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Abstract. In this article, we introduce a kind of binary relation on a nonempty set with name of orthogonally
relation which we develop for sequences, continuous maps, metric spaces, contraction maps, preserving
maps and etc. All of the above concepts are generalized forms of ordinary case, so they are very important
for extension and finding new results. we expect some of the concepts in the mathematics can be changed
by orthogonally relation, such as functional equations and some of the theorem in the fixed point theorem
method. In this research we illustrate one of the applications of orthogonally relation on ternary cubic
homomorphism and ternary cubic derivations, so we prove the stability of orthogonally ternary cubic
homomorphisms and orthogonally ternary cubic derivations on C*-ternary algebras for the functional
equation by using fixed point method. Also to create the stability, we choose a suitable control function
and we show ability and validity of the proposed method for the functional analysis.

1. Introduction

The stability problem functional equations first had been raised by Ulam [27]. This problem solved by
Hyers [14] in the framework of Banach spaces. In 1978, Th. M. Rassias [23] provided a generalization of
the Heyrs theorem by proving the existence of unique linear mapping near approximate additive mapping.
Lastly, Gajda [11] answered the question for another case of linear mapping, which was raised by Rassias.
In 1982, ].M. Rassias [24] followed the innovative approach of the Rassias Theorem [23] in which he replaced
the factor [[x|” + ||yl by ||xIIP.[lyll¥ for p,q € Rwith p+q # 1. Givruta [12] obtained a generalized result of Th.
M. Rassias theorem which allows the Cauchy difference to be controlled by a general unbounded function.
For more details about the result concerning such problems, the reader to ([1-3, 8, 9, 25, 26]).

Park et al. proved stability homomorphisms and derivations in Banach algebras, Banach ternary
algebras, C*-algebras, Lie C*-algebras, C*-ternary algebras (see [7, 19-21]). Consider the functional equation

fx+y+22)+ f(x+y—22)+ f(2x) + fQy) =
f(x+y)+2f(x +2) + 2f(x —2) + 2f(y + 2) + 2f (y — 2)].
3

(1)

The cubic function f(x) = cx” is a solution of this functional equation, and so one usually is said the above
functional equation to be cubic [17]. Let A, B are two ternary algebras. A mapping f : A — Bis called a
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ternary cubic homomorphism if it is a cubic mapping (1) and satisfies

fx,y,zD) = [f(x), f(y), f(2)] forall x, y,z € A.

A mapping f : A — Ais called a ternary cubic derivation if f is a cubic mapping (1) satisfies
fx,y,z]) = [f(), 2, 21 + [x°, f(), 28] + [x%, 1, f(z)] for all x, y.z € A.

In 2003, Cidariu and Radu applied the fixed point methods to the investigation of Jensen functional
equations [4] (see also [5, 6, 13, 15, 16, 18, 22]).

We start our work with the following definitions, which can be considered as the main definition of our
paper.

Definition 1.1. Let X # @ and L C X X X be an binary relation. If 1 satisfies the following condition
Txo; (Vy; yLx0) or (Yy;x0Ly),

it is called an orthogonally set (briefly O-set). We denote this O-set by (X, L).

Definition 1.2. Let (X, L) be an O-set. A sequence {x,},eN is called orthogonally sequence (briefly O-sequence) if
(Y1 xp Lxpi1) or (V15 X011 LXn).

Definition 1.3. Let (X, L) be an O-set. Then f : X — X is 1 — preserving if for each x,y € X, x Ly then f(x)Lf(y).

Definition 1.4. Let (X, L, d) be an orthogonally metric space (X, L) is an O-set and (X, d) is a metric space). Then
f X — Xis L—continuous in a € X if for each O-sequence {a,}nen in X if a, — a, then f(a,) — f(a). Also f is
L —continuous on X if f is L—continuous on eacha € X.

It is easy to see that every continuous mapping is L—continuous.

Definition 1.5. Let (X, L,d) be an orthogonally metric space, then X is orthogonally complete (briefly O-complete)
if every Cauchy O-sequence is convergent.

