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Solution to Open Problems on Fuzzy Filters in Logical algebras and
Secure Communication Encoding Scheme on Filters
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Abstract. We characterize fuzzy Boolean and implicative filters in pseudo BCK algebras, then get the
essential equivalent relation between the two fuzzy filters. Based on this, we solve an open problem in
pseudo BCK algebras. By constructing the Chinese remainder theorem with respect to filters in distributive
lattice of polynomials, a new kind of communication encoding scheme is obtained, and we analyze the
security of the scheme.

1. Introduction

Logical algebras are the algebraic counterpart of the fuzzy logics and the foundation of reasoning
mechanism in information sciences, computer sciences, theory of control, artificial intelligence and other
important fields[29]. For example, BL algebra, pseudo MTL algebra and residuated lattice correspond to
monoidal -norm-based logic and monoidal logic respectively[10, 27, 28].

Iséki and Imai introduced BCK algebra for BCK Logic[15, 17, 18]. Afterwards, Georgescu and lorgulescu
introduced notion of pseudo BCK algebra as extension of BCK algebra[4, 12]. lorgulescu established
connections between (pseudo)BCK algebra and (pseudo)BL algebral3, 4]. In[22], Wang and Zhang presented
the necessary and sufficient conditions for residuated lattice and bounded pseudo BCK algebra to be Boolean
algebra.

Filter theory plays an important role both in algebraic structure research and non-classical logic and
computer science[16, 19, 32]. From logical point of view, various filter corresponds to various set of provable
formulae [31, 34]. For example, with the help of filter and prime filter in BL algebra, Héjek proved the
completeness of Basic Logic[27]. In[9], Turunen defined implicative filter and Boolean filter and proved the
equivalence of the two filters in BL algebra. In[1, 2, 8,9, 13, 18, 20, 25, 33, 38, 42] different kinds of filters in in
BL algebra, lattice implication algebra, pseudo BL algebra, pseudo effect algebra, pseudo hoop, residuated
lattice, triangle algebra and the corresponding algebraic structures were further studied.

Fuzzy set was introduced by Zadeh[23]. Nowadays this idea has been applied to different algebraic
structures. For example, fuzzy filter functions well in investigating algebraic structures. [39, 40, 42]
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introduced and characterized fuzzy positive implicative filters in lattice implication algebra. [21, 24]
studied fuzzy filters in BL-algebra. Wang and Xin investigated fuzzy normal and Boolean filter as to solve
an open problem in pseudo BL-algebra[31]. [14, 36, 37, 41]studied interval valued fuzzy filter in pseudo
BL-algebra and MTL-algebra. Thus shows that fuzzy filter acts as a feasible tool to obtain results in logical
algebra.

Upon the relation between implicative pseudo-filter and Boolean filter in pseudo BCK algebra or
bounded pseudo BCK algebra, [35] proposed an open problem on the two filters and thus are the mo-
tivation of first part in this paper.

[29] explored the properties of fuzzy filter in pseudo BCK algebra, discussed the equivalent conditions
of fuzzy normal filter in pseudo BCK algebra(pP), and proposed the relation between fuzzy implicative
pseudo filter and Boolean filter of (bounded) pseudo BCK algebra(pP). Thus the open problem are partly
solved.

Based on this, in this paper we further investigate the fuzzy Boolean and implicative filters in pseudo
BCK algebra, and find essentially equivalent relation between them, then find the relation between them
and implicative BCK algebras, then completely solve the open problem.

By constructing the Chinese remainder theorem with respect to filters in distributive lattice of polyno-
mials, a new kind of communication encoding scheme is obtained.

2. Preliminaries
First we recall corresponding results which will be needed.

Definition 2.1. [6]A nonempty set L with binary operations A and V is called a lattice if for x, y,z € L
(DxAx=xVx=x,XxAYy=yAx,xVy=yVvyx,
Q)xAPYAz=xAWYAZ), xVY)Vz=xV({yVz), xAyY)Vx=xVy)Ax=x.

A binary relation < is defined as forx,y € L, x < yif x Ay = xor x V y = y. Then we can find that binary
relation < is a partially ordered relation.

