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Abstract. In this paper, using the fixed point method, we prove some results related to the generalized
Hyers-Ulam stability of homomorphisms and derivations in non-Archimedean random C*-algebras and
non-Archimedean random Lie C*-algebras for the generalized additive functional equation
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where n € IN is a fixed integer with n > 3.

1. Introduction

The study of the stability problem for functional equations is related to a question of Ulam [39] in
1940 concerning the stability of group homomorphisms. In 1941, Hyers [10] affirmatively answered Ulam’s
question for Banach spaces. Subsequently, Hyers’ result was generalized by Aoki [1] for additive mappings
and by Rassias [30] for linear mappings by considering an unbounded Cauchy difference. The paper [30] of
Rassias has provided a lot of influence in the development of what we now call the generalized Hyers-Ulam
stability (or Hyers-Ulam-Rassias stability) of functional equations. In 1994, Gavrutd [7] obtained a generalized
result of Rassias” theorem which allow the Cauchy difference to be controlled by a general unbounded
function. We refer the interested reader to [9, 11, 13, 15, 21, 22, 31, 35] for more information.
In [34], Rassias and Kim introduced and investigated the following functional equation:

) . n-2 _ n
Y f(x';x] + ), xk1)=@2f(xi) (1)
1<i<j<n I=1, ky#i,j i=1

where 1 is a fixed integer with n > 2. We observe that in the case n = 2, the functional equation (1) yields the
Jensen functional equation 2f((x + y)/2) = f(x) + f(y) and there are many interesting results concerning the
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stability problems of the Jensen equation [19, 32, 33]. In[12], Jang and Saadati proved the generalized Hyers-
Ulam stability of homomorphisms and derivations in non-Archimedean C*-algebras and non-Archimedean
Lie C*-algebras for the Jensen type functional equation f((x + v)/2) + f((x — y)/2) = f(x). For the case n = 3,
Najati and Ranjbari [25] investigated homomorphisms between C*-ternary algebras, and derivations on
C*-ternary algebras. In fact, in [34], the authors established the general solution of the functional equation
(1) and investigated the generalized Hyers-Ulam stability problem of the functional equation (1) withn > 3
in quasi-f-normed spaces. In 2013, Kim et al. [18] proved some new Hyers-Ulam-Rassias stability results
of n-Lie homomorphisms and Jordan n-Lie homomorphisms on n-Lie Banach algebras associated to the
functional equation (1) using the fixed point method.

In this paper, using the fixed point method, we will investigate the generalized Hyers-Ulam stabil-
ity results of homomorphisms and derivations in non-Archimedean random C*-algebras and on non-
Archimedean random Lie C*-algebras for the additive functional equation (1) with n > 3.

2. Preliminaries

In this section, we adopt the usual terminology, notions and conventions of the theory of non-
Archimedean random normed space as in [3-5, 16, 17, 20, 27, 29, 36, 37]. Throughout this paper, A" is the
space of all probability distribution functions, i.e., the space of all mappings F : RU {—o0, 0o} — [0, 1] such
that F is left-continuous and non-decreasing on R, F(0) = 0 and F(+o0) = 1. D* is a subset of A* consisting of
all functions F € A* for which I"F(+00) = 1, where I” f(x) denotes the left limit of the function f at the point
x, thatis, I” f(x) = }B}}- f(t). The space A* is partially ordered by the usual point-wise ordered of functions,

i.e, F < Gifand only if F(f) < G(t) for all t € R. The maximal element for A* in this order is the distribution
function ¢y given by

0, ift<0,
eo(t) =
ol®) 1, ift>o0.

Definition 2.1. (cf. [36]). A mapping T : [0,1] X [0,1] — [0,1] is a continuous triangular norm (briefly, a
continuous t-norm) if T satisfies the following conditions:

(1) T is commutative and associative;

(2) T is continuous;

(B)T(a,1)=aforallae0,1];

(4) T(a,b) < T(c,d) whenever a < cand b < d for all a,b,c,d € [0,1].

Typical examples of continuous t-norms are the Lukasiewicz t-norm T, where Ty (a,b) = max(a + b —
1,0),V¥a, b € [0,1] and the t-norms Tp, Ty;, Tp, where Tp(a, b) := ab, Ty(a, b) := min(a, b),

min(a, b), if max(a,b) =1,

TD({Z, b) = {

, otherwise.

By a non-Archimedean field we mean a field K equipped with a function (valuation) | - | from K into
[0, 00) such that |r] = Oif and only if ¥ = 0, [rs| = |r||s|, and |r+s| < max{|#], |s|} for 7,s € K. Clearly |1| = |-1| =1
and [n| < 1 for all n € IN. By the trivial valuation we mean the function | - | taking everything but 0 into 1
and |[0] = 0 (i.e., the function | - | is called the trivial valuation if |r| = 1,¥r € K, r # 0, and |0] = 0).

