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Abstract. In our previous studies, we have defined a counterpart, called a di-extremity, to the classical
notion proximity in the complement-free setting of a texture. In this article, we will investigate relationship
between totally bounded di-uniformities and di-extremities. We will also characterize fuzzy proximities in
the sense of Artico-Hutton as complemented di-extremities on Hutton textures.

1. Introduction

In classical topology the notion of open set is usually taken as primitive with that of closed set being
auxiliary. However, since the closed sets are easily obtained as the complements of open sets, they often
play an important, sometimes dominating role in topological arguments. A similar situation holds for
topologies on lattices where the role of set complement is played by an order reversing involution. It is
the case, however, that there may be an order reversing involution available, or that the presence of such
an involution is otherwise irrelevant to the topic under consideration. To deal with such cases it is natural
to consider a topological structure considering of a prior unrelated families of open sets and of closed
sets. This was the approach adapted from the beginning for topological structures called fuzzy structures
originally introduced as a point-based representation for fuzzy sets. Then these topological structures
were called dichotomous topologies, or ditopologies for short. They consist of a family 7 of open sets and
a generally unrelated family « of closed sets. Hence, both the open and the closed sets are regarded as
primitive concepts for a ditopology and the open and the closed sets have the same role in the ditopology
as a topological structure.

A ditopology (7, k) on the discrete texture (X, P(X)) gives rise to a bitopological space (X, 7, k). This link
with bitopological spaces has had a powerful influence on the development of the theory of ditopological
texture spaces, but it should be emphasized that a ditopology and a bitopology are conceptually different.
Indeed, a bitopology consists of two separate topological structures (complete with their open and closed
sets) whose interrelations we wish to study, whereas a ditopology represents a single topological structure.

Ditopological spaces [2, 3] were introduced by L.M. Brown as a natural extension of the work of the first
author on the representation of lattice valued topologies by bitopologies [10]. However, in place of the full
lattice of subsets of some base set S, attention is now focused on a suitable subfamily of subsets, called a
texturing of S, and within this context bitopologies are replaced by dichotomous topologies, or ditopologies
for short. Fuzzy sets [21] can be represented as textures [5] and a texture provides a complement-free
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framework for generalizing topology related structures such as uniformities and metrics. For motivation
and background on textures the reader is referred to [4, 6-8, 15].

Di-uniform texture spaces and totally bounded di-uniformities were introduced by Ozcag and Brown
in [14, 16]. Later, they also gave a point-free representation of direlational uniformities in [17] as well as
they characterized Hutton uniformities [11] as di-uniformities on Hutton textures.

Proximity and quasi proximity constitute an important and intensely investigated area in the field of
classical and fuzzy topological spaces, because they possess rich topological properties as well as they
characterize totally bounded uniform spaces. With this motivation, di-extremial texture spaces were
introduced in [19] and [20] as a counterpart to the classical notion of proximity in the complement-free
setting of a texture. As it is shown in [19], there is a bijection between the quasi-proximities [13] on a set X
and di-extremities on the discrete texture (X, P(X)). Moreover the proximities on X are also characterized
in terms of the complemented di-extremities on the discrete texture (X, P(X), mx). Thus di-extremities are
generalizations of classical quasi-proximities and proximities. It is also shown that every di-uniformity and
every dimetric induce a compatible di-extremity.

The layout of the paper is as follows. In Section 2, we will recall some definitions about texture
spaces, ditopological texture spaces, di-extremities and difunctional uniformities briefly. In Section 3, we
characterize fuzzy proximities in the sense of Artico-Hutton [1] as complemented di-extremities on Hutton
textures. In Section 4, we will show that every di-extremity has a compatible totally bounded di-uniformity.
Thus we show that a ditopology is completely biregular if and only if it has a compatible di-extremity.
At the end of this section, we point out that the category of di-extremities with extremial bicontinuous
difunctions are isomorphic to a full, reflexive subcategory of difunctional uniform spaces with uniform
bicontinuous difunctions.

2. Preliminaries

We recall various concepts and properties from [4, 6-8, 15] under the following subtitle.

Texture and Ditopological Texture Spaces: Let S be a set. A texturing & on S is a subset of P(S) which is a
point separating, complete, completely distributive lattice with respect to inclusion which contains S, @ and
for which meet /A coincides with intersection () and finite joins \/ with unions | J. The pair (S, §) is then
called a texture space or shortly a texture.

In general, a texturing of S need not be closed under set complementation, but it may be that there exist
a mapping o : § — 8 satistying 0(6(A)) = Aand A € B = o(B) C 0(A) for all A, B € 8. In this case o is called
a complementation on (S, 8) and (S, 8, 0) is said to be a complemented texture.

For a texture (S, 8), most properties are conveniently defined in terms of the p — sets

Ps:ﬂ{Ae5|seA}

and the g — sets

Q=\/tae8IsgA)=\/{P,lueSs¢P,.

Recall that M € 8 is called a molecule if M #  and M C AU B, A,B € § implies M € A or M C B. The
sets Ps, s € S are molecules, and the texture (5, 8) is called “simple” if these are the only molecules in §. For
aset A € §, the core of A (denoted by A") is defined by

A =(Uailieniaiiencs, a=\/ialien)

Theorem 2.1. ([6]) In any texture (S, 8), the following statements hold:

1.s¢A>ACQ=>s¢A forallse S, A€S.
2. A ={s|Ag Q) forall A€S.
3. For Aj€ 8, j € Jwe have (\ i Aj)’ = U]E]A;’,,
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4. Ais the smallest element of 8 containing A for all A € 8.

