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Abstract. Recently, we have discussed the warped product pseudo-slant submanifolds of the type Mox M.
of Kenmotsu manifolds. In this paper, we study other type of warped product pseudo-slant submanifolds
by reversing these two factors in Kenmotsu manifolds. The existence of such warped product immersions is
proved by a characterization. Also, we provide an example of warped product pseudo-slant submanifolds.

Finally, we establish a sharp estimation such as ||1|[> > 2p cos? G(IW)(ln AP - 1) for the squared norm of the

second fundamental form ||4||?, in terms of the warping function f, where V(in f) is the gradient vector of
the function In f. The equality case is also discussed.

1. Introduction

In 1972, Kenmotsu [19] introduced a new class of almost contact Riemannian manifolds which are
known as Kenmotsu manifolds. It is well known that odd dimensional hyperbolic spaces admit Kenmotsu
structures. Kenmotsu manifolds are locally isometric to warped product spaces with one dimensional base
and Kaehler fiber.

On the other hand, B.-Y. Chen introduced the notion of warped product submanifolds in [10, 11]. The
study of warped product submanifolds got momentum after Chen'’s papers and several articles appeared
on warped product submanifolds in different structure of manifolds (for instance, see [3], [17], [22], [23],
[25], [27], [30]). For the survey on warped product submanifolds we refers to [12-14, 16].

Next, pseudo-slant submanifolds of almost contact metric manifolds were studied by Carriazo in [8].
The warped products of these submanifolds were studied by Sahin under the name of hemi-slant warped
product submanifolds of Kaehler manifolds [26]. Later, we extended this idea for cosymplectic manifolds
[30].

Recently, we have studied warped product pseudo-slant submanifolds of the type Mg x; M of a Ken-
motsu manifold M, where My and M, are proper slant and anti-invariant submanifolds of M, respectively.
We derived an inequality for the squared norm of the second fundamental form in terms of the warping
function. Also, the warped product submanifolds of Kenmotsu manifolds were studied in ([2], [3, 4],
[20, 21], [24], [1], [29]) and references therein.
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In this paper, we study warped product submanifolds of the type M, Xy Mg of a Kenmotsu manifold
M, where M, and My are anti-invariant and proper slant submanifold of M, respectively. The paper is
organized as follows: In Section 2, we give some preliminaries formulas which we will use later. Section 3 is
devoted to study of warped product pseudo-slant submanifolds of Kenmotsu manifolds and we prove the
existence of warped pseudo-slant submanifolds with an example and a characterzation. In Section 4, we
establish an inequality for the squared norm of second fundamental form in terms of the warping function
and the slant angle. The equality case is also considered.

2. Preliminaries

A (21 + 1)-dimensional smooth manifold M is said to be an almost contact metric manifold [6] if it admits
a (1,1) tensor field ¢, a structure vector field &, a 1-form 17 and a Riemannian metric g, which satisfy

(p2=—1+1]®€, p&E=0, nop =0, né) =1, 1)

9(@X, ¢Y) = g(X,Y) = n(X)n(Y), n(X) = g(X, <), )
for any vector fields X, Y on M. In addition, if
(Vx@)Y = g(@X, V)E = n(NeX, Vx&=X-n(X)& (©)

where V denotes the operator of covariant differentiation with respect to g, then (M, ¢, &, 7, 9) is called a
Kenmotsu manifold [19]. The covariant derivative of ¢ is defined as

(Vx(p)Y = Vx(pY — (pVXY (4)

for any vector fields X, Y on M.

Let M be a Riemannian manifold isometrically immersed in M and denoted by the same symbol g for
the Riemannian metric induced on M. Let I'(TM) be the Lie algebra of vector fields in M and I'(TM™) the set
of all vector fields normal to M, same notation for smooth sections of any other vector bundle €. Denotes
by V the Levi-Civita connection of M. Then the Gauss and Weingarten formulas are respectively given by

(@) VxY =VxY+h(X,Y), (b) VxV =-AyX+ ViV, (5)

for any vector fields X, Y € I'(TM) and V € T(TM"), where V* is the connection in the normal bundle TM+,
h is the second fundamental form of M and Ay is the Weingarten endomorphism associated with V. The
second fundamental form & and the shape operator A are related by

gh(X,Y), V) = g(AvX, Y). ©)
For any X € I'(TM), we write
pX =TX+FX, )

where TX is the tangential component of X and FX is the normal component of ¢X. Similarly, for any
vector field V normal to M, we put

@V =BV +CV, 8)

where BV and CV are the tangential and the normal components of ¢V, respectively.

