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Abstract. The primary goal of this paper is to develop fuzzy stabilizer theory in BL-algebras. Two types
of fuzzy stabilizers are introduced and their related properties are given. Also, the relationships between
fuzzy stabilizers and several fuzzy filters are discussed. Finally, by means of fuzzy stabilizers, it is proven
that the collection of all fuzzy filters in BL-algebras forms a residuated lattice. These results will provide a
solid algebraic foundation for the consequence connectives in fuzzy logic.

1. Introduction

BL-algebras [6] are the corresponding algebraic structures for Héjek basic logic. The interval [0, 1] with
the structure induced by a continuous t-norm is an important example for a BL-algebra. It is well known
that MV-algebras [5] are one of most important subclasses of BL-algebras. Moreover, MV-algebras and
lattice implication algebras [14], bounded commutative BCK-algebras [12] are categorically equivalent,
respectively.

In BL-algebras, the focus is deductive systems also called filters. From the viewpoint of Logic, diverse
filters correspond to diverse collections of provable formulas. So far, the filter theory in BL algebras has been
extensively researched and related important results have been gained [7, 13]. Especially, Turunnen [13]
investigated some properties of (prime) filters of BL-algebras. Inspired by this, Haveshki [7] systematically
studied filter theory in BL-algebras including the relations of various kinds of filters and their charac-
terizations. At present, many authors studied a variety of fuzzy filters of BL-algebras [9-11, 13, 15, 16].
For instance, Liu and Li [9, 10] introduced the concepts of fuzzy Boolean (positive implicative) filters of
BL-algebras and some characterizations of them were derived.

The notion of stabilizers is from analytic theory, which is helpful for studying structures and properties
of algebraic systems. Haveshki [8] first introduced the notion of stabilizers in BL-algebras and investigated
some basic properties of them. Also, they discuss the relations between stabilizers and filters in BL-algebras.
Inspired by this, Borzooei [4] introduced some new types of stabilizers and determined the relations among
stabilizers in BL-algebras, they also showed that fantastic filters and (semi) normal filters are equivalent via
stabilizers. Based on the above, we introduce and study two types of fuzzy stabilizers in BL-algebras.
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2. Preliminaries
In the present section, we review some contents that will be used below.

Definition 2.1. [6] A BL-algebra is a structure (Q,®, —, V, A, 0, 1) of type (2,2,2,
2,0,0) with the below axioms: forall x,y,z € Q,

(1) (Q,A,V,0,1) is a bounded lattice;

(2) (Q,0,1)is an abelian monoid;

B y<x—-ziffyox <z

@ 1l=@x->yVvy—-ux);

©G) yrx=yo(y— x).

Throughout this paper, a BL-algebra (Q,®, =, V, A,0,1) will be written by Q, unless otherwise stated.
Forany y € Q, denote y° = 1,y" = y© "}, where n > 1.

Proposition 2.2. [6] In a BL-algebra Q, for any x,y,z € Q,

1) y<xiffy - x=1;

(2) y<ximpliesy©z<x0z,x >z<Yy—=22->Y<z2—-X
B ysx-yloy=yyox<yAx;

@) y->x=yvVx-ox,y—-x=y—->yAx;

(5) y>xAz=(y— ) Ay 2)

6) yVvx—=z=WHY—-2)Ax>22),yAx—=>z=(Hy—2)V (x> 2)
7)) yvx=((y—=x->0)Ax—->y —y).

Definition 2.3. [6] For any x, y € Q, a BL-algebra Q is called a (an)

(1) Godel algebra provided that y = y QO y;
(2) MV-algebra provided that (y — x) = x = (x = y) = y.

Definition 2.4. [9, 10] A fuzzy set A of Q is said to be a fuzzy filter provided that for all x, y € Q,
1) A1) = Ay);

(2) Myox)=Ay) A Ax);
(3) v < ximplies A(y) < A(x).

Set x,y € Q. A fuzzy set A of Q is a fuzzy filter iff A(1) > A(x), A(y) = A(x) A A(x = y). Denote by the
collection of all fuzzy filters in Q #(Q) and define the fuzzy filter generated by A as (1) = (\,er@yacy V-
Furthermore (A)(x) = V{AA(a)|b1,--- b, € Q,x 2 b1 O by ---by}. In F(Q), define Ay < Ay iff Ay CAx, A VA =
(MU A2, AL A Ay = A1 N Ay Then (F(Q), A, V,0,Q) is a complete distributive lattice [10, 17].