5. For A,B €8, if A € B then there exists s € S with A € Qs and Ps € B.
6. A=(1Qs|Ps ¢ A}forall A€S.

7. A= VI{Ps| AL Qs forall A €8.

Let IL be a fuzzy lattice, in other words a Hutton algebra, i.e. a completely distributive, complete lattice
with an order reversing involution ” and L denote the set of molecules in IL and £ = {¢(a)la € L} where
@(a) = {m € Lim < a} for a € L. Then:

Theorem 2.2. ([5]) With the above notations, (L, L) is a simple texture with complement A(p(a)) = ¢(a’), a € L
and @ : IL — L is a lattice isomorphism which preserves complementation.
Conwversely, every complemented simple texture may be obtained in this way from a suitable fuzzy lattice.

Example 2.3. (1) If P(X) is the powerset of a set X, then (X, P(X)) is the discrete texture on X. For x € X,
Py = {x} and Q, = X\ {x}. The mapping nx : P(X) = P(X), nx(Y) = X\ Y for Y C X is a complementation
on the texture (X, P(X)).

(2) Setting I = [0,1], J = {[0, ), [0, 7] Ir € I} gives the unit interval texture (I, J). For r € I, P, = [0, 7] and
Q, =1[0,7). The mapping t: J — g, 1[0,7] =[0,1 — 1), ([0,7) = [0, 1 — r] is a complementation on this texture.
(3) The texture (L, £, A) is defined by L = (0,1], £ = {(0,#] | » € [0,1]}, A((0,7]) = (0,1 —7r]. Forr € L,
= (0,7] = Q,. This texture corresponds to fuzzy lattice (I = [0,1],”) in the sense of Theorem 2.2.
(4) Let X # 0, W be the set of "fuzzy points” of I¥, i.e. the functions

1(2) = m, z=x
M1 0,  otherwise

P,

for x € X and m € L = (0,1], where as before L is the set of molecules of I. By representing x,, by the pair
(x,m), it can be written that W = X x L. Then (W, W, ) is the texture corresponds to fuzzy lattice I¥ in the
sense of Theorem 2.2. where W = {¢(f) | f € IX}, (f) = {(x,m) € W | x,, < f} = {(x,m) € W |m < f(x)} and
w(p(f) = p(f’).

(5) 8 = {0, {a, b}, {b}, {b, c}, S} is a simple texturing of S = {a, b, c}. Clearly, P, = {a,b}, P, = {b}, P, = {b,c}. It
is not possible to define a complementation on (S, §).

(6) If (5,8),(V, V) are textures, the product texturing § ® V of S X V consists of arbitrary intersections of
sets of the form (AX V) U(SxB),A€ §,B€V,and (Sx V,8®V) is called the product of (S, §) and (V, V). For
s€S,vEV,Piy =Ps X Pyand Q) = (Qs X V) U (S X Q).

A dichotomous topology, or shortly a ditopology, on a texture (S, 8) is a pair (1, k) of subsets of §, where
the set of open sets 7 satisfies

(Th)S,0er,

(Tz) G,Goet=>G NGyeT,

(T3) Gietiel= V,;Gier,
and the set of closed sets « satisfies

(CT1)S,0€x,

(CTz) Ki,K; ex=>KiUK; €k,

(CT3)Kiex,iel = ;K; €x.
Hence a ditopology is essentially a “topology” for which there is no priori relation between the open and
closed sets.

Let (S, 8,0) be a complemented texture and (7, k) a ditopology on this texture. Then if 7 and « are related
by k = o[t], we say that (7, ) is a complemented ditoplogy on (S, 8, o).

Di-Extreme Ditopological Texture Spaces: A di-extremity [19] and [20] is a counterpart to the classical
notion of proximity in the complement-free setting of a texture. Let us recall the definition.



R. Ertiirk, G. Yildiz / Filomat 32:4 (2018), 1413-1427 1416

Definition 2.4. Let (S, 8) be a texture. 6, 0 two binary relations on 8. Then ¢ = (6, 0) is called a di-extremity
on (S, 8) if 0 satisfies the following conditions:
(E1) A5B implies A # 0, B # S,
(E2) (A U B)oC if and only if ASC or BsC,
(E3) AS(B N C) if and only if AGB or ASC,
(E4) If AéB there exist E € 8 such that AéE and EdB
(E5 )AéSB 1mphes A CB,
(DE) ASB & BJA,
(CE1) AdB implies A # S, B # 0,
(CE2) A(S(B U C) if and only if A6B or AOC,
(CE3) (A N B)oC if and only if A6C or BoC,
(CE4) If AJB, there exists E € § such that A¢3E and EéSB
(CE5) AéSB implies B C A.

In this case, it is said that § is the extremity, 0 is the co-extremity of 6 and (S, 8, 0) is known as di-extremial
texture space.

When giving examples it will clearly suffice to give only 6 satisfying the extremity conditions, since
(DE) may then be used to define ¢’ which will automatically satisfy the co-extremity conditions. This is
also the case for dimetrics [14] and difunctional uniformities [17]. Only when one removes the symmmetry
condition (DE) to produce a quasi di-extremity, it is absolutely necessary to consider both parts.

Let 6 = (5, 0) be a di-extremity on a complemented texture (5,8, 0). Define ¢’ = 0(d) = (5, 0’) where
forall A,B € $, AYB 0(A)oo(B) and AY’'B = 0(A)50(B). Then &' is a di-extremity on (S, 8,0). The
di-extremity 0’ is said to be complement of 5. A di-extremity 0 is said to be complemented if 6 = 0'.

For every A € 8, the interior of A, int(A) = ({Q;s | P.OA,s € S} and the closure of A, CI(A) = V{Ps |
Qs0A,s € S}. Thus every di-extremity 6 induces a ditopology (7(5), x(0)). In the case, where 0 is comple-
mented the induced ditopology (7(0), x(6)) is also complemented.

Proposition 2.5. ([19]) Let 6 = (5, 0) be a di-extremity on (S, 8). Then:

ASB,A CC,D C B = CoD.

2. If there exists s € S such that ASQS and PSEB, then ASB.
3. AOB,CC A,BC D = CdD.

4. If there exists s € S such that ASP; and Qs6B, then AOB.
5

. U;’ZlAi;gﬂ}”:l Bjifand only ifforalli=1,...,n,j=1,...,m, AiB;.