Invariant and anti-invariant submanifolds are depend on the behavior of almost contact structure.
A submanifold M tangent to the structure vector field & is said to be invariant (resp. anti-invariant) if
p(T,M) € T,M, ¥ p € M (resp. p(T,M) € T,M*, ¥ p € M).
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It is clear that if TX (resp. FX) is identically zero in (7), then M is an anti-invariant (resp. invariant)
submanifold of a contact Riemannian manifold M.

We denote by H, the mean curvature vector defined as H(p) = %Zﬁl h(e;, e;), where {ey,--- , ey} is an
orthonormal basis of the tangent space T,M, for any p € M.

Also, we set

;= g(hei i) e) and P =) glhter,e), hieisey)), ®)
ij=1

fori,j=1,--- ,mandr=m+1,---,2n+1.

A submanifold M of a Riemannian manifold M is said to be totally umbilical if h(X,Y) = g(X, Y)H and
totally geodesic if h(X,Y) = 0, for all X, Y € I'(TM). Also, M is minimal in M,ifH=0.

There are some other classes of submanifolds of almost contact Riemannian manifolds which we define
here:

1. A submanifold M tangent to £ is said to be a contact CR-submanifold if there exists a pair of orthogonal
distributions © : p — D, and D+ : p — Dy, ¥ p € M such that
(i) TM = D@ D+ @ (&), where (&) is a 1-dimensional distribution spanned by &.
(ii) Disinvariantby ¢, ie., D =D
(iii) ©* is anti-invariant by ¢, i.e., e+ C TM*.
2. A submanifold M is called slant [7] if for each non-zero vector X tangent to M the angle 6(X) between
X and T,M is a constant, i.e, it does not depend on the choice of p € M and X € T,M — (&).

For a slant submanifold M, if O = 0, then M is invariant and if 6 = 7, then M is an anti-invariant
submanifold. A slant submanifold is said to be proper slant if it is neither invariant nor anti-invariant.

Now, we have the following characterization for a slant submanifold of an almost contact metric
manifold.

Theorem 2.1. [7] Let M be a submanifold of an almost contact metric manifold M, such that & € T(TM). Then M is
slant if and only if there exists a constant A € [0, 1] such that

T2 =AM~-I+n®&).
Furthermore, if O is slant angle, then A = cos? 0.

Following relations are straightforward consequence of the above theorem

J(TX, TY) = cos? B[g(X, Y) — n(X)n(Y)] (10)
9(FX, FY) = sin” 0[g(X, Y) - n(X)n(Y)] (11)
for any X, Y tangent to M.

We also have the following useful result for a slant submanifolds almost contact metric manifolds.

Theorem 2.2. [33] Let M be a proper slant submanifold of an almost contact metric manifold M, such that & € T(TM).
Then

(a) BFX =sin® 0(=X + n(X)&), (b) CFX = —=FTX
forany X € T(TM).

In [8], Carriazo introduced another class of submanifolds known as pseudo-slant (anti-slant) submani-
folds which are the generalizations of slant and contact CR-submanifolds. He defined these submanifolds
as follows:
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Definition 2.3. A Riemannian manifold M isometrically immersed in an almost contact manifold M is said to be a
pseudo-slant submanifold if there exists a pair of orthogonal distributions D+ and DO such that TM = D+@D0@(&), the
distribution D* is anti-invariant i.e., (D) C TM* and the distribution D° is proper slant with slant angle 6 # 0.

If we denote the dimension of D+ and DY by g and p, respectively then it is clear that contact CR-
submanifolds and slant submanifolds are particular classes of pseudo-slant submanifolds with slant angle
0 = 0 and g = 0, respectively. Also, the invariant (resp. anti-invariant) submanifold is a pseudo-slant
submanifold with slant angle @ = 0 and g = 0 (resp. p = 0). A pseudo-slant submanifold M is proper
pseudo-slant if neither g = O nor 6 = 0 or 7.

The normal bundle TM* of a pseudo-slant submanifold M is decomposed as

TM* = pD* o FD’ @ v (12)

where v is an invariant normal subbundle of TM*.

3. Warped product pseudo-slant submanifolds

In [5], Bishop and O’Neill introduced the notion of warped products to study manifolds with negative
curvature. They defined these manifolds as follows: Let M; and M, be two Riemannian manifolds with
Riemannian metrics g1 and g, respectively, and a positive differentiable function f on M;. Consider the
product manifold M; x M, with its projections m; : M X M, — M; and mp : M1 X M, — M;. Then their
warped product manifold M = M; X; M is the Riemannian manifold M; X M, = (M1 X M,, g) equipped
with the Riemannian structure such that

9XY) = g1(m1 X, 11, Y) + (f 0 1) 2 (2 X, T2, Y)

for any vector fields X, Y tangent to M, where * is the symbol for the tangent maps. On a warped product
manifold M = My Xy M,, M is the base manifold and M, is the fiber. A warped product manifold is said
to be trivial or simply a Riemannian product manifold if the warping function f is constant.