Definition 2.5. [9, 10] Set x,y,z € Q. A fuzzy filter A of Q is called a

(1) fuzzy Boolean filter provided that A(y — x) = y) < A(y);

(2) fuzzy prime filter provided that A(y V x) = A(y) V A(x);

(3) fuzzy fantastic filter provided that A(y — x) < A(((x = y) = y) — x)).

Definition 2.6. [17] A fuzzy equivalent relation R on Q is said to be a fuzzy congruence provided that for
any w,t,u,v € Q, R(w,t) A R(u,v) < R(wEu, tZv), where E € {—, A, O, V}.

Proposition 2.7. [17] Given a fuzzy congruence R on Q, R(y,x) = R(l,y < x) whence y & x = (y —
) A= y),xyeQ.

Proposition 2.8. [17] (1) Given a fuzzy congruence R on Q, R(1, ) is a fuzzy filter of Q.
(2) Given a fuzzy filter A of Q with A(1) = 1, R(y, x) = A(y < x) where y, x € Q, is a fuzzy congruence, which
is called the fuzzy congruence generated by A.
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3. Fuzzy stabilizers in BL-algebras

Definition 3.1. Given a fuzzy set A of Q and a fuzzy congruence R on Q, the fuzzy left and right stabilizer
of A w.r.t. R are defined as follows: for x € Q,

XeM)®) = AyeofAy) = Ry - x,2)),
Xp (M) = AyeolAy) = Rix = y,v)},

where — is the residuum implication w.r.t. a continuous t-norm.

Notation 3.2. From Definition 3.1, one can see that if S is a classic subset of Q and R is the identity relation
Id on Q. Then
1
Xlr /(S)
X14(S)

[ceQlc = x=x, forallx €S},
{ceQlx > c=c forallx €S},

are left and right stabilizers of X defined in [8], respectively.

Example 3.3. Set Q ={0,x,v,z,u,1} with0 <u <x<1,0<z<y <1 Consider ®,— on Q below:

0|0 x v z u 1 -0 x v z u 1
0/j0 0 0 0 O O o0/1 1 1 1 1 1
x|0 x u 0 u «x x|z 1 yv z y 1
y|10 u z z 0 vy ylu x 1 y x 1
z|0 0 z z 0 z z |x x 1 1 x 1
u|0 u 0 0 u u uly 1 1 y 1 1
110 x v ¢ u 1 110 x vy z u 1

Then (Q,0,—, A, V,0,1) is a BL-algebra. The fuzzy set A is defined by A(1) = 1, A(y) = A(z) = 0.7,A(0) =
A(x) = A(u) = 0.3 and the fuzzy congruence R is generated by A. Therefore one can compute that X%(A)(y) =
Xp(D)(1) = 0.8, X,(1)(0) = Xp(M)(x) == X)) = Xp(D(w) = 05 Xp(A)(y) = Xp(D)) = X)) =
0.9, X5 (A)(0) = Xi(A)(x) = X (A)(u) = 0.4.

Proposition 3.4. Given a fuzzy congruence R on Q and fuzzy sets p1, u, of Q,

D XL0n) = XR(0) = Q

2 X&(xo) = R(1,);

(3) If p1 € o, then Xk (u2) € Xk (u1), Xp (u2) € Xp (u1);

(4) XL (u1 U p1) = Xk (u1) N X5 (u2), X (u1 U p2) = Xh (u1) N X (42);
(5) Xk(u1 N p2) = Xb(u1) U Xh (12), Xi(u1 N p2) = Xip(11) U X (12).

Proof. (1) From XL(x1)(x) = A.fxiz) » Rz = x,%)} =1 - R(1 - x,x) = 1, we have Xk(x1) = L.
Moreover, by X% (x1)(x) = Aze {x1(z) = R(x = z,2)} =1 — R(1,1) = 1. Thus X} (x1) = L.

(2) Xi(x0) = Nserlxo(z) = R(z = x,%)} = 1 —= R(1, %).

(3) If y1 C o, thatis, for any z € L, we have ui(z) < pa(z). From Proposition 2.2, we have X%(yz) =
Nwerltia(2) = Rz = x,0)} < A fpn(@) = Rz = x,%)) = Xp(u1) and Xp(p2) = Aserlpa(2) = Rix —
z,2)} € Neerlp1(z) = R(x — z,2)} = Xk (11). Therefore, if 1 C pa, then Xh (u2) € X (1), Xi (u2) € X (1)

(4) From Proposition 2.2, we have Xﬁz(yl U o) = Agerlpn(@) V p2(z) = R(z = x,x)} = A {ti(z) = Rz —
%,%)} N0 NAgerfpz(z) = Rz = x,x)} = X%(ul) N X%(uz). Moreover, one can prove that X (u1 U up) =
Nzerltn(z) V pa(z) = R(x = z,2)} = Azerin(z) = R(x = 2,2} 0 A {pa(z) = R(x = z,2)} = X (i) N
Xi(12)-

(5) Similar to (4).

|
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Proposition 3.5. Given a fuzzy congruence R on Q and a fuzzy set u of Q, X} (u) is a fuzzy filter of Q.