—_

Proof. We give only the proof of 5., the other proofs can be seen similarly. Suppose that foralli =1,...,n,
j=1,...,m wehave A;#B;. Then by (E2), for all j, UL, Ai#B;. By (E3), UL, Ai# (L, Bj. For the converse,
suppose that |J!; A;# ﬂ}tl Bjholds. Set A = UL, A;. Then by (E3), for all j, A# ﬂTzl B;. Now similarly, if we
use (E2), we get Ai§B; foralli=1,...,n,j=1,..., m. O

Sometimes proximity concept is also described as a strongly inclusion relation < such as in [13],[1].
Although implication is trivial, we believe this alternative approach is worth to be mentioned because it
may provide a smooth transition between classical proximities, fuzzy proximities and di-extremities.

Let (5,8, 06) be a di-extremial texture space. Define <, > as two binary relations on § such that A <
B & ApB and A > B < AJB for every A, B € 8. Then it is easy to show that the relations <, > verify
the following conditions: B

Q1) S«S,

(Q2) A < Bimplies A C B,

(Q3)B<«C,ACB,C<CDimpliesA <D,

(Q4) A; < Bjfori=1,...,n,j=1,...,mif and only if L, A; < ﬂTlej,
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(Q5) A < B implies there is a C such that A < C < B,

(Q6) A < B B> A.
Vice versa, given the binary relations < and > on § which satisfies the properties (Q1) - (Q6) above, one
obtains a di-extremity 0 = (6,0) putting A)B &< A < B and AgB <= A > B. In this case, («,>) is
also called a di-extremity on (S,8). We say that B is a 6-neighborhood of A if and only if A < B and C is a
O-neighborhood of D if and only if C > D. For the details about di-extremities, the reader is referred to [19]
and [20], and the details of proximity and quasi-proximity spaces can be seen from [9, 12, 13, 18, 19].
Di-Uniform Texture Spaces: Di-uniform texture spaces were introduced in [14] and later, a point-free
representation of direlational uniformities, called difunctional uniformities were given in [17]. We omit the
details and recall some fundamental definitions and results about difunctional uniformities.

Definition 2.6. ([17]) Let (S, 8) be a texture.

1. We denote by 5, (or simply Frx when there is no confusion) the family of functions ¢ : § — 8
satisfying
(a) AC @(A), forall A€ 8§, and ’
(b) (P(\/je/Aj) = \/jel p(Aj) forallA; €8, je].
2. We denote by 5, (or simply Frex ) the family of functions ¢ : 8§ — § satisfying
(@) P(A)C A, torall A€ §, and '
(b) lp(m]e]A]) = mje] l,b(A]) for all A] S S,] (S ]
3. We will denote by ?ﬁwm = fr"ﬁm X ?;CR (or simply Frpx).

Definition 2.7. Let (@1, ¢1), (92, ¥2) € Frox. If 1 < @2 and ¢, < Py then Frpx is ordered by (@1, 1) <
(P2, 92).

Definition 2.8. ([17]) For ¢ € Fxx, the right adjoint of ¢ is defined by ¢~ (B) = \/{A € § | ¢(A) C B}, for all
B € 8. Dually for ¢ € Fxex, the left adjoint of 1 is defined by ¢~ (B) = (\{A € 8 | B C ¢(A)}, forall B € 8.

Definition 2.9. ([17]) Let (f,F): (S,8)— (T,7) be a difunction and (¢, ) € ?;DR. With the equalities
(f, F)~(p(A)) = F(p(fA)), A € S and (f, )~ ({(A)) = f~(Y(F~A)), A € 8, we will define (f,F)"'(p,9) =
(£ D7) (D7) € Frpg

In this article, we will use the alternative characterization of difunctional uniformity which was given
in [17].

Definition 2.10. ([17]) Let (S, 8) be a texture. The subfamilies U C Frp and U C Frex satisfy the following
conditions: .

(UF) p e U, 1 € Frr withp < 1 = @1 € U,

(UF2) o1, 2 e U= 1 Apr €,

(UF3) p € U = Jg; € U with ¢;2 < ¢,

SYM) p e U = ¢ €,

(CUR) ¢ € U, Yy € Frexr with ) <¢p = 1 € U,

CUR2) Y, eU = Y1 Vi €L,

(CUF3) ¢ € U = Ty € U with ¢ < 9,2,
Then U = U x W is called a difunctional uniformity on the texture (S, 8).

Definition 2.11. ([17]) Let (S, §,U) and (T, T, V) be difunctional uniform texture spaces and (f, F) : (S, 8, U) —
(T, T,V) be a difunction. Then (f, F) is called U — V uniformly bicontinuous if the implication (¢, ) € V =
(f, F) Y@, ¢) € Uis satisfied.

Corollary 2.12. ([17]) Let (S, 8,U) and (T, T, V) be difunctional uniform texture spaces and (f,F) : (S5,8,U) —
(T, T,V) be a difunction. Then the following are equivalent.

1. (f,F) is W=V uniformly bicontinuous.

2. pe V= (f,F)p) e W

3. vy eV=(f,O)') e L
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3. Di-Extremities and Fuzzy Proximities

In this section we will investigate the relation between fuzzy proximities in the sense of Artico-Hutton
[1] and di-extremities on Hutton Textures.

Definition 3.1. ([1]) Let IL be a Hutton algebra, that is, a completely distributive, complete lattice with an
order reversing involution ’. If a binary relation 1 satisfies the following conditions:

(FP1)04# 1,

(FP2) a Vv bnc < anc or anc,

(FP3) anb Vv ¢ & anb or bnc,

(FP4) a #f b = there exists e € L such thata ffeand ¢’ 1§ b,

(FP5)afib =a <Vl
foralla,b,c el.