Definition 2.2. [7]For x,y,z € L,a lattice L is called
(Ldistributive if x A(yVz) = (x Ay)V(xAz)orxV(yAz)=x VY A@xVz),
(2)bounded if there exists 0,1 € L, such that 0 < x < 1.

Definition 2.3. [15]A structure (A, —,1) is called an BCK algebra if for x,y,z € A
MDez—=x)=Y—=x)2y—2,yY—=x)=x2yx>x,
2)xzyandy2ximplyx =y, andx = 1=1x<yex—y=1)

Definition 2.4. [5] A pseudo BCK algebra is a structure (A, >, —,—,1), if forx,y,z € A
Dz—=x)=>WY—=>x))2y>z,z=x)>Yox)2y—=zyY—x)=>x2y,(y—=>x) >x>Y,
2)xzx,12xxz2yandy>ximplyx=y, x> yify->x=1lify—>x=1

In a pseudo BCK algebra A, x™ =x — 0,x~ = x = 0 for x € A and A is called bounded if 0 — x =1 or
0— x=1[12].

Proposition 2.5. [4] In a pseudo BCK algebra A, the following properties hold for x,y,z € A
MDx<y=sy—-z<x—-zandy—z<x—zx<y=z-ox<z-oyamdz—ox<z>Y,
2z-x<WY—=2)2Y—-x),z2295x<Y—=2) >y =x,z2=HY—-ox)=y— (2= x).

Definition 2.6. [11] A pseudo BCK algebra(pP) is a pseudo BCK algebra A satisfying for x,y € A, there exists
xQy =minfzlx <y — z} = min{zly < x — z}.

Theorem 2.7. [12]In a pseudo BCK algebra(pP) A, the followings hold
(1Dxoy) »z=x—>y—2),[y0x) >z=x=(y = 2),
Qx> yYox<x,y,x0x =Y <x,yx0y<xAy<xy.
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The operations V, A, ® have priority towards the operations —, —.
Definition 2.8. [15] A BCK algebra A is called implicative if for x, y € A, (x = y) = x =x.

Definition 2.9. [35] A pseudo BCK algebra A is called 1-type(2-type) implicative if for x,y € A, (x = y) —= x =
(x> §) w3 = X((x W y) = X = (X = y) wr x = ).

Theorem 2.10. [35]A pseudo BCK algebra A is a 1-type(2-type) implicative if and only if A is implicative.

Definition 2.11. (the Chinese remainder theorem)[26] Suppose n > 2, and my,my, - -+ ,m, are n positive mutually
prime integers. Let M = mymy---m, = miM; = moM, = --- = m,M,, here M; = %,i =1,2,---,n, then for
the following congruence equations group x = bj(modm;),i = 1,---n, the minimum solution is xo = biM{M; +
boMiM; + - - - + b, M MymodM, here positive integer M, satisfying: MM; = 1(modm;),i = 1,---n, i.e., M is the
inverse element of M; with respect to m;.

3. (fuzzy) pseudo-filters of pseudo BCK algebra
In this section, we recall the definitions of pseudo filter and fuzzy filter in pseudo BCK algebra A.

Definition 3.1. [35]A subset F of A is called a pseudo-filter if
(FI)xeF,ye A, x<y=ye€F,
(F2)xeF,x >yeForx—>yeF=ycF.

Theorem 3.2. [29]A subset F of A is a pseudo-filter if and only if
(F3)1€F,
(F) xe F,Fx syeForx—>yeF=ycF.

Definition 3.3. [35]For x,y € A, a filter F is called a(an)
(1)Boolean if (x - y) > x € Fand (x — y) > x € F, thenx € F.
(2)implicative if (x - y) > x € Fand (x — y) <> x € F, then x € F.

Theorem 3.4. [35]Let F be implicative of a bounded pseudo BCK algebra A. Then ¥x,y € A
(D((x > 0) >x) >xeF, (x—>0)—>x)—>xeF,
2A)((x—>y)—>x)>x€F, (x> y) —x)>x€EF,

B)if(x > y) > yeF then(y—>x)—>xeF if(x—>y)—yeF then(y —x) =>x€eF,
(4)ifx - yeF then((y —=x)—=>x)—=yeF ifx>yeF then((y = x) > x) > yeF.