Proof. (1) Xz(u1)(1) = Ayeolt(y) = R(y, 1 = )} = Ayeolu(y) = Ry, )} = 1 2 Xp (1) ().

(2) Letx <y. Itfollows from Proposition 2.2,2.7,2 8 that X}, (u)(x) = A.eqfp(z) = R(x — z,2)} = Aeolu(z) —
R(1, (x = z) © 2)} = Aolu(z) = R(A, (x = 2) = 2)} < Aeofu(z) = R(1, (v = 2) = 2)} = Aeolu(z) —
R(1,(y = 2) © 2)} = Neolu(z) = Rz, y — 2) = Xp()(y).

(3) Forx,y € Q XWX 0 ) = Aweoltz) = RG (x0y) = 2) = Aucoli(z) » R(x0y) = 2) & 2,1)) =
Nzeofi(z) = R((x = (v = 2)) © z, 1)} = A.olu(z) » R(UxOy) = 2) = 2z, 1)} 2 Aofu(z) = R(((x —
z) > 2)0((y = 2) = 2),1) 2 Aeolu(z) = R((x > 2) = 2, 1) AR((y = 2) = 2, 1)} 2 Aolu(z) = R((x —
z) = 2, D} A Aseoli(2) = R((y = 2) = 2z, 1)} = Asepfp(2) = R((x = 2,2)} A Ajeolp(z) = R((y — 2,2)} =
Xp(@)(x) A X5 (1)(y)-

|

The below example reveals that Xk (1) is not a fuzzy filter of Q in general.

Example 3.6. Considering the Example 3.2, easy to verify that X} (1) is not a fuzzy filter of Q by X% (u)(yoy) =
Xk ()(2) = 0.5 < 0.8 = Xk (1)() A Xk (1)(y)-

Proposition 3.7. Given an MV-algebra and a fuzzy set u of Q, X% (u) and X (u) are fuzzy filters of Q.

Proof. (1) Xi(1)(1) = Ayeolp(y) = R(Ly — 1)} =1 = X (1) ().

(2) Let x < y. Then from Proposition 2.2 X%(‘u)(x) = Naeglp(z) = R(z = x,%)} = Aeofp(z) = R(1, (z —
x) © 1)} = Neeolt@) = R((z = %) = x, 1} = Aofu@) = R(1,zV 0} < Aplu(z) = R(1,z V y)}
Azerfu(@) = R,z = y) = y} = Nseolu(@ = R,z = y) © y)} = Neolu@ — Rz — y,y)}
X (W().

(3) Forany x,y € Q, Xk()(x ©y) = Aseolit(z) = R(L,(z = (x0y)) © (xO )} = Aolu@ — R(1,(z —
(xoy) = oy = Axoluz) = RA,zV (x0Oy) = Aoli(z) = R(1, (zVX) Oz V Y 2 Acoluz) —
R(Lz V)l A Nseoli(z) = R(LzV y)b = Apeolu(@) — Rz = %0} A Aseclu(@) = R(y,z — y)} =

X)) A X (@)(v).
O

Definition 3.8. Given two fuzzy sets A1, A, of Q, define fuzzy stabilizer of A; w.r.t. A, by
X(A1, A2)(x) = Ayeglhi(y) = A2((x = y) = y)],

where — is the residuum implication w.r.t. a continuous t-norm.

Example 3.9. Considering the BL-algebra from Example 3.3 and fuzzy sets 11, A; of Q where A1(0) = A;(x) =
A(u) = 0.4, A1(y) = A1(z) = 0.8; A2(0) = Aax(x) = Ax(u) = 0.3,A2(y) = pa(z) = A2(1) = 0.9. Easy to calculate
that X(11, A2)(0) = X (A1, A2)(x) = X(A1, A2)(y) = 0.9, X(A1, A2)(y) = X(A1, A2)(z) = X (A1, A2)(1) = 1.