It is easy to see that every complete metric space is O-complete and the converse is not true.

Definition 1.6. Let (X, L,d) be an orthogonally metric space and 0 < A < 1. A mapping f : X — X is an
orthogonality contraction with Lipschitz constant A if

d(fx, fy) < Ad(x,y) if xLy.

Let H be a Hilbert space. Suppose that f : H — C is a mapping satisfying
fG0) = lIxl? 2

for all x € X. It is natural that this equation is a quadratic functional equation. On the other hand by
considering x Ly with < x,y >= 0 for x,y € H, it is easy to see that the above function f : H — C is an
orthogonally additive functional equation, thatis f(x+y) = f(x)+ f(y) if xLy. This means that orthogonality
may change a functional equation.

Recently, Eshaghi and Ramezani in [10] proved a fixed point theorem in O-sets as follows:
Theorem 1.7. Let (X,d, L) be an O-complete metric space (not necessarily complete metric space) and 0 < A < 1,

Let T : X — X be a L-preserving, L-contraction with Lipschitz constant A and L-continuous, then T has a unique
fixed point x* in X. Also, T is a Picard operator such that, lim,_, T"(x) = x* for all x € X.
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Example 1.8. Let X = [0,1) and let the metric on X be the Euclidian metric. Define xLy if xy € {x, y} for all
x,y € X. Let f: X — X be a mapping defined by

_J 3 if xeQnX
f(x)‘{ 0 if xe@nX

It is easy to see that X is O-complete (not complete), f is L-continuous (not continuous on X), L-A-contraction
for A = 1 (not contraction on X) and L-preserving on X. By our theorem, f has a unique fixed point. However, f is
not a contraction on X and so by theorem Diaz and Margolis we cannot find any fixed point for f.

2. Main Results

Throughout this section, we suppose that (A, ||.|li, L1) with a1b if ab* = b*a = 0 and (B, ||.|lo, L2) with
alobif ab* = b*a = 0 are two C'-ternary algebras. Given a mapping f : A — B, we set

Af(x,y,2) =f(x +y +22) + f(x + y — 22) + f(2x) + f(2y)
“2[f(x+y) +2f(x+2)+2f(x —2) + 2f(y + 2) + 2f (v — 2)]

forall x,y,z € A.

Theorem 2.1. Let f : A — B be a mapping for which there exists a control function ¢ : A3 — [0, 00) such that
¢©(0,0,0) =0and

”Af(xr %Z)Hz < (p(x/ Y, Z)/ (3)

£ (x, y,2D) = [f (), f(y), f]ll2 < p(x, y,2) (4)
forall x,y,z € A that are mutually orthogonal. If there exists L < 1 such that

x Yz

¢(x,y,2) <8Lp(5, 5, 3) (5)

forall x,y,z € A that are mutually orthogonal. Then there exists a unique orthogonally C*-ternary cubic homomor-
phism H : A — B such that

1
IHG) = f@l < go—300,%,0) ©)

Proof. Putting x = z = 0 in (3) and by using of the ¢(0,0,0) =0, we get
1f2y) = 8fW)ll2 < ¢(0,,0)

for all y € A. Hence we have

1529 - fWk < 50(0,5,0) 7)

forall y € A.
Consider the set

Q:={g: 9:A—B, gx) L, 2_3g(2x) or 2_39(2x) 1y g(x),Vx € A, 9(0) = 0}. (8)
For every g, h € Q, define
d(g,h) = inf(K € (0,%0) : llg(x) ~ h(@)l2 < Kp(0,x,0), ¥x € AJ. 9)
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Now, we put the orthogonality relation L on Q as follows: forall g,k € Q
hig o (h(x) Ly g(x) or g(x) Ly h(x) Vx € A). (10)