Definition 3.5. [29] A fuzzy subset f of A is called a fuzzy pseudo-filter if f; is either empty or a pseudo-filter for
te[0,1].

F is a pseudo-filter iff xr is a fuzzy pseudo-filter, where xr is the characteristic function of F.
Inspired by[31], we get the following results.

Proposition 3.6. [29] A fuzzy set f is a fuzzy pseudo-filter of A(or A(pP))if and only if for x,y,z € A, one the
followings holds

DfQA) = fx), f(y) = fE) A flx =), f(1) = f(x), f(y) = f(x) A flxwy),

(2)f is order-preserving and f(x O y) = f(x) A f(y).

Definition 3.7. [29] For x, y € A, a fuzzy pseudo-filter f is called
(Dimplicative if f((x = y) = x) = f(x), f((x w> y) > x) = f(x).
(2)Boolean if f((x = y) ~> x) = f((x »> y) = x) = f(x).

Theorem 3.8. [29]For a fuzzy implicative pseudo-filter f of a bounded pseudo-BCK algebra A, then Vx € A, f((x~ —
xX) v x) = f(7 w x) = x) = f((7 o x) = x) = f(C = x) wx) = f(1).
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Theorem 3.9. [29] A fuzzy pseudo-filter f of A is implicative(Boolean) if and only if f; is either empty or an
implicative(Boolean) pseudo-filter for each t € [0, 1] if and only if frq) is an implicative(Boolean) pseudo-filter.

Corollary 3.10. [29] A subset F of A is an implicative(Boolean) pseudo-filter if and only if x is implicative(Boolean).

Theorem 3.11. [29] A fuzzy pseudo-filter f of a bounded A is Boolean if and only if f(x — y) = f(x = (y~ » y)),
flax o y) = fle~ (v~ = y)) if and only if f((7 = x) > x) = f(x” > x) = x) = f(1) for x,y € A.

Corollary 3.12. In a bounded pseudo-BCK algebra, every fuzzy implicative pseudo-filter is a fuzzy Boolean filter.

Theorem 3.13. [29]Let f be a fuzzy Boolean filter of a bounded A. Then f((y ~ x) — x) = f((x = y) ~> y) for
X,y €A

Corollary 3.14. Let f be a fuzzy Boolean filter of a bounded A. Then f(x™~) = f(x™7) = f(x) for x € A.

4. The relation between implicative pseudo-filter and Boolean filter in pseudo-BCK algebras or bounded
pseudo-BCK algebras

[35]proposed an open problem: “In pseudo BCK algebra or bounded pseudo BCK algebra, is the notion
of implicative pseudo-filter equivalent to the notion of Boolean filter?” To solve the open problem, we recall
the results of the relation between the two filters.

Theorem 4.1. [35]Let F be normal of A. Then F is implicative if and only if F is Boolean.

With the help of the equivalent condition of fuzzy normal filter of A(pP), inspired by [31], [29] get the
following results and partly solve the open problem.

Theorem 4.2. [29]In bounded pseudo BCK algebra, every implicative pseudo filter is a Boolean filter. In pseudo BCK
algebras(pP), every Boolean filter is an implicative pseudo filter.

We further investigate the properties of fuzzy Boolean filters and fuzzy implicative filters which make the
relation between the two fuzzy filters much clear, and get the complete solution for the open problem.

Theorem 4.3. Fuzzy implicative pseudo filters are fuzzy Boolean filters in pseudo BCK algebras.

Proof. Let f be an fuzzy implicative pseudo filter of A. Then Vx € A, suppose f((x — y) — x) = t,
then(x - y) = x€ fi. Fromx < (x - y) = x) = x,50 ((x = y) = x) > x) > y <x = yand
((((x > y) = x) > x) > y) = (x = y) = 1. On the other hand, x = v < ((x = y) <= x) — x, so we get
(=== > ->a>)<((x >y x>0 >y > ((x >y =2 - ). Then
((x=yY—=x)>x)>2y) > (x—>y) —=x)=>x)=1€ fiand ((x = y) — x) = x € f; since f is an fuzzy
implicative filter. Combine that (x — y) < x € f;, according to the definition of filter, we get x € f;.