Now, we recall the following general result for a warped product manifold for later use.

Lemma 3.1. [5] Let M = My Xy M, be a warped product manifold. Then
(i) VxY € TM; is the lift of VxY on M;
(ii) VxZ =VzX = X(In f)Z
(iii) VzW = VYW — g(Z, W)V(In f)
or each X, Ye T(TM,) and Z, W € I(TM,) where V and V™ denote the Levi-Civita connections on M and M,
respectively, and V(in f) is the gradient of In f.

From the above lemma it is clear that if M = M; Xy M, be a warped product manifold, then M; is a
totally geodesic submanifold of M and M, is a totally umbilical submanifold of M.
Let M be a Riemannian manifold of dimension k with the inner product g and {ey, - - - , e} be an orthonor-

mal frame on M. Then for a differentiable function f on M, the gradient v f of a function f on M is defined
by

g(V £, X) = X(f), (13)

for any X € I'(TM). As a consequence, we have

k
VAR =) (e f)? (14)
i=1
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where V f is the gradient of the function f on M.

In [1], we studied warped product submanifolds of the form My Xy M, of a Kenmotsu manifold M,
where My and M, are proper slant and anti-invariant submanifolds of M, respectively. In this paper, we
study warped product submanifolds of the form M, Xy My of a Kenmotsu manifold and We call them
warped product pseudo-slant submanifolds. For these types of warped products we have two possibilities
that either the structure vector field £ is tangential to My or £ is tangential to M, . When ¢ is tangent to My,
then it is easy to show that the warped product is trivial [1]. Therefore, throughout the paper, we consider
the structure vector field £ is tangent to M, .

First, we give the following non trivial example of warped product pseudo-slant submanifolds.

Example 3.2. Consider a submanifold of R” with the cartesian coordinates (x1, Y1,X2, Y2, %3,Y3,t) and the
almost contact structure

92 ()= o(2) -0, 1<ii<3
P\ox:) ™ "oy P\ay;) T ax Plar) T TEMIE

It is easy to show RR” is an almost contact metric manifold with respect to the Euclidean metric tensor of R”.
Let us consider a submanifold M of R” defined by the immersion yx as follows

x(uq,up, uz, t) = (uq cos uz, Uy COS Uz, Uy + Up, U1 — Up, Uy SIN U3, Up SIN U3, ).

Then the tangent space of M is spanned by vectors

/1 =cosu3i+i+—+sinu3—
8x1 aX2 8y2 8x3 !
Zy = CcosSUz— + i - i +sinuz —
8y1 axz 8y2 &y3 !
Z3 = —UpSsinug — — Up SiNUz —— + U] COS U3 —— + Up COS U3 —; Z4 = i
&xl 8y1 8x3 8y3 ot

Then, we find

@Z1 = —cosuz =— — i + i —sinugi
dy1  dy»  Ixa dys’
d 0 . 0

@Zy = cosuz a—xl - 8_]/2 - a_xz + Sz (9_x3,'

Z3 =uysinu i—u sinu i—u cos U i+u cos U i Zys=0
PLz =uUy 38y1 2 38x1 1 38y3 2 3ax3,§04—-

It is clear that @Z; is orthogonal to TM. Therefore, the anti-invariant distribution is D+ = span{Z3} and
DY = span{Z;,Z,} is a proper slant distribution with slant angle 6 = arccos(%) = 70°52" such that & = % is
tangent to . Thus M is a proper pseudo-slant submanifold such that & = Z4 is tangent to M. It is easy to
observe that both the distributions are integrable. If we denote the integral manifolds of D* and D by M,
and My, respectively then the metric tensor g of M is given by

g= 3(duf + du%) +d? + (uf + u%)dug.
Thus M is a warped product pseudo-slant submanifold M = Mg X M, with the warping function f =
u+u

1 2°

Now, we have the following results which are useful to prove the main theorem of this section.
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Lemma 3.3. Let M = M, X My be a warped product pseudo-slant submanifold of a Kenmotsu manifold M such
that £ e T(TM_). Then, we have

(i) Ednf)=1;
(ii) g(h(Z, W), FX) = g(h(X, Z), pW)

forany X € T(TMp) and Z, W e I'(TM,).

Proof. For any X € I(TMp) and & € T(TM, ), we have Vx& = X. Then using (5) (a) and Lemma 3.1 (i), we
get £(In £)X = X which implies that £(In f) = 1, for any non-zero vector field X € I'(TMp), which proves (i).
For the second part of the Lemma, consider any X € I'(TMy) and any Z, W € T(TM,), then

g(h(Z, W), FX) = g(VzW, pX) — g(VzW, TX) = g(Vzp)W, X) — g(Vz9W, X) + g(VzTX, W).