In what follows, we discuss the relation between these fuzzy stabilizers and other types of fuzzy filters

in Q.
Proposition 3.10. Let uy, p2, A1, A, poi(i € I) be fuzzy sets and A be a fuzzy filter of Q. We have:

(1) If X(p1, p2)(x) = Q, then g C o;

(2) If pq € A, then X(u1, A)(x) = Q;

(3) A C X(u1,A);

(4) If A(1) =1, then X(x1,A) = Q;

(5) If p1 € Ay and pp € Ay, then X(A1, p2) € X(u1, A2);
(6) X(p1, Nieap2r) = Niea(p1, p2i);

(7) X(Uieapai, 1) = Niea(pi, Hai)-
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Proof. (1) For all x € Q, X(u1, p2)(x) = Ayeolpn(y) = p2((x — y) — y)l = 1. This implies p1(x) — pa((x —
x) = x) = 1 and hence p1(x) < pa(x), thatis, pg C u.

(2) Considering X(u1, )(x) = Ayeglin®) = A& = 1) = 9] = Aol = 1) = y) = M - y) -
)] =1, hence X(ui,A) = Q.

(3) Since p1(z) = A((x = z) = z) > M(x — z) = z) > A(x), we have X(u1, A)(x) = Aolp(z) = A(x —
z) = z)] 2 A(x). Therefore A C X(u1, A).

(4) X(x1,7) = Q follows from X(x1, A)(x) = A.eqlx1(z) = A((x = z) = z)] =1 forallx € Q.

(5) By X(A1, 1)(0) = Asolli®) = pa((x = 2) = 2)] < Augli(2) = A((x = 2) — 2)] for any x € Q,
X(A1, p2) € X(u1, A2).

(6) Forx € Q, X(p1, Nieattai)(x) = /\zeQ[[Jl(Z) = Niea thi((x = 2) = 2)] = /\zeQ Niealp1(z) = pai((x — z) —
2)] = Niea Nzeoltin(2) = p2i((x — 2) = 2)] = Niealp1, p2i)(x)-

(7) For x € Q, X(Vieapai, 11)(X) = Nzeql Viea p2i(z) = p2((x = 2) = 2)] = Aep Viealw2i(z) = p2((x = 2) —
2)] = p2i(z) = pa((x = 2) = 2)] = Niea (1, pai)(x).

O

Proposition 3.11. Let i1, o be fuzzy sets of Q.

(1) If po is a fuzzy filter of Q, then X(u1, u») is also a fuzzy filter of Q;

(2) If uy is a fuzzy prime filter of Q, then X(u1, u2) is also a fuzzy prime filter of Q;

(3) If uo is a fuzzy fantastic filter of Q, then X(u1, o) is also a fuzzy fantastic filter of Q;
(4) If uy is a fuzzy Boolean filter of Q, then X(u1, o) is also a fuzzy Boolean filter of Q.

Proof. (1) Suppose that u, is a fuzzy filter of Q. Hence X(u1, u2)(1) = /\yEQ[[Jl(y) = (@l -y -
W1 = Ayeoltn(y) = 2] 2 Ayeoltn(y) = w(x = y) = Yl = X, p2)(x). If x < y, we have
X(u1, 1)@ = Necolin@ = pallc = 2) = D] < Aacglin@ — wl(y = 2) = 2] = X(u, m)).
Furthermore, for any x,y € Q, X(u1, t2)(x © y) = Aseoltt1(2) = w((x © y) = 2) = 2)] 2 Aeolp(z) —
2(((x = 2) = 20((y = 2) = D] = Aucglin (@) = pa((x = 2) = DAY = 2) = 2)] = Aol @) —
a(((x = 2) = 2) A (1) = pal(y = 2) = 2)] = Aucgl(@(@) = pal((x = 2) = D] A Aecol (1) —
t2((y = z) = 2))] = X(u1, p2)(x) A X(p1, pt2)(y). This proof is complete.

(2) Suppose that y; is a fuzzy prime filter of Q. Hence X(u1, u2)(x V ¥) = A,eol(u1(z) = pa((x Vy — z) —
2] = Aueol((2) = pa2((x = 2) = 2) V ((y = 2) = 2)] = Ascol (@) = pa((x = 2) = 2) V pal(y = 2) -
2] = Necolitn(@) = 1a((x = 2) = DIV Ascglin(@) = 1y — 2) = 2] = X, p2)(x) V X(u, w2)(y). By
(1) this proof is complete.

(3) Assume that y; is a fuzzy fantastic filter of Q. Thus X(u1, 2)((x = y) = A.eol(p1(z) = wa((x - y) —
2) = D) < Mgl (@ = pal((y = 1) = 1) = §) = 2) = 2)] = X(n, g2)(y = ) = 1) = ). By (1)
this proof is complete.