Similarly, suppose f((x — y) — x) = ¢, then (x — y) = x € f;. From From x < ((x = y) = x) — x,
o (((x = y) »x) >x) >y<x>yand ((x 2 y) > x) = x) =y = x=y =1 And
x=ys(c—=y —x)=xsoweget(x =y 21>y ==y <((k—=y -1
X) =Y = (x—=y) = x) =x). Then((x = y) =2 x) = x) = y) = (x = y) = x) —>x)=1¢€ fiand
((x = y) = x) = x € f; since f is a fuzzy implicative filter. Combine that (x — y) — x € f;, according to
the definition of filter, then we get x € f;.

According to the definition, f is fuzzy Boolean. [J

Similarly we can get

Theorem 4.4. In pseudo BCK algebras, every fuzzy Boolean pseudo filter is a fuzzy implicative filter.
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Proof. Let f be a fuzzy Boolean filter of A. Then Vx € A, suppose f((x = y) — x) € f;, then (x —
Y) 2> x€ fr. Fromx < (x = y) =2 x) > x,s50(((x > y) = x) =2 x) >y <x - yand (x —
Y) =2 x) = x) > y) = (x = y) = 1. On the other hand, x - y < ((x = y) = x) < x, so we get
((x=y-ox)ox)>yY>@E->y) (x> y) 2 x)=>x)> 1y = (x> y) > x) > x). Then
((x=y)=x)=x) >y = (x—>y) 2x)—>x)=1€ fiand ((x = y) = x) — x € f; since f is a fuzzy
implicative filter. Combine that (x — y) — x € f;, according to the definition of filter, then we get x € f;.

Similarly, suppose f((x <= y) < x))) € f;, then (x = y) — x € fi. From x < ((x = y) < x) — ¥, s0
(x> y) —>x)>x)>y<x—yand ((x = y) = x) = x) = y) = (x = y) = 1. On the other hand,
x oy < (x> y) o x) - x50 we get (¥ ) = x) = 2) S y) > (o p) < (x> y) = ) —
%) = y) = (x> y) < 2) = 2). Then (x> y) = 3) = 3) = y) > (x> y) =) > ) = 1 € f; and
(x = y) = x) = x € f; since f is a fuzzy Boolean filter. Combine that (x < y) <= x € f;, according to the
definition of filter, then we get x € f;.

According to the definition, f is fuzzy implicative. [

From the above results, we can get the following results as a solution for the open problem.

Theorem 4.5. In pseudo BCK algebra or bounded pseudo BCK algebra, implicative pseudo filter is equivalent to
Boolean filter.

Remark 4.6. The equivalent relation between the implicative pseudo filter and Boolean filter is of importance in the
study of logical algebras. We discuss the properties of fuzzy implicative pseudo-filters and fuzzy Boolean filters in
pseudo BCK algebras. Based on the results and previous work, we completely solve an open problem which is important
in study of the algebraic structure of pseudo BCK algebras. For example, When studying of the relation between
implicative pseudo-filter (Boolean filter) and implicative pseudo-BCK algebras, there is an open problem that ” Prove or
negate that pseudo BCK algebras is implicative BCK algebras if and only if every pseudo filters of them is implicative
pseudo filters (or Boolean filter)[13].” Based on the results we have and some other results we obtained[29-31], we
can completely solve the open problems like this.

5. The Chinese Remainder Theorem in distributive lattice and its application

5.1. Congruence relation on filters of distributive lattice

Definition 5.1. [6]A nonempty subset F of a lattice L is called a filter of L if it satisfies
(I)xeF,ye A x<y=ye€F
2)xeF,yeF=xAyeF.

Theorem 5.2. Suppose F be a filter of a distributive lattice L. A binary relation = is defined as for x,y € L,
x = y(modF) if for some z € F, x A z = y A z, then we can find that binary relation = is a congruence relation on L.