Because A and B are C*-ternary algebras so, we conclude that go(x) = 0 € Q and V g(x) € Q then g(x) L
go(x) so, (Q), L) is an O-set. By Definition of (9) we find (Q,d) is an orthogonally metric space. Also, if
{gn}nen be a Cauchy O-sequence, for ¢ > 0 and enough small by concept of Cauchy sequence, we obtain
1g (%) = g (X)ll2 = 0 ¥Ym, 11 > ng, nyg € IN 50, {gu}nen is convergent. Thus (€, d, L) is an O-complete generalized
metric space.
Now, we consider the mapping T : Q — Q defined by Tg(x) = 273 g(2x) forallx € A and g € Q. Let
g,h € Qand g L h by definition Q in (8), we can write
gLh ©g(x) Ly h(x) or h(x) L, g(x),Vx € A

= g(2x) Ly h(2x) or h(2x) L g(2x),Vx € A

= 2_3g(2x) 15 2731(2x) or 273h(2x) 1, 2_3g(2x), Vxe A

= Tyg(x) L, Th(x) or Th(x) L, Tg(x),Vx € A

= Tg L Th.

Thus T is a L-preserving.
Forall g he Qwithg Lhandx € A,

d(g,h) <K = |lg(x) — h(x)ll2 < Kg(0, x,0)
= [27%g(2x) = 273 2x)|, < 27° K ¢(0,2x,0)
= 127%g(2x) = 2220l < L K ¢(0, x,0)
= d(Tg,Th) <LK

Hence we see that
d(Tg, Th) < L d(g, h) (11)

for all g, h € Q, that is, T is a strictly contractive self-mapping of Q2 with the Lipschitz constant L. Now, we
show that T is a L-continuous. To this end, let {g,},en be an O-sequence with g, L g,41 Or 41 L gy for all
n € Nin (Q,d, L) which convergent to g € Q and let € > 0 be given. Then there exists N € N and K € R*
with K < € such that

19(x) = g(x)ll2 < Kg(0, x, 0)
forall x € Aand n > N and so
127°9,(2x) = 27 g(2x)ll, < 27° K 9(0,2x,0)
for all x € A and n > N. By inequality (5) and the definition of T, we get
ITgn(x) = Tg(x0)ll2 < L K ¢(0, x,0)
forall x € Aand n > N. Hence
d(T(g,), T(g)) <LK <K <e

forall n > N. It follows that T is L-continuous. So according to the Theorem 1.7, T has a unique fixed point
and T"(f) is convergent to unique fixed point of T, such as H : A — B that it can be defined by

H@) = lim L22

n—oo 8N

(12)
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for all x € A. It’s easy to show that T(H) = H. In the follow by (12) and (7) we have,

f(")

IH(x) = fll2 = Il lim —o2= = f(x)llo, Yx € A

fW@fwlmﬂmMm%_mH@

n—>oo 1 871_

2+ - IM — fO)l2

. 1 n-1 1 n-2 : - 0
< lim 18q0(02 x0)+111rn8 33 g0(02 x,0) +-- +}g£108(p(0,2x,0)

by using (5) rapidly we obtain,

-1
1
m o Y (0, % 0)
j=0

!
- 8(1-1L)

¢(0, x, 0).
Now, we show that H is an orthogonally cubic. From (5) we get
li ! 2"x,2"y,2"2) =0 13
lim (2", 2"y,2'2) = 0. (13)
Then it follows from (12) and (3) that

Af(2"x, 2"y, 2" 2% x,2My, 2"
f(2"x,2"y mehm@(x y,2"2) _

||AH(x/ y, Z)”Z = 7]{51‘;10 “ 8n n—oo 8"

for all x, y, z € A that are mutually orthogonal. This shows that H is orthogonally cubic. Also from (12) and
(4) we have

IH([x, y, Z]) - [H(), H(y), H@)ll2
= lim —— IIf "x, 2"y, 2"2]) - [f(2"), f(2"y), f(2"2D)]ll2

n—oo 83
< lim g(p(Z”x, 2"y,2"z) =0
for all x,y,z € A that are mutually orthogonal. This shows that H is orthogonally cubic C*-ternary homo-
morphism. [
Corollary 2.2. Letp € (0,3) and € € [0, 00). Suppose that f : A — B is a mapping such that
IAFG, y, 2l < el + P + 121, (14)
1£(x, y,2]) = [f), f(), f@ll2 < e(llxdly + 1yl + 11211 (15)

forall x,y,z € A that are mutually orthogonal. Then there exists a unique orthogonally C*-ternary cubic homomor-
phism H : A — B such that