Then it is called a fuzzy quasi-proximity in the sense of Artico-Hutton. We will mention it as the fuzzy
quasi-proximity or f. quasi-proximity shortly. If 1) satisfies the condition (FPS) "anb <= bna” as well as the
above properties (FP1)-(FP5) then it becomes f. proximity. If for all a € IL, the interior of a is defined by
int(a) = \/{b | b # a’}, then this interior operator Int : I — IL satisfies the interior operator properties and
hence induce a f. topology 7(n). That is, each f. quasi-proximity 1 generates a f. topology.

Let (L1, m1), (IL, 172) be f. quasi proximities and let 6 : L1 — 1L, be a mapping which preserves arbitrary
meets and joins. Then 0 is called a proximity mapping or proximial continuous mapping if cyf,d implies
0= (), 0 (d), for all c,d € IL,.

We should note that f. proximity in [1] is defined as a binary relation on ILX. However most of the
results can still be carried if one use simply L instead of ILX. Since X is also Hutton algebra, it will be a
special case for this section.

Every Hutton algebra L is associated with Hutton texture (My, My, ur) as in [5]. Here My, is set of
molecules of I, My, = {4 | a € IL} where d = {m € My, | m < a} and up(@) = a’. The mapping a — dis a
Hutton algebra isomorphism between (L,”) and (My, My, ur). For ¢ : L — L, the mapping ({3 My = Mp
is defined by () = ¢(a).

Theorem 3.2. ([20]) Let 1) be a f. quasi proximity on the Hutton algebra (IL,") and define fzag > anb’, ﬁéqE —
b'na. Then 6, = (a, 0Op) is a di-extremity on (My, My, py) and it is called the di-extremity corresponding to
1 and it is denoted byf77 or 8(n). Conwversely, let 6 be a di-extremity on Hutton texture (My, My, ur) and define
anb = dSyL(E). Then 1 is a f. proximity on (IL," ). Furthermore in both cases, we have int(d) = inta.

Thus, we see that di-extremities on Hutton textures correspond exactly to the f.quasi-proximities on
Hutton algebras. Moreover if 71 is an f. proximity on (IL,"), then 6, is complemented and conversely, every
complemented di-extremity on a Hutton texture can be obtained in this way. We note that the difference
between quasi-proximities and proximities in the classical and fuzzy description is a question of symmetry,
but this question becomes a matter of complementation in di-extremity case. This is also the case for
di-uniformities [16].

For the Hutton algebras (IL1, 1), (L2, ’2), we know from Proposition 4.1 in [7] thatif amapping 6 : L, — Ly
preserves arbitrary meets and joins then we have a difunction (f 9 F% : (Mg, My,, pr,) = (M, My, tr,)
satisfying f0 (b) = 0(b) = F" (b) for all b € IL,. Moreover the difunction (f¢, F?) is complemented if and only
if 0 preserves involutions. Conversely, if (f, F) : (Mr,, Mr,, pr,) = (Mr,, Mr,, tir,) is any (complemented)
difunction then 6¢r) : (ILz,"2) — (IL1,"1) defined by 9/(f\p) =f <) = F=(b) preserves (involutions) meets and

joins. Moreover 0 = Oy, r,) and (f, F) = ( f(?F),F(G},F)). Thus, the functor T defined by

) , (f%,F%
T(L1,"1) = (Lo, "2)) = My, My, pr,) — (My,, My, pir,)

is an isomorphism between the categories HutAlg®f and cdfSTex [7].
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Definition 3.3. Let (IL1,’1, 1), (IL2, "2, 12) be f.quasi-proximity spaces and 6 : L, — IL; be a function which
preserves arbitrary meets and joins. If 1) satisfy the property; c 1, d = 0(c) 11 6(d) for all c,d € 1L, then 0
is called quasi-proximial continuous HutAlgP morphism.

In this study, the category whose objects are fuzzy quasi-proximity spaces defined on Hutton algebras
(LLy,"1), (ILz,”2) and whose morphisms are proximal continuous HutAlg®P-morphisms will be denoted by
HutAlgQFP°?, and the category whose objects are di-extremities defined on Hutton textures (My,,, My, , pir, ),
(Muy,, My,, ur,) and whose morphisms are complemented extremial bicontinuous difunctions will be de-
noted by cdfSEx.

As pointed out above, there exists one to one correspondence between fuzzy quasi-proximity spaces on
Hutton algebras and di-extremities on Hutton textures that means, there exists one to one correspondence
between the objects of these two categories. One can see from Lemma 3.12 of [19] and thanks to the fact

that f9<(b) = O(b) = F?~(b) for each b € I, there exists one to one correspondence between morphisms of
these two categories. As a conclusion, the functor T is an isomorphism between these two categories and
hence they are isomorphic.

We have a similar result between the category whose objects are fuzzy proximity spaces defined on
Hutton algebras and whose morphisms are proximal continuous HutAlg°P-morphisms will be denoted
by HutAlIgFP°? and the category whose objects are complemented di-extremities defined on Hutton tex-
tures and whose morphisms are complemented extremial bicontinuous difunctions cdfScEx. As a result,
(complemented) di-extremities defined on Hutton texture characterize the fuzzy quasi-proximity (fuzzy
proximity) defined on Hutton algebras.

Finally, note that if we take L = {0, 1}, then the definition of fuzzy quasi-proximity relation coincides
with the definition of quasi relation in the sense of Efremovic [9]. Therefore, we can carry the results to
over classical one when we take L = {0, 1}. This process can be done directly, so we will left the details for
the classical case here.

4. Di-Extremities and Totally Bounded Di-Uniformities

In the fuzzy set theory, there is a one-to-one correspondence between f. proximities and totally bounded
uniformities. The category of proximities with proximally continuous functions is isomorphic to a full,
reflexive subcategory of the category of Hutton uniformities with uniform continuous functions [1]. It is
natural to ask whether a similar result is possible for di-extremities and totally bounded di-uniformities or
not. The answer is affirmative as we will show in this section.

The following definition is difunctional uniform space version of the Definition 4.7 in [19].

