we can write

t
ﬂ0=mm+¢ww—xwlfa—m¢wm%

Applying the operators S to both sides of the above equation we get

"'H’
Y%M)WFﬂﬁWmeﬂmUﬁwwwmﬁ

Obviously, we have

t
hfa—uwwmmusa—xfnyw«

Therefore

1S53 - ) 1< St = 230 1 97 = &) 11 97 1.
Since

SR <,
we get

| SO = gx) [+ 1 (f = D) | + 1 e (g:2) = g(x) |
20 F=gll+&@) 1197 1.

Finally, taking the infimum over all g € W?, and using (8) we obtain

|SUD(fi0) — fx) < Canlf, VE)),

which proves the theorem. [

| SO (fr0) = f) |

IAN A
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