First and the last terms in the right hand side of above relation are identically zero by using (3) and Lemma
3.1 (ii). Thus from (5) (b) and (6), we obtain g(h(Z, W), FX) = g(h(X, Z), pW), which is (ii). Hence, the proof
is complete. O

Lemma 3.4. Let M = M, X {My be a warped product submanifold of a Kenmotsu manifold M such that & € T(TM.),
where M, and My are anti-invariant and proper slant submanifolds of M, respectively. Then, we have

(i) g(h(X, ), 9Z) = (1(Z) - Z(In £))g(TX, Y) + g(h(X, Z), FY)
(ii) g((TX,Y),Z) = cos? O(Z(In f) = 1(Z))g(X, Y) + g((TX, Z), FY)
forany X, Y € T(TMg) and Z € T(TM,,).
Proof. For any X,Y € [(TMjg) and Z € T(TM,), we have
9((X, Z),FY) = g(VxZ,¢Y) = g(VxZ, TY) = 9(Vx@)Z,Y) = g(Vx9Z,Y) = g(VxZ, TY).
Using (3), (5) (b), (6) and Lemma 3.1 (i), we obtain
9(h(X, 2), FY) = =n(2)g(TX, Y) + g(h(X, Y), pZ) + Z(In f)g(TX, Y)

which proves (i). For the second part of the lemma, if we interchange X by TX in (i) and use Theorem 2.1,
then we get (ii), which proves the lemma completely. [

Also, if we interchange the vector field Y by TY in Lemma 3.4 (i)-(ii), for any Y € I'(TMy), then we have
the following relations.

g((X, TY), pZ) = cos? 6(1(Z) - Z(In f))g(X, ) + g(1(X, Z), FTY) (15)
and
g((TX, TY), pZ) = cos* G(U(Z) - Z(lnf))g(TX, Y) +g(h(TX, Z),FTY). (16)

A warped product submanifold M = M; Xy M, of a Kenmotsu manifold M is said to be mixed totally
geodesic, if h(X, Z) = 0, for any X € I'(TM;) and Z € I'(TM;), where M; and M, are Riemannian submanifolds
of M. Now, we give the following characterization for a mixed totally geodesic warped product submanifold
by using a result of [18].

Theorem 3.5. Let M be a pseudo-slant submanifold of a Kenmotsu manifold M such that & is orthogonal to slant
distribution D°. Then M is locally a mixed totally geodesic warped product submanifold if and only if

ArxZ =0 and A,zTX = cos® 0{n(Z) — Z(u)}X (17)

for any Z € T(D* @ (&)) and X € T(DY) for some smooth function u on M such that Y(u) = 0, for any Y € T(DP).



M. F. Naghi, S. Uddin, F. R. Al-Solamy / Filomat 32:6 (2018), 2115-2126 2121
Proof. Let M = M, Xy Mg be a mixed totally geodesic warped product psedo-slant submanifold of a Ken-
motsu manifold M. Then, for any X, Y € I'(TMg and Z, W € I'(TM, ), we have g(ArxZ,Y) = g(h(Y, Z), FX) = 0,
i.e.,, ArxZ has no component in I'(TMp). Also, from Lemma 3.3 (ii), we have ArxZ has no component in
I'(TM_.) too, therefore ApxZ = 0, which is first relation of (17). Similarly, g(A,zTX, W) = g(h(TX, W), Z) = 0,
i.e., ApzTX has no component in I'(TM_ ). Then second relation of (17) follows from Lemma 3.4 (ii).
Conversely, if M is a pseudo-slant submanifold of a Kenmotsu manifold M with anti-invariant and
proper slant distributions D* @ (&) and DY, respectively such that (17) holds, then for any Z, W € T(D*+ &(&))
and X € I'(D?), we have
9(VzW, X) = g(Vz W, X) = g(oV W, pX).
Using (4), we derive
9(VzW, X) = g(VzpW, 9X) = g(Vz)W, pX).
Then from (3) and the orthogonality of vector fields, we obtain
g(VzW, X) = —=g(eW, VzTX) — (W, V2FX) = —g(h(Z, TX), W) + g(W, pVFX).
Using (4) and (6), we arrive at

9(VzW,X) = —g(AewTX, Z) + g(VzpFX, W) = g(Vzp)FX, W).