IH(x) = f)ll2 <

4
il

forallx € X.
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Proof. According to the Theorem 2.1 we Set ¢ : A% — [0, o0) such that
@(x, y,z) = e(|Ix|l| +llyll| +lzIl}) for allx, y, z € A that are mutually orthogonal. Then it follows that ¢(0,0,0) = 0
and

AL <1 @, y,2) = e(llxdl + Iyl + 11117
X z
= eI} + IS + IS 1)
— a3 X ol i
= 8@ e(I5I + 151 +151F)

XYy z

= p_3 - _
820G 5, 5)

_ XY zy [ _ops

= 8L(p(2, 2,2), L=2P"<1.

Also,
.1 . €
lim —(2"x,2"y,2"2) = lim o (12"} + 12" yI; + 12"2IF)
= 3330(2p_3)”6(llx||§’ + Iyl + 121
= lim L”e(||x||‘;7 + ||y||’1’ + ||z||’1’) —0; L=2"3%<1.
n—oo

Thus, conditions of Theorem 2.1 are held so, there exists a unique orthogonally C*-ternary cubic homomor-
phism H : A — B such that from (6) we have

€

1 - P
IH@ = f@lk < g —p500%,0) = 5=l
O
Theorem 2.3. Let f : A — A be a mapping for which there exists a function ¢ : A> — [0, %) such that
IAf(x, v, 22 < @(x, v, 2), (16)
Iy, 2D = [f@), v, 21 = 2, f(9), 2] = [, /7, f @)l < (x, , 2) (17)
forall x,y,z € A that are mutually orthogonal. If there exists L < 1 such that
XY z
o, y,2) <8Lo(:, 2, %) (18)

2'2'2
forall x,y,z € A that are mutually orthogonal. Then there exists a unique orthogonally C*-ternary cubic derivation
mapping D : A — A such that

1
- < -
IDG) = @i < g —750(0,%,0) 19)
forallx € X.
Proof. By the reasoning as that in the proof Theorem 2.1, there exists a unique orthogonally cubic ternary

derivationmapping D : A — Asatisfying (19). Themapping D : A — Ais givenby D(x) := lim,,—,c 27" f(2"x)
for all x € A. It follows from (16),

ID(lx, y,2]) — [D(x), y°,2°] - [x*, D(y), 2] = [°, v*, D@)]Il2
= }141;1;10 %”f(zn[x/ yr Z]) - [f(znx)r y3/ 23] - [xs/ f(zny)/ 23] - [.X3, ysl f(2nz)]”2

< lim %@(Z”X, 2"y,2"z) =0

n—o00

for all x, y,z € A that are mutually orthogonal. This show that D is orthogonally C*-ternary cubic deriva-
tion. O
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Theorem 2.4. Let p € (0,3) and € € [0, o0). Suppose that f : A — A is a mapping such that
IAfCx, v, 22 < el + Iyl + 1111,
If(x, v, 2D) = [f(0, 7, 2°1 = I, f(), 221 = 12, v, F@)ll2 < el + llylly + 1)

forall x,y,z € A that are mutually orthogonal. Then there exists a unique orthogonally C*-ternary cubic derivation
D : A — A such that

ID(x) = f)ll2 <

forallx € X.

€
8§—2v

P
Il

Proof. Set p(x,vy,z) = e(llxll’i + ||y||’1’ + ||z||’1’) for all x, y,z € A Then it follows that ¢(0,0,0) = 0 and

@((2"x,2"y,2"z)
8

asn — co. Let L = 2773 in Theorem 2.3. Then we get the desired result. [

= "y e(llxlly + llylly + lzIf)) — 0
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