Let X be a vector space over a field K with a non-Archimedean non-trivial valuation | - |. A function
I -1l : X = [0, 00) is called a non-Archimedean norm if it satisfies the following conditions:
(i) llxl] = 0 if and only if x = 0;
(ii) For any r € K and x € X, |[rx]| = |r{l|x||;
(iii) For all x, y € X, [Ix + yll < max{||x]|, ||lyll} (the strong triangle inequality).
Then (X, || - ||) is called a non-Archimedean normed space. Due to the fact that

l¢n = x|l < max{llxjyy —xjll :m < j<n-1}, (n>m),
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a sequence {x,}is Cauchy if and only if {x,,+1 —x,,} converges to zero in a non-Archimedean normed space. By
a complete non-Archimedean normed space we mean one in which every Cauchy sequence is convergent.

Example 2.2. (cf. [14]). For any non-zero rational number x, there exists a unique integer ny € Z. such that
x = §p", where a and b are integers not divisible by p. Then |x|, := p™" defines a non-Archimedean norm on Q. The
completion of Q with respect to the metric d(x, y) = |x — y|, is denoted by Q,, which is called the p-adic number field.

A non-Archimedean Banach algebra is a complete non-Archimedean algebra A which satisfies |lab|| <
llallllbl] for all a,b € A. For more detailed definitions of non-Archimedean Banach algebras, we refer the
reader to [8, 38].

If U is a non-Archimedean Banach algebra, then an involution on U is a mapping t — t* from U into
U which satisfies
Dt =tforteU;

(IT) (as + Bt)* = as* + pt7;
(II) (st)* = t*s* for s, t € U.
If, in addition, ||#*t|| = ||t||* for t € U, then U is a non-Archimedean C*-algebra.

Definition 2.3. (cf. [14, 37]). A non-Archimedean random normed space (briefly, NA-RN-space) is a triple (X, u, T),
where X is a linear space over a non-Archimedean field IK, T is a continuous t-norm, and y is a mapping from X into
D* such that the following conditions hold:

(NA-RN1) py(t) = eo(t) for all t > 0 if and only if x = 0;

(NA-RN2) pan(t) = yx(ﬁ)for allxe€ X, t>0,and a £ 0;

(NA-RNB) pirsy(max(t, s)) = T(ux(t), uy(s)) forall x,y € X and t,s > 0;

It is easy to see that if (NA-RN3) holds, then

(RN3) prry(t +8) = T(ux(t), py(s))-

Example 2.4. (cf. [26]). Let (X, || - ||) be a non-Archimedean normed linear space, and a, f > 0. Define

at

x(t) = ————
) = Bl
forall x € X and t > 0. Then (X, u, Ty) is a non-Archimedean RN-space.

Proof. (NA — RN1) is obviously true. Notice that forany f € R, t > 0 and ¢ # 0

at at ag t

at+flex] ~ at+ el o v pid el

[ch(t) =

which implies that (NA — RN2) holds.
To prove (NA — RN3). We assume that pi,(t) < u,(s), thus we have

Il _ Jixd

S t

Now, if [|x]| > ||yl| for all x, y € X, then we have by the strong triangle inequality
tlx + yll < x|l < (max(t, s))llxl.
Therefore,

Pllx+ull_ il

a(max(t,s)) — at

and so

Bllx + vl BllxIl
a(max(t,s)) <1+ at

7
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which implies that g,y (max(t,s)) > p(t).
if [lx]] < [lyll for all x, y € X, then we also have

S
tHix +yll < tlyll < t- ;lell < (max(t, s))llx|.

By the same way to the above, we can also get pi1,(max(t, s)) > p.(t). Hence, piry, (max(t, s)) = Tar(px(t), py(s))
forall x,y € Xand t,s > 0. Then (X, u, Ty) is a non-Archimedean RN-space. m|

Example 2.5. (cf. [26]). Let (X, || - ||) be a non-Archimedean normed linear space, let p > a > 0 and

0, t < allxll,
p(t) = m, allxl] < t < Bllxll,
1, t > Bllx]l.

Then (X, u, Tm) is a non-Archimedean RN-space.

Proof. (NA — RN1) is obviously true. Notice that for ¢ # 0, if yy(f) = 1, then t > Blicx]|, i.e. ﬁ > Bllx|]
= [/lx(ﬁ) =1
thus pe(t) = pa(ig)-

Again if pe(t) = m, then allcx|| < t < Bllex||, i-e. alx|| < &

< Bllx|l, so we have

t

t
HGa) = T B il

therefore, e, (t) = [ux(ﬁ). Similarly, when p.(t) = 0, then pe(t) = [ux(ﬁ) = 0. Thus for ¢ # 0, uu(t) = H"(I?tl)
which implies that (NA — RN2) holds.
Next, we have to show that

txry(max(t, s)) 2 Ty(px(t), iy (s)).