The first term in the right hand side is identically zero by using (17) and the orthogonality of vector fields.
Thus, from (3) and (8), we get

g(VzW, X) = g(VzBFX, W) + g(VzCFX, W).
By using Theorem 2.2, we find

g(VzW, X) = —sin® 0g(VzX, W) - g(VzFTX, W) = sin” 0g(VzW, X) - g(ArrxW, Z).
Again using (5) and (17), we obtain

cos? 0g(VzW, X) = 0. (18)
Since M is a proper pseudo-slant submanifold, therefore cos? O # 0 and hence from (18), we conclude that
VzW e T(D+ @ (&)) i.e., the leaves of the distribution D+ @ (&) are totally geodesic in M. On the other hand,
forany X, Y € (DY) and Z € T(D* @ (£)) we have

9(VxY, Z) = g(oVxY, 9Z) + n(2)9(VxY, &) = 9(Vx@Y, 9Z) — g(Vx9)Y, 9Z) — n(Z)g(Y, Vx&).
Using (3) and (7), we obtain

9(VxY, Z) = g(VxTY, 9Z) + g(VxFY, 0Z) = n(2)9(X, Y) = g(X, TY), pZ) — g(pVxFY, Z) = n(Z)g(X, Y).
Then from (4) and (6), we get

9(VxY, Z) = g(ApzTY, X) — g(Vx@FY, Z) + g(Vx@)FY, Z) = n(Z)9(X, Y).
Hence by (3), (7) and (17), we derive

9(VxY, Z) = cos? 0(1(Z) - (Z)g(X, Y) - g(VxBFY, Z) - g(VxCFY, Z) + n(Z)g(FX, FY) - n(Z)g(X, ).
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From (11) and Theorem 2.2, we find that
9(VxY, Z) = cos? 0(n(2) - (Zu))g(X, Y) + sin® 0g(VxY, Z) + g(VxFTY, Z)

+sin? On(2)g(X, Y) — n(Z)g(X, Y)
= sin® 0g9(VxY, Z) + g(ArryZ, X) — cos* 0(Zw)g(X, Y).

Using (17), we obtain

9(VxY, Z) = sin®> 09(VxY, Z) — cos® 0(Zu)g(X, Y). (19)
Similarly, we have

9(VyX, Z) = sin® 0g(VyX, Z) — cos® 0(Zw)g(X, Y). (20)
Then from (19) and (20), we find

cos? 0g([X, Y],Z) = 0. (21)

For a proper pseudo-slant submanifold cos? 6 # 0 and hence from (21), we conclude that the slant distri-
bution DY is integrable on M. If My be a leaf of the integrable distribution D% in M and if h? is the second
fundamental form of My in M, then for any X, Y € I'(DY% and Z € T(D* @ (£)), we have

g(h’(X,Y),Z) = g(VxY, Z) = g(VxY, Z) = g(oVxY,9Z) + n(Z)g(Vx Y, &).
Using (4) and the orthogonality of vector fields, we obtain
g(h°(X,Y),2) = g(VxY,9Z) - g(Vx)Y, 9Z) = n(Z)g(Y, Vx&).
Then from (3) and (7), we derive
gh°(X,Y), Z) = g(VxTY, 9Z) + g(VxFY, 9Z) = n(Z)9(X, Y) = g(AgzTY, X) ~ g(pVxFY, Z) = n(Z)g(X, Y).
Again, from (4) and (17), we get
90X, ), 2) = cos® 0(0(Z) ~ (Zp))g(X, Y) ~ g(VxpFY, 2) + g(Vxp)FY, Z) ~ n(2)g(X, Y).
Using (3) and (8), we find that
g(h°(X,Y),Z) = — cos” 0Z)g(X, Y) - sin On(2)g(X, Y) - g(VxBFY, Z) - g(VxCFY, Z) + n(2)g(TX, TY).
Then from (11) and Theorem 2.2, we arrive at
g(h(X,Y),Z) = — cos® 0(Zw)g(X, Y) + sin® 0g(VxY, Z) + g(VxFTY, Z).
Using (5) (b) and the symmetry of the shape operator A, we derive
cos®> 0g(h°(X,Y), Z) = — cos® O(Zw)g(X, Y) — g(ArryZ, X).
Second term in the right hand side of above relation is identically zero by using (17) and thus we have
gh*(X,Y), Z) = ~(Zwg(X, ).
From (13), we get
(X, Y) = =Vug(X, Y) (22)

where ?)‘u is the gradient of the function y. Thus from (22), we conclude that Mg is totally umbilical in M

with non-vanishing mean curvature vector HY = —ﬁy. Also, we can prove that HY is parallel corresponding
to the normal connection D* of My in M (for instance, see [30]). Thus, My is an extrinsic sphere in M. Hence,
by a result of Hiepko [18], we conclude that M is a warped product submanifold, which proves the theorem
completely. [
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4. An inequality for warped products M, Xy My

In this section, we establish a sharp inequality for the squared norm of the second fundamental form
|Ii]|?, in terms of the gradient of the warping function and the slant angle. First, we construct the following
frame fields for a warped product pseudo-slant pseudo-slant submanifold of a Kenmotsu manifold to
develop the main result of this section.