Definition 4.1. Let (S,8,U) be a difunctional uniform space. Define ASB &= @(A) ¢ B for all ¢ € U and
o= 5_1. Then 6 = (5, 0) is called di-extremity induced by U and it is denoted by 6y, or 6(U).

The subbases and bases of a difunctional uniformity are mentioned briefly in [14, 17] and the details are
omitted because they are analogous to their counterparts of direlational and classical uniformity. We will
mention some of these omitted results here since they are used in this section.

Lemma 4.2. Let (S, 8,U) be a difunctional uniform space, U is a base for U and Ugs is a subbase for U. Then the
following statements are equivalent for all A, B € 8:

(1) AdyB.
(2) @(A) ¢ B forall ¢ € Us.
(3) @(A) ¢ B forall p € Ussp.

Proof. (1) = (2) and (2) = (3) are clear.
. (3) = (1) Let " € U. Then there exists @1, 92, ..., ¢n € Uss such that A]_ pi(A) € B and so ¢*(A) €
. g
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Totally bounded diuniformities were introduced in [16]. The following definition is a difunctional
uniformity version of totally boundedness.

Definition 4.3. Let (S, 8, U) be a difunctional uniform space. U is said to be totally bounded if and only if for
each (¢, ¢) € U, there exists s1, 5y, ..., s, € S such that {(p(Ps,), (Qs,)) | k=1,...n}is a dicover of S.

Lemma 4.4. Let (¢1, Y1), (92, Y2) € Trox and (p1,P1) < (92, ¥2). If there exists s1,55,...,5, € S such that
{(p1(Ax), Y1 (Br)) | k =1,...n} is a dicover, then {(p2(Ak), Y2(Bk)) | k = 1,...n} is also a dicover of S.

Proof. Let {(p1(Ax), P1(Bx)) | k = 1,...n} be a dicover, that is, for every partition I;,I; of I = {1,2,...n}, we
have (g, Y1(B;) < \/]4612 ¢1(Aj). Since P2(B;) € ¢1(B) and ¢1(A;) € @2(A;) for all i € Iy, j € I, we get
Mier, P2(Ai) € Vjelz ¢2(B;) for every partition Iy, I of I. [J

Lemma 4.5. Let (S, 8) be a texture and assume that Up € Frx, Uy C Fren satisfy the following conditions:
(UB1) For all p1,¢7 € Usg, there exists Qe U such that © <1 A @y,
(UB2) For all ¢ € Us, there exists @1 € Uy such that ;2 < ¢,
(UB3)pelp = A € W, such that o= < ¢,
(UB4) Y e Uy = dp € s, such that ¢ < .
Then U = {(@, V) | @ € Ug, P € Uy} is a base for a difunctional uniformity on (S, 8).

Proof. We will show that U = {p* € Fgx | dp € Uy suchthat ¢ < @'} and U = (" € Frex | I €
U, such that ¢* < 1} satisfy the conditions (UF1), (UF2), (UE3) and (SYM) of Definition 2.10.

(UF1): Clear.

(UF2): Let 1", 2" € U. Then there exists ©1, P2 € U such that @1 < @17, P2 < @o*. By (UB1), there exists
@ € Us such that ¢ < @1 A @y. Clearly @ < 1" A 2" and hence ;" A " € U.

(UF3): Let ¢* € U. Then there exists ¢ € Usp such that ¢ < ¢*. By (UB2), there exists ¢; € Uy such that
@12 < @ < ¢". Since U C U, (UF3) is satisfied.

(SYM): Let ¢* € U. Then there exists ¢ € Usp such that @ < ¢*. By (UB3), there exists 1 € Uy such that
@< < 1. On the other hand, ¢~ < ¢ since ¢ < ¢*. Hence we get ¢*~ < 1 and hence ¢~ € U. The
converse can be shown in a similar way. [

Before giving explicit construction of a totally bounded di-uniformity compatible with a given di-
extremity, first let us give the following definitions. Let 0 be a di-extremity on the texture (S, 8). For each

AEB and DﬁC, define @ap, Ypc : S — S by

fZ=0
fZCAZ%0
ifZ¢A,

paB(Z) =

S

S ifzZ=S§
Upc(Z)=1 C fDCZZ%S
ifD¢ 7,

Lemma 4.6. If pap and pc satisfy the conditions of Definition 2.6, then we have @ g € Frx and Ypc € Frex.

Proof. Let @ = pap € Usx. We know that A C B since AﬁB . From this fact and by the definition of @p it is
clear that forall Z € §, Z C p(Z). Now let Z; € §, j € ]. To show that ¢ preserves supremum, consider three
possibilities. Firstly, if \/ jZj = 0 then clearly oV iZj) = \Vi j9(Zj) = 0. Secondly, if \V jZj < Athen for all j,
Zj € Aand so ¢(Z;) = B. Hence ¢(\/;Z)) = V;9(Z)) = B. Lastly, if V;Z; € A then there exists j € | such
that Z; ¢ A. For this j, ¢(Z;) = S. Therefore p(V;Z;) = \/;p(Z;) = S.

Let ¢ = ¢Ypc € Ugy. Since C C D, it is clear Y(Z) C Z, for all Z € 8. By considering three cases as
N iZi=5Dc N jZjand D € N jZj, it can be easily shown that i) preserves intersection. [J
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Now, let us constitute the subbase and base of difunctional uniform space which we need
Define USB = {(pAB | AéB} Ugg {pc | DECY, Wy = @) | @ € usgl'# € u ug = {N\iz1 Pas, |

Vk=1,...n, PAB EUSB} \/k 1¥Dicy |Vk=1,. -1, ¥p,cy EES’B}and u% = (qoﬂvb) |(P€uBf’ﬂb€E63 :
Before starting to show that U, is a base for dlfunctional uniform space, we want to give the following
two lemmas.