If s = t = 0, then in this case the relation is obvious. So we consider the case whent > 0,5 > 0.
If t > Bllxll, s > Bllyll, then max(t,s) > B||x||, max(t,s) > llyll, and u,(t) = 1, u,(s) = 1. Now, we have

max(t,s) = Bllxll( or Bllyll) = max(Blixll, Bllyll) = B(llx + ylI)
Hence, we get
ey (max(t,$)) = 1> pey(max(t, s)) = Taa(x(b), 1y(5)).

If t > Bllx|l, and alyll < s < Bllyll, then p.(t) =1, uy(s) = Now, if |lx|| > ||yll, then we obtain

max(t,s) 2 Bllx|| = max(Blixll, Bllyll) = B(llx + yll)
Hence, we have
ey (max(t, ) = 1 = gy (max(t, ) = Tui(a(t), 1y (6)).
Next, if [lyll > ||x]|. So we get
max(t,s) > allyll = max(allxll, allyll) > a(lx + yll)
Hence, we get

max(t, s)
max(t,s) + (B — a)llx + yl|

Hx+y(max(t/ s) = = #x+y(max(tls)) 2 TM(#x(t)r [Jy(s))-

If allx]| < t < Bllxll, and allyll < s < Bllyll, then in this case the relation is similar to the proof of Example 2.4,
and thus it is omitted. This completes the proof of the example. m|
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Definition 2.6. (cf. [14, 23]). A non-Archimedean random normed algebra (X, u, T, T’) is a non-Archimedean
random normed space (X, p, T) with an algebraic structure such that
(NA-RN4) iy (t) 2 T (ux(t), uy(t)) for all x,y € X and all t > 0, in which T" is a continuous t-norm.

Example 2.7. (cf. [23]). Let (X, || - ||) be a non-Archimedean normed algebra. Define

0, x#0,t<0,
w® =1 mm, *¥#0,t>0,
1, x=0

Then (X, u, Tm) is a non-Archimedean RN-space. An easy computation shows that i, (t) > p(t)u,(t) if and only if

llecyll < Hlxllllyll + gyl + tllxl

forall x,y € Xand t > 0. It follows that (X, u, Ty, Tp) is a non-Archimedean random normed algebra.

Definition 2.8. (cf. [14]). Let (X, u, T, T") and (Y, u, T, T") be non-Archimedean random normed algebras.
(a) An R-linear mapping f : X — Y is called a homomorphism if f(xy) = f(x)f(y) forall x,y € X.
(b) An R-linear mapping f : X — Y is called a derivation if f(xy) = f(x)y + xf(y) forall x,y € X.

Definition 2.9. (cf. [14]). Let (U, u, T, T") be non-Archimedean random Banach algebra, then an involution on U
is a mapping u — u* from U into U which satisfies

I u* =uforueU;

(IU') (au + Po)* = au* + 7,

(II") (wov)* = v'u* foru,v € U.

If, in addition, pye,(t) = T (uu(t), pu(t)) for u € U and t > 0, then U is a non-Archimedean random C*-algebra.

Definition 2.10. (cf. [14]) Let (X, u, T) be a non-Archimedean RN-space. Let {x,} be a sequence in X. Then {x,} is
said to be convergent if there exists x € X such that

hm ,Ux,,—x(t) = 1/
forall t > 0. In this case, x is called the limit of the sequence {x,}.

A sequence {x,} in X is called Cauchy if for each ¢ > 0 and t > 0, there exists 1y such that for all n > ny
and all p > 0 we have py, ., (t) > 1 — €. Due to

Pty () Z muin{ i, v (), - o) By, (D))

Therefore, the sequence {x,} is Cauchy if for each € > 0 and ¢ > 0 there exists 1y such that for all n > 1y, we
have py, .,y (f) > 1 —&.

If each Cauchy sequence is convergent, then the random norm is said to be complete, and the non-
Archimedean RN-space is called a non-Archimedean random Banach space.

Definition 2.11. Let S be a set. A functiond : S x S — [0, 00] is called a generalized metric on S if d satisfies
(1)d(x,y) =0ifand only if x = y;

(2)d(x,y) =d(y,x), Vx,y €S;

B3)d(x,z) <d(x,y)+d(y,z), Vx,y,z€S.

The next Lemma 2.12 is due to Diaz and Margolis [6], which is extensively applied to the stability theory
of functional equations.
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Lemma 2.12. ([6]). Let (S, d) be a complete generalized metric space and | : S — S be a strictly contractive mapping
with Lipschitz constant L < 1. Then for each fixed element x € S, either

d(]nx, ]n+1x) - o0

for all nonnegative integers n