Let M = M, Xy Mg be a warped product pseudo-slant submanifold of dimension m of a (2n + 1)-
dimensional Kenmotsu manifold M such that the structure vector field & is tangent to M, where M, and Mg
are anti-invariant and proper slant submanifolds of M, respectively. Let us consider the dim M, = g+1and
dim My = 2p and their tangent bundles by D+ @(&) and DY, respectively. We set the orthonormal frame fields
of DY and D+ @ (&), respectively as {e1, -, e,,€p+1 =secOTey, - ez = sec O Tey} and {ezps1 = €], , €2p4g =
eq,em = epigrl = e = &). Then the orthonormal frames of the normal subbundles FD?, @D+ and v,
respectively are {em+1 =& = cscOFey, - ensp = & = cscOFey, epipr1 = 81 = cscOsec O FTey, -+, epizp =
éZp = csc O sec GFTEP}, {em+2p+l = 52p+1 = §0€;, S Cmaptg = éZp+q = §0€;} and {EZm =8, Cnel = 52(n+1—m))}'
Itis clear that the dimensions of the normal subspaces FDY, ¢ D+ and v, respectively are 2p, g and 2(n—m+1).

Theorem 4.1. Let M = M, Xy My be a mixed totally geodesic warped product pseudo-slant submanifold of a
Kenmotsu manifold M such that & € T(TM,), where M, and Mg are anti-invariant and proper slant submanifolds
of M, respectively. Then, we have:

(i) The squared norm of the second fundamental form h of M satisfies
I > 2p cos® O(IV (In I - 1) (23)

where 2p = dim Mg and V(In f) is gradient of the function In f along M, .
(ii) Ifequality sign in (i) holds identically, then M, is totally geodesic in M and My is a totally umbilical submanifold
of M.

Proof. From the definition (9), we have

2n+l1 m

|h|? = Zg (h(ei, e)), hei ef)) = Z Zg (h(ei, €}), ).

ij=1 r=m+1i,j=1

Using the constructed frame, we obtain

2n+1 q+1 2n+1 g+1 2p 2n+1 2p
WP =Y Y aue, e et +2 Y Y Y gt e e+ Y Y gl e)),en’. (24)
r=m+11i,j=1 r=m+1 i=1 j=1 r=m+11i,j=1

Since M is mixed totally geodesic then the second term in the right hand side of (24) is identically zero, thus
we find

m+2p g+1 m+2p+q q+1 2n+1 g+1
=Y Y gl e e+ Y Y gliese) e+ Y Y gl €, e)?
r=m+1i,j=1 r=m+2p+11i,j=1 r=2mi,j=1
m+2p  2p m+2p+q  2p 2n+1 2p
£ Y Y e+ Y. Y gl e) e+ Y Y glhei e, e
r=m+11i,j=1 r=m+2p+11i,j=1 r=2mi,j=1
2p q+1 2p+q g+1 2(n+1-m) g+1
* x\ o~ \2 A\ o~ \2 * %\ 5 \2
=Y Y g, e e+ Y. Y gt e e+ Y. Y glite €2
r=1 i,j=1 r=2p+1i,j=1 r=m  ij=1
2p 2p 2p+q  2p 2(n+1-m) 2p

+3 Y aenep @+ Y Y alhtene @+ Y Y alhter e, @) (25)

r=1i,j=1 r=2p+11i,j=1 r=mij=1
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First term in the right hand side of (25) is identically zero by using Lemma 3.3 (ii). Also, we couldn’t find
the relations for the second fundamental form for the vectors of D+ with ¢+ or v and for the vectors of
DY with FDY or v, therefore we shall leave the positive second, third, fourth and sixth terms in (25), then
we derive

a2
W = )" Y glileie), e

r=1 ij—l
q

= Z g(h(e,, ej), pey) 2 4 sec’6 Z Z g(h(Te;, ej), (pe,)

r=11i,j r=1i,j=1

+sec’0 Z Z g(h(e;, Tej), <,0e:)2 +sect0 Z Z g(h(Te;, Tej), (pe:)z. (26)

r=1i,j=1 r=11i,j=1

Then by Lemma 3.4 and the relations (15)-(16), we arrive at

i P 9 P
P = Y Y (n6) — xtin ) g(Tei, e +2c0520 Y. Y (n(65) — exin ) gtes, e
r=1 i,j=1 r=1 i,j=1
q r
+)° Y (ne) - ein f) f) (Te; e))>. 27)
r=11,j=1

First and the last terms in the right hand side of (27) are identically zero by using the orthonormality of
vector fields and hence finally, we get

g+1

P = 2pcos®0 Y (1(65) — éi(in )’ — 2p cos* 6(1(e},) — ¢, (In ) - (28)

r=1

Since e;,, = ¢, then n(e’, ;) = 1 and from Lemma 3.3 (i), we have ¢’ (In f) = 1. Hence the last term in the
right hand side of (28) is identically zero, then we have

q+1 q+1 g+1
In]I? > 2p cos? 9{ Y ne)?=2) nE)enf)+ Y (e (n f))z}. (29)
r=1 r=1 r=1