5 .
Lemma 4.7. For all pap € Ugg, Ypc € Usy, 955 = Ppa and Y = Pcp-

Proof. Note that ¢,(Z) = V{L € 8 | pap(L) € Z}. We will show that ¢1,(Z) = Ppa(Z) for all Z. If Z=S, then
p(L) € Z and ¢5,(Z) =S = Ypa(Z) forall L,. If BC Z # S, then pap(L) € Z if and only if L € A. Thus
©p(Z) = A = ypa(Z). Lastly, if B £ Z then g4g(L) € Z if and only if L = 0. Hence ¢5,(Z) = 0 = ¢a(Z). The
other claim can be shown in a similar way. 0O

Lemma 4.8. Let (p, ) € US,. Then there exists (¢ ap, Ppc) € U, such that (9 as, Ppc) < (@, ).

Proof. Let (p,1) € UEL. Then there exists k = 1,...,n,1 =1,...,m, @ap, € HS«B,QDD,Q € Ugy such that
Q= /\Z:l $ap and P = \/;11 ¥pic- _ _ _

Firstly, set A = \/;_; Ax and B = (;_; Bx. By Proposition 2.5(5), A#B so @4 € Usn € Us. If Z = 0, then
clearly pap(Z2) C @(Z). If Z € A, then Z € Ay for all k, and so @,5,(Z) = S. Thus @4p(Z) = S € ¢(Z) and
so p(Z) =S. If Z C A, then p4p(Z) = B. On the other hand, @a,,(Z) = B or @a,5,(Z) = S for each k. Then
®a(Z) = B = N;_; Bx € 9(2). Hence @5 < ¢.

Secondly, by setting C = \/{_; Cx and D = (;_; Dy, it can be shown that ¢ < {pc, in a similar manner
above. [

Now we are ready to give explicit construction of a totally bounded di-uniformity compatible with a
given di-extremity.

Theorem 4.9. Let 6 be a di-extremity on the texture (S,8). Then U, is a base for a difunctional uniformity U on
(S, 8). Moreover U° is compatible with §.

Proof. We will show that U, satisfy the conditions of Lemma 4.5 and hence it is a base for a di-uniformity
on (S, 8).

(UB1): Let @1, 2 € @. Then there are @4,5,, o, € US,, such that o1 = A}y @45, and g2 = AL 1(pcka,
where Ag#By, C#D; forallk = 1,...,n,1 = 1,...,m. Now set Ayry = Ciand B,y = Dy forall I = 1,.
and set A = \/}Z" Ay and B = ﬂ"+m Bk By Propos1t10n 2.5(5), ABB s0 gap € Usp C Uz. We will show that
@A < @1 A @y If Z = 0, then clearly pap(Z) € ¢1(Z) N @2(Z2). If Z € A then we have Z € Ay for all k, and
S0 @, (Z) = S. Thus pap(Z2) =S C p1(Z) N@a(Z) = S. If Z C A, then pap(Z) = B. On the other hand,
©a8.(Z) = By or (pAkBk(Z) S for each k. Nevertheless, p45(Z) = Ni21" Bk € ¢1(Z) N @a(2).

(UB2) Let ¢ € u93 Then there are @a,5,, ¢cp, € UL, such that ¢ = Aj_; @a,p, where Ai$By for all
k=1,...,n. Nowset A = \/;_; Ax and B = (_; Bx. It can be easily shown that p4p < ¢. By applying (E4)
to AéB we get E € 8 such that A&SE and EéB Thus Qag, P € usg Now set @1 = @ae A @B € Ug and show

that 1% < . Also, we know that A C E C B. So there are two possibilities; it may be either E = Aor E # A4,
thatis, E ¢ A. For first case,

0 ifZ=0
(pl(Z)z A 1fZQA,Z¢(Z)
S ifZgA

And for the second case,

0 ifZ=0

E ifZCAZ#0
PO =\p ifz¢AZCE

S ifZ¢E
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Thus for the first case,

0 ifZ=0
p1(p1(2) = A fZCAZ+0
S ifZ¢A.
And for the second case, we have to consider either E # Bor E = B.
If E # B then
0 ifZ=0
p1(p1(2)={ B fZCAZ+0
S ifZ¢A.
and if E = B then
0 ifZ=0
p1(p1(Z2) =4 B fZCEZ+0
S ifZ¢E.

For each case we see that (pl2 < @aB.
(UB3): Let @ € Uz. Then by Lemma 4.8 there exists g € ﬁZB such that ¢4 < @. By Lemma 4.7,

' —5
Py = VB € Q‘;B C Ug. On the other hand, ¢ < @5, since pap < ¢. Therefore (UB3) is satisfied.
(UB4) can be shown in a similar manner.

As aresult, u% produces a difunctional uniformity U on (S, 8). Finally, let us show that Uo is compatible

with 6. By Lemma 4.2, it is enough to consider the elements of ﬂng- Suppose AEB. Since ¢ap(A) = B,

clearly AEuB . Now let AEuB and suppose that AbB. Since AguB, there exists ¢ € 1_133 and thus ¢cp € 1_12,5
such that pcp < @, p(A) € B and CgD. Finally, ¢cp(A) € @(A) C B. There are three possibilities:

Case 1: A = 0 is not possible since A5B.

Case 2: If 0 # A € C, then ¢pcp(A) = D € B. Thus, we get CoD since A € C,D C B and AdB. This
contradicts with the fact that C3D. 3

Case 3: If A £ C, then ¢cp(A) = S and we get B = S. But this also contradicts with ASB.

Therefore AFB and the proof is completed. [

Definition 4.10. The difunctional uniformity U° obtained in the previous theorem is called di-uniformity
induced by 6.

One of the main targets of this work is given in the following theorem.

Theorem 4.11. Let § be a di-extremity on the texture (S,8). Then the di-uniformity U induced by 6 is totally
bounded.