(4) Assume that y, is a fuzzy Boolean filter of Q. Thus X(u1, u2)((x = (¥ = x)) = Aseol(p1(2) = pa((x —
(x = ) = 2) = 2)] < Aseol(p1(2) = pa(x = 2z) = 2)] = X(u1, p2)(x). By (1) this proof is complete.

O

Theorem 3.12. Given fuzzy filters 1,y of Q, the generated fuzzy filter of u; © py is denoted by 11 ® po,
where (2 © p1)(x) = pa(x) © pi(x), forany x € Q,

(1 ® pu2)(x) = V{Aic1 2, n(p1(ai) © p2(ai)lx > a1 © -+ © a,}.

Proof. Denote the right of the above equation by v(x). Firstly, by x > x © x, v(x) > (u2(x) © p1(x)) A (u2(x) ©
p1(x)) = pa(x) © pi(x) = (U1 © p2)(x). Next, we prove that v is a fuzzy filter. Obviously, for all x € L,
v(1) = v(x). Letx, y € Q. If there existay,--- ,a,,b1,--* , by €Q,x 21 O --Oay,x = y=b ©--- by, we have
Y2 x0(x = y)2a10--:0a,0b10---Oby,. Hencev(y) > Ay ... ,(u1(a)©Ou2(ai)) A Aizt,... m(u1(b:) © p2(b;)). On
the other hand, v(x) Av(x — y) = V{Aizy .. ,(u1(s:) © p2(si))lx = 51 0+ O55} A VA 2y (i1 (ti) © p2(t))lx —
Y2t 0 Otul = V{ iy, o108 © p2(8i)) A\ Nizt,e (1 (5) © po(t))IX 2510+ O 8y, X > Yy 2 H O O by}
This implies that v is a fuzzy filter of Q. Finally, if A is a fuzzy filter satisfying u; © u, < A, we get
V(@) = V(A1 a10) © @)l = 010+ 0} < ViAi,, A@)lx 2 410+ ©a,) < A(x). Summarizing
the above results the proof is complete. [



X. Cheng et al. / Filomat 32:5 (2018), 1783-1788 1788
Theorem 3.13. Let Ay, Ay, A3 be fuzzy filters of Q. Then A1 ® A; C A3 if and only if A1 € X(A5, A3).

Proof. Setx € Q. If A1 ®A; C A3, then A1(x) ©A2(x) < (A1 ®A2)(x) < Az(x). Hence X(Ay, A3)(x) = /\yEQ[)\z(y) -
A& = 1) = Y] = Ayeolha((x = 1) = ) = Al = 1) = Y] = Ageola(x = 1) = y) - Ailx -
Y) = O Ax =y = ]l =Al({x = y) = y) = Ai(x). This means that A; C X(A,, A3). Conversely, if
A € X(Az, A3), then Aq(x) < X(A2, A3)(x) = A\ yeglAa(y) — As((x — y) = y)]. Hence Aq(x) < Az (y) — As((x —
x) = x) = Aa(x) = A3(x). So A1(x) ® A2(x) < A3(x) and thus Ay ® Ax(x) = V{Aiz12,.. m(A1(a:) © Az(a))lx >
;0 0ay} < V{Aic12 mA3@)x 22,0 0a,} = V{A3(a1 0+ Oap)lx 2 a;©--- ©a,} < A3(x). This shows
that A1 ® A, CA3. O

We have the following theorem whence — in X(u1, 1) is the Godel residuum implication.
Theorem 3.14. Let A, A; € F(Q). Then A1 A Ay = A A X(Aq, Ag).

Proof. Obviously, A1 A Ay < A1 A X(A1, A2). Now, we prove that A; A X(A1,12) < A1 A Ay. Indeed, for any
x € Q, [M A X(A1, A2)](x) = A1(x) A X(A1, A2)(x) = A1(x) A ALer (1Y) = Aa((y — x) = %)) < A(x) A (Ai(x) —
Aa(x)) = A1(x) A Aa(x) = (A1 A A2)(x). Therefore Ay A Ay = A1 A X(Aq,A2). O

Theorem 3.15. (F(Q), A, V,®, X(A1,A,),0,L) is a complete residuated lattice.

Proof. It follows from Theorem 3.13. O

4. Conclusions

Inspired by the previous studies about fuzzy filters and stabilizers of BL-algebras, we introduce two
classes of fuzzy stabilizers and investigated their related properties in BL-algebras. Also, we discuss the
relation between these fuzzy stabilizers and other classes of fuzzy filters in BL-algebras. Finally, using the
properties of the fuzzy stabilizers, we deduce that the collection of all fuzzy filters constitutes a residuated
lattice. These results will provide a solid algebraic foundation for the consequence connectives in fuzzy
logic.
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