Since n(e;) =0, Vr=1,---gand n(¢;) = 1, e;(In ) = 1, for r = g + 1. Then using these facts with (14) in (29),
we get the inequality (23). To prove the equality case, for the non-vanishing h from the first term of (25)
with Lemma 3.3 (ii), we have

g(h(D*+, D), FR% =0 = WD+, DY) L FDY. (30)
Also, from the leaving second and third terms of (25), we obtain

h(D+, D) L D' and h(Dy, D) L v. (31)
From (30) and (31), we get

(D, D) =0. (32)

Since M, is totally geodesic in M [5, 10], using this fact with (32), we conclude that M, is totally geodesic
in M. Similarly, from the remaining fourth and sixth terms in (25), we obtain

(D%, 2% L FD? and (D%, 2% Lv
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which means that
@Y, 0% c pD*. (33)
Furthermore, for a mixed totally geodesic submanifold M, by Lemma 3.4 (ii) and (33), we have
9(o(TX, Y),9Z) = = cos® 6(1(Z) — Z(In f))g(X, ) (34)

forany X, Y € I'(DY% and Z € T(D* @ (£)). Hence, since Mg is totally umbilical in M [5, 10], it follows with
(34) that My is totally umbilical in M. This, ends the proof of the theorem. [

As a special case, we have the following applications of our derived results.

Remark 4.2. If we assume 0 = 0 in Theorem 3.5, then the warped product becomes M = M, Xy Mr of a Kenmotsu
manifold M, where My and M, are invariant and anti-invariant submanifolds of M, respectively, which is a case of
warped product contact CR-submanifolds which have been studied in [31]. Thus, Theorem 3.1 of [31] is a special case
of Theorem 3.5.

Remark 4.3. Also, if we consider 6 = 0 in Theorem 4.1, then the warped product is of the form M = M, Xy Mr of
a Kenmotsu M, where My and M, are invariant and anti-invariant submanifolds of M, respectively and hence the
inequality (23) will be ||h||> > 2p(||§(ln AIF - 1). Thus, Theorem 3.2 of [31] is again a special case of Theorem 4.1.

References

[1] ER. Al-Solamy, M.E. Naghi and S. Uddin, Geometry of warped product pseudo-slant submanifolds of Kenmotsu manifolds, Quaestiones
Math., (2018), doi:10.2989/16073606.2018.1452800
[2] K. Arslan, R. Ezentas, I. Mihai and C. Murathan, Contact CR-warped product submanifolds in Kenmotsu space forms, J. Korean Math.
Soc. 42 (2005), 1101-1110.
[3] M. Atceken, Warped product semi-slant submanifolds in Kenmotsu manifolds, Turk. J. Math. 36 (2012), 319-330.
[4] M. Atceken, Contact CR-warped product submanifolds in Kenmotsu space forms, Bull. Iran Math. Soc. 39 (2013), 415-429.
[5] R.L.Bishop and B. O’'Neill, Manifolds of negative curvature, Trans. Amer. Math. Soc. 145 (1969), 1-49.
[6] D.E.Blair, Contact manifolds in Riemannian geometry, Lecture Notes in Mathematics, Vol. 509. Springer-Verlag, New York, 1976.
[7] J.L. Cabrerizo, A. Carriazo, L.M. Fernandez and M. Fernandez, Slant submanifolds in Sasakian manifolds, Glasgow Math. J. 42
(2000), 125-138.
[8] A.Carriazo, New Developments in Slant Submanifolds Theory, Narosa Publishing House, New Delhi, 2002.
[9] B.Y. Chen, Slant immersions, Bull. Austral. Math. Soc. 41 (1990), 135-147.
[10] B.-Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds, Monatsh. Math. 133 (2001), 177-195.
[11] B.-Y. Chen, Geometry of warped product CR-submanifolds in Kaehler manifolds II, Monatsh. Math. 134 (2001), 103-119.
[12] B.-Y. Chen, Pseudo-Riemannian geometry, 6-invariants and applications, World Scientific, Hackensack, NJ, (2011).
[13] B.-Y. Chen, Geometry of warped product submanifolds: a survey, J. Adv. Math. Stud. 6 (2013), no. 2, 1-43.
[14] B.-Y. Chen, Differential geometry of warped product manifolds and submanifolds, World Scientific, Hackensack, NJ, 2017.
[15] B.-Y.Chen and S. Uddin, Warped Product Pointwise Bi-slant Submanifolds of Kaehler Manifolds, Publ. Math. Debrecen 92 (1-2) (2018),
183-199.
[16] B.-Y.Chen, Geometry of warped product and CR-warped product submanifolds in Kaehler manifolds: Modified version, arXiv:1806.11102v1
[math.DG].
[17] 1. Hasegawa and I. Mihai, Contact CR-warped product submanifolds in Sasakian manifolds, Geom. Dedicata 102 (2003), 143-150.
[18] S. Hiepko, Eine inner kennzeichungder verzerrten produkte, Math. Ann. 241 (1979), 209-215.
[19] K. Kenmotsu, A class of almost contact Riemannian manifolds, Tohoku Math. J. 24 (1972), 93-103.
[20] V.A.Khan, K.A. Khan and S. Uddin, A note on warped product submanifolds of Kenmotsu manifolds, Math. Slovaca 61 (2011), 79-92.
[21] V.A.Khan and M. Shuaib, Some warped product submanifolds of a Kenmotsu manifold, Bull. Korean Math. Soc. 51 (2014), 863-881.
[22] A.Mihai, Warped product submanifolds in complex space forms, Acta Sci. Math. (Szeged) 70 (2004), 419-427.
[23] M.I. Munteanu, Warped product contact CR-submanifolds of Sasakian space forms, Publ. Math. Debrecen, 66 (2005), 75-120.
[24] C. Murathan, K. Arslan, R. Ezentas and 1. Mihai, Warped product submanifolds in Kenmotsu space forms, Taiwanese ]J. Math. 10
(2006), 1431-1441.
[25] A. Olteanu, Contact CR-doubly warped product submanifolds in Kenmotsu space forms, J. Ineq. Pure Appl. Math. 10 (2009), Issue 4,
Article 119, 7 pp.
[26] B. Sahin, Warped product submanifolds of Kaehler manifolds with a slant factor, Ann. Pol. Math. 95 (2009), 207-226.
[27] B. Sahin, Warped product pointwise semi-slant submanifolds of Keahler manifolds, Port. Math. 70 (2013), 252-268.
[28] S. Uddin and A.Y.M. Chi, Warped product pseudo-slant submanifolds of nearly Kaehler manifolds, An. St. Univ. Ovidius
Constanta. 19 (3) (2011), 195-204.