Proof. By Corollary 4.4 and Lemma 4.8 it is enough to consider only the elements of Ugs. Let (¢,¢) =
(paB, ¥pc) € Uss and we claim that there are 51,55, ...,5, € S such that {(pap(Ps,), Ppc(Qs)) |k =1,...n}isa
dicover of S. We know that DJC and therefore A C C, C C D. There are three possibilities:

Case 1: If C C B and B # S, then there exists s; € S such that Ps, & B, Qs, # S. For this 51, (Py,) =
5 9(Qs) = Cor (Qs) = 0. Now, take any s, such that D ¢ Qs,. For this sp, (Ps,) = S or ¢(Ps,) = B and
¥(Qs,) = 0. It can be easily verified that {(¢(Ps,), Y(Qs,)), (p(Ps,), ¥(Qs,))} is a dicover.

Case 2: If C € B and B = S, then take any s € S such that D ¢ Q,. For this s, p(Ps) = S, (Q;) = 0. Itis
clear that {(p(Ps), Y(Qs))} is a dicover.

Case 3: If C ¢ B, then there exists s € S such that C £ Q; and Ps; € B. Since ¢(P;) = S and {(Q;) = 0,
clearly {(p(Ps), ¥(Qs))} is a dicover. O
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Corollary 4.12. Let § be a di-extremity on the texture (S, 8). Then the di-uniformity U° induced by § is the smallest
di-uniformity compatible with 6.

Proof. Let U be another difunctional uniformity compatible with 6. By the property (SYM), it is enough

to show that ﬂb C U. Take a subbase element @ap of ﬁb. Since AEB and U is compatible with 0, there
exists ¢ € U such that ¢(A) € B. We will show that ¢ < @ap. It is easy to observe that (@) = 0 and ¢
preserves supremum since it is an increasing function. If Z = 0, then (Z) =0 C @ap(Z) = 0. If Z C A, then

P(Z) € p(A) € B = pap(2). IfZ ¢ A, then @(Z) € S = pap(Z). Hence ¢ < @ap and @ap € U. Therefore,
U C U since all subbase elements of U belong to U. [

Corollary 4.13. Let § be a di-extremity on the texture (S,8). Then the di-uniformity U° induced by & is the only
totally bounded di-uniformity compatible with 6.

Proof. Let W be a totally bounded difunctional uniformity compatible with 6. For the proof, it is needed
to show that W C U°, by Corollary 4.12. So, let (¢,1) € W. Then there exists (¢.,{.) € W such that
(@, 1) = (o, P)1 = (o, ) and (., 1.)° < (@, ¥). Since W is a totally bounded diuniformity, there are
51,52,...,55 € Ssuch that D = {(p.(Ps,), ¥.(Qs,)) | k =1,...n} is a dicover of S.

First observation: Since D is a dicover of S, we have the following;

\”/ @«(Py,) = (p*\n/(Psk) =6.
k=1 k=1

Second observation: Thereexistsak € {1,2,3, ..., n} such that p3(Ps,) € ¢3(Z) forall Z € 8. Onthe contrary,
suppose that 3(P;,) € ¢3(Z) for all k. In this case, it is obtained that S = \/}_; ¢.(Ps,) € \Vj_; 93(Ps,) € 93(2)
which is a contradiction.

Third observation: Since D is a dicover of S, we have Nz (1.(Qs,)) € (9.(Qs,)). Then, by considering
¢@. = Y, and applying sequentially two times ¢. to the both of above inclusions, it is obtained that
ni#k(lp*(Qs,‘)) = lp*(m#st,‘) < (P*3(Psk)- _ .

Set Ax = NixQs, and By = (pf’(Psk). Then, we have A@By since U is compatible with 6 and ¢. € W. Thus
Ag C By and DAB, € ﬁb

Now, let us see A\, QaB; < (pf . By the second observation, there exists a k € {1,2,3, ..., n} such that
By = ¢3(Ps,) € @3(Z). There are three cases: Firstly, if Z = 0 then it is clear that ([, a5,(Z) € ¢2Z.
Secondly, if Z # 0 and Z C Ay then @a,5,(Z) = Bx € ¢3(Z). Therefore N, @a5,(Z) € Qa5 (Z) = Br € ¢2(2).
Thirdly, if Z € Ak then there exits a j # k such that Z ¢ Qs and Ps; & Ay, thatis P, ©Z — B; = (pf(st) -
P(Z) — Ny Pas(2) € pap(2) = B; € 9.(2).

Thus ALy @4(Z) € 9.3(Z), and . < ¢ € U therefore, we have W C . This means that W cwW. O

Corollary 4.14. If (S, 8, 01), (S, 8, 02) are di-extremial texture spaces and 61 < O,, then Ud C U,

=5 —b —5 —
Proof. Tt is enough to show that Ug, C Ugy. So, if take a @4 € Ugy, then we have AY, B by definition, and

hence pp € EZZB since 61 < 6, and finally A%B . O

Theorem 4.15. Let (S, S, W), (T, T, V) be difunctional uniform texture spaces, V totally bounded and (f, F) : (S,8,U) —
(T, T, V) adifunction. Then (f, F) is U — "V uniformly bicontinuous if and only if (f, F) is extremial bicontinuous with
respect to the induced di-extremities.

Proof. By adjusting the proof of Theorem 4.9 in [19], one can easily show that if (f, F) is uniformly bicon-
tinuous, then it is also extremial bicontinuous with respect to the induced di-extremities. To show the
converse, take W as the totally bounded difunctional uniformity induced by 61,. We will first show that if
(f,F): (5,8,0u) — (T, T, 6v) is extremial bicontinuous, then (f, F) : (5,8, W) — (T, T, V) is W -V uniformly
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bicontinuous. To do this, it is enough to show that for all ¢ € V,(f,F)"'(¢) € W, by Corollary 2.8. Take a
subbase element cp of V. Set A = f~C and B = f~D. Then A$B since (f,F) is extremial bicontinuous
and thus, @4p is a subbase element of W.