Proof. Itis easy to see thatbinary relation = has reflexivity and symmetry. Suppose forx, y,z € L, x = y(modF)
and y = z(modF), then there exist ,t € F,suchthatx Ah =y Ah, yAt=zAt. Sox A(hAt)=yAhAt=
YyAtAh=zAtAhand h At €F, then x = z(modF). Then binary relation = is an equivalent relation.
Suppose x = y(modF), then there exists some z € F,such thatxAz = yAz, thenVh € L, (xAz)Ah = (yAZ)Ah,
ie,(x Ah) Az =(yAh)Az thenx Ah =y A h(modF).
In the same way, x = y(modF), then there exists some z € F, such that x Az = y A z, then Vh € L,
xVI)Az=@xAZ)V(hAz)=(yAz)V(hAZ)=(yVh) Az thenx Vh=yV h(modF).
Suppose x = y(modF)and z = h(modF), then xVz = yVz(modF) and yvz = yVh(modF),soxVz = yVh(modF).
In the same way, we can get x A z = y A h(modF). O

Remark 5.3. Suppose F be a filter of a distributive lattice L. A congruence relation = can be induced by F. If we use
[x]F to denote the equivalent class of x, i.e., L/F = {[x]p|x € F}. Ifwedefine [x]rV[ylr = [xVylr, [x]FAlylr = [xAY]E,
then (L/F, V, A) is a distributive lattice.

Theorem 5.4. Suppose F be a filter of a distributive lattice L. If x € F, then [x]r = F.
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Proof. Suppose for y € [x]r, then there existh € F, suchthat xAh = yAh,sincexAh = yAh € FExAh = yAh < y.
So y € F. On the other hand, if y € F, then x A y € F, since y A (y A x) = x A (y A x), then y = x(modF), i.e.,
y € [X]p. O

Corollary 5.5. Suppose F be a filter of a distributive lattice L. If x € F, then Vy € L, x = x V y(modF).
Proof. Vye Landx € F,x Ax =(xVy) Ax,sox =xV y(modF). O

Definition 5.6. Suppose F1, F, be two filters of a distributive lattice L. A filter F generated by F1 U F; is called the
sum of filters FiandF,, denoted by F = F1 + F».

Lemma 5.7. Suppose F1, F, be two filters of a lattice L. Then F1 + Fy = {x|forsomex; € F1, x € F2, x > x1 A x2}.

Proof. Suppose F = {x|forsomex; € F1,xp € F2, x > x1 Axp,50 F; € Fand F, € F, then F; + F, € F. We have
that any filter | containing F;, F, must contain F: if x € F, then for some x; € Fq, x, € F5, x > x1 A x2. And
xzx1Axy€],wegetxe ] ie,FCJ. AndwehaveF; +F, D F.

Next we prove that F is a filter. Suppose x; Ax, <y <x,and y € F, thenx € F. If x, y € F, then for some
x1,X € F1,x0,x" € Fy,wehavex > x1 AXxp, y 2 X AX”, 50X Ay 2 (X1 Ax2) A AX") = (x1 Ax") A (x2 Ax”),
andx; Ax € Fi,x Ax” € F, wehavexAyeF. O

Lemma 5.8. Suppose Fq, F» be two filters of a distributive lattice L. Then F1 + F» = {x A y|forsomex € Fy, y € F»}.

Proof. Suppose x € F; + F,, then for some x; € F1, x, € Fp, wehave x > x1 Axp. Andx =xV (x1 Axp) =
(xVx)) AlxAxp),sincex; < xVxy,xp<xVxyandx; € Fj,x; € F, wegetxVxVx € F,xVx; €F,. ie,
FCJ. And we have F; + F, D F.

Next we prove that F is a filter. Suppose x; Ax, <y <x,and y € F, thenx € F. If x, y € F, then for some
x1,X € F1,x0,x" € Fy,wehavex 2 x1 Axp, y 2 X AX”, 50X Ay 2 (X1 Ax2) A AX") = (x1 Ax") A (x2 Ax7),
and x; Ax" € Fi, xp Ax” € F,, we have x Ay € F. So F1 + F» C {x A y|forsomex € F1, y € F»}, and
F1+ F> 2 {x A ylforsomex € F1, y € F»} is obvious. [

5.2. The Chinese Remainder Theorem in distributive lattice

Theorem 5.9. Suppose Fi(i = 1---n) be filters of a distributive lattice L, such that L = Fx + U; Fi,k = 1,---n.
Ifb1,by, - b, € L, then there exist b € L, such that b = bj(modF;),i = 1,---n. And b is uniquely determined with
respect to module filter Fy AFy A -+ A F,.

Proof. foreveryk, by € L = Fx+ U Fi,k=1,---n. When ay € Fy, 1, € U Fi, b = ax A . On the other hand,
ay € Fi, then by A ay = ag A r¢ A ag = 1 A ag, so by = r(modF;),i=1,---n.

rx € Ui Fi, then Vd € L, v = 1 V d(modF;),i = 1,---n,i # k. Letd = r;, then ry = r V ri(modF;),i =
1,---n,i#k Letb =r1VraV---Vr, = (1 Vro)V(a V)V V1 VeV (r, Vi) (modFy) = ri(modFy), k=1,2,--- ,n.
So we get b = b;(modF;),i=1,---n.

Then we prove the uniqueness. Suppose there exist ¢ € L, such that ¢ = bj(modF;),i = 1,---n. Then
b = c(modF;),i =1,---n. So there exists dy € F, suchthatb Ady =cAdy,i=1,---n. OAd)ABAd) A+ A
OAdy)=(Ad)AN(CANd)AN---AN(cNdy),ie,bAdiANdAN---ANdy)=cA(di ANdy A--- Ady), then we get
b=c(modFy NFy A---AFy). O

5.3. A new communication encoding scheme based on the Chinese Remainder Theorem in distributive lattice

Theorem 5.10. Suppose L={the polynomial space on GF(2)}. A binary relation < is defined as for f(x), g(x) € L,
f(x) < g(x) if f(x)lg(x), then (L, <) is a partial ordered set.

Theorem 5.11. Suppose L=the polynomial space on GF(2). For V¥ f(x), g(x) € L, binary operations V, A are defined
as f(x) V g(x) = Lem.(f(x), g(x)), f(x) A g(x) = g.c.d.(f(x), g(x)), then (L, V, A) is a distributive lattice.

Lemma 5.12. Suppose F bea filter of a lattice L. Then F = {m(x)p(x)|lm(x) € L}, here p(x) is the irreducible polynomial
on L.
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Based on the Chinese remainder theorem of polynomials, we can design a secure communication
scheme. Suppose L={the polynomial space on GF(2)}. For information flow ”0 “or”1 ”, the sender can
separate it into several groups. For example, each group contains k code elements, which corresponds to
a decimal number. Choose n modules (n different filters) on L: Fy, F,,--- , F,, by the Chinese remainder
theorem in distributive lattice of polynomials, for the unique solution of the following congruence equations
F(x) = fi(x)(modF;),i =1, ---n can be obtained.

Based on the above analysis, a secure communication scheme can be designed as follows: after the
sender and the receiver of the communication choose n modules (n different filters) on L: F1,F5,--- ,F,, the
sender can send solution of the congruence equations group F(x) directly through the channel, the receiver
can obtain fi(x),i = 1,2,--- ,n by F(x)modF;, then the receiver can get original information flow safely and
effectively, so as to achieve the requirements of the secure communication.

5.4. Scheme analysis

In this paper, the secret communication scheme based on the Chinese remainder theorem of the poly-
nomial has the following advantages:

(1) The original information sequence can be arbitrary separated;

(2) Module can be arbitrary chosen;

(3) System only need to transfer F(x) secretly, transfer volume decreases. Even if F(x) is obtained by an
intruder, since he couldn’t know the module and order, it is difficult to use F(x) to get the original sequence;

(4) When the receiver needs to restore sequence, he only needs to perform modular operations, which
is simpler and faster.By constructing the Chinese remainder theorem with respect to filters in distributive
lattice of polynomials, a new kind of communication encoding scheme is obtained, and we analyze the
security of the scheme.
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