[29]
[30]

[31]
[32]
[33]
[34]
[35]
[36]

[37]
[38]

M. F. Naghi, S. Uddin, F. R. Al-Solamy / Filomat 32:6 (2018), 2115-2126 2126

S. Uddin, V.A. Khan and K.A. Khan, Warped product submanifolds of a Kenmotsu manifold, Turk. J. Math. 36 (2012), 319-330.

S. Uddin and ER. Al-Solamy, Warped product pseudo-slant submanifolds of cosymplectic manifolds, An. Stiint. Univ. Al 1. Cuza lasi
Mat (N.S.) Tome LXIII (2016), f> vol. 3, 901-913.

S. Uddin, A. Alghanemi, M.F. Naghi and ER. Al-Solamy, Another class of warped product CR-submanifolds in Kenmotsu manifolds, J.
Math. Computer Sci. 17 (2017), 148-157.

S. Uddin, ER. Al-Solamy and K.A. Khan, Geometry of warped product pseudo-slant submanifolds in nearly Kaehler manifolds,
An. Stiint.Univ. Al. I. Cuza Iasi Sect. I a Mat., Tom LXII, 3 (2016), 223-234.

S. Uddin and ER. Al-Solamy, Warped product pseudo-slant immersions in Sasakian manifolds, Publ. Math. Debrecen 91 (3-4) (2017),
331-348, DOL: 10.5486-PMD2017.7640.

S. Uddin, Geometry of warped product semi-slant submanifolds of Kenmotsu manifolds, Bull. Math. Sci. 8 (3) (2018), 435-451. doi:
10.1007/s13373-017-0106-9.

S. Uddin, B.-Y. Chen and FR. Al-Solamy, Warped product bi-slant immersions in Kaehler manifolds, Mediterr. ]. Math. (2017) 14: 95.
doi:10.1007/s00009-017-0896-8.

S. Uddin, M.F. Naghi, ER. Al-Solamy, Another class of warped product submanifolds of Kenmotsu manifolds, RACSAM Rev. R. Acad.
Cienc. Exactas Fis. Nat. Ser. A Mat. 112 (4) (2018), 1141-1155, doi: 10.1007/s13398-017-0415-6.

S. Uddin and M. Stankovic, Warped product submanifolds of Kaehler manifolds with pointwise slant fiber, Filomat 32 (1) (2018), 35-44.
S. Uddin, ER. Al-Solamy, M.H. Shahid and A. Saloom, B.-Y. Chen’s inequality for bi-warped products and its applications in Kenmotsu
manifolds, Mediterr. J. Math. (2018) 15: 193. https://doi.org/10.1007/s00009-018-1238-1