We claim that pap < (f, F)"}(¢cp). To make the notation easier, denote ¢* = (f, F) X (¢cp).
Thus, note that

0 iffZ=0
o' 2)=] fD iffrzcC
s iffrzgcC

and

0 ifzZ=0
pap(Z)={ f°D iffPZCA=fC
S  ifZgA=fC

In this case, there are three possibilities:

Case 1: If Z =0, then psp(Z) =0 C p*(Z) =0

Case2: If ZC A= fC,then f?ZC fPA=f"f"CCC. Thus pap(Z) = fD C ¢*(Z) = f~D.

Case 3: If Z ¢ A then f~Z ¢ C. Otherwise, if f°Z C C, then Z C f~f~Z C f~C = A and we get
a contradiction. Thus @ap(Z) = S € ¢*(Z) = S and we get pap < ¢*. Hence (f,F) is W — V uniformly
bicontinuous. By Corollary 4.11, we know that W C U. Therefore (f, F) is also U~V uniformly bicontinuous
and the proof is completed. [

We know that every completely biregular ditopology has a compatible di-uniformity [14] and thus it
has a compatible di-extremity. Hence the ditopology induced by a di-extremity is also completely biregular
and we obtain the following result.

Corollary 4.16. (7, k) is completely biregular if and only if it has a compatible di-extremity.

The following proposition shows that one can get a compatible di-extremity from a completely biregular
ditopology, directly.

Proposition 4.17. Let (S,8,7,«) be a completely biregular ditopological texture space. Define "ASB <= there

exists a bicontinuous difunction (f,F) : (S,8) — (I, J) such that A C f~Pyand F”Q; € B”. Then 6 = (, 3_1) isa
di-extremity on (S, 8) and it is compatible with (7, k).

Proof. Let us verify the conditions of Definition 2.4: (E1) Suppose A = 0. We will show that A@B for each
B € 8. Since 0 € x and (7, k) is completely coregular, there exists a bicontinuous difunction (f;, Fs) : (S,8) —
(IL, J) such that @ C f;“ Py and Fs~ Q1 € Q. Since this is valid for every s € S and particularly this is true for
every P; ¢ B. Now if we set (f, F) = Mp,¢s(fs, Fs), then (f, F) is also bicontinuous difunction and @ C f Py
and F~Q; € Q. Hence 05B. In a similar way, one can show that if B = S then AEB for each A € 8.

(E2), (E3) are clear by the definition.

(E4) Suppose AEB. By the definition, there exists (f,F) : (5,8) — (S;,8;) such that A C f~Py and
F=Q; € B. On the other hand, define the point functions ¢, ¢, : I — I as
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It is easy to see that both ¢; and ¢, satisfy the condition of the Lemma 3.8 in [17], and so there exist
corresponding difunctions (g1, G1), (92, G2) : (I,J) — (I, J), respectively, such that g1 (Z) = Gi"(Z) =
$17(Z)and 9. (Z) = G2" (Z) = ¢ (Z) for all Z € J. It can be easily verified that both (g1, G1) and (g2, G2)
are bicontinuous.

Now set (f1,F1) = (91, G1) o (f,F), (f2,F2) = (92,G2) o (f,F) and E = f~Q,. Since (g1, G1), (92, G2) and
(f, F) are bicontinuous, (f1, F1) and (f,, F2) are also bicontinuous. Moreover, we see that A C f(Py) =
F(@1(Po) = £ (917 (P0)) = fi(Po) and F17(Q1) = F17 (G (Q1)) = F=(¢r'([0,1)) = F[0,3) = F~Q: =E.
Similarly, E C " Py and F, Q; C B. Thus we see that AEE and EEB.

E5) Let A@B. Then there exists (f,F): (5,8) — (5i,8;) such that A C f~ Py and F~Q; € B. We see that
fTPy S F~Qq since Py = {0} € Qp =[0,1). ThusACB. O

To conclude this section, we present some categorical notes. We denote by dfUnif the category of
difunctional uniformities and uniformly bicontinuous difunctions , by dfTbUnif the category of totally
bounded difunctional uniformities and uniformly bicontinuous difunctions, and by dfDiex the category of
di-extremities and extremial bicontinuous difunctions.

Let (S, §,U) be a difunctional uniform texture space. Now consider di-extremity oy induced by U. By
Theorem 4.10, we have a totally bounded Us, compatible with 6y. Let us denote Us, by pU for short. If U
is totally bounded, then U = pU by Corollary 4.12. Thus, we see that there is a bijection between the objects
of dfTbUnif and of dfDiex. Now let (f,F) : (S,8,01) — (T, 7, 02) be extremial bicontinuous difunction.
Then by Theorem 4.13, (f,F) : (S, 8, Us,) — (T, T, Us,) is uniformly bicontinuous difunction. In the light of
these facts, it is easy to show that dfTbUnif and dfDiex are isomorphic categories.

Now let us show that there is a reflection from dfUnif onto dfTbUnif. Let (S, 8, U) be a difunctional
uniform texture space. Then clearly (i, I) : (S5, 8,U) — (S, 8, pU) is uniformly bicontinuous. For all (T, 7T, V) €
Ob(dfUnif) and (f,F) : (S,8,U) — (T, T, V) € hom(dfUnif), the following diagram is commutative.

(5,8,10 = (5,8, pU)
" >j G
(T,7,)

Thus, we see that the correspondence (S,8,U) — (S,8,pU) is a reflection. As a result, dfDiex is
isomorphic to a full subcategory of dfUnif as expected.

The results obtained in this study and [19] can be summarized by the following diagram. In this
diagram, the interrelations between di-extremity and dimetric, pseudo-dimetric, di-uniform spaces have
been given in [19], the interrelations between di-extremity and fuzzy (quasi) proximity, totally bounded
diuniform ditopological spaces, totally bounded difunctional uniform spaces are investigated in this study.
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Totally bounded diuniform ditopological spaces

Dimetric spaces Diuniform spaces

Totally bounded

difunctional uniform

. . . 1-1
Pseudo dimetric Spaces Diextrem spaces spaces

in the sense of Hutton (algebra)
texture spaces

Fuzzy (quasi) proximity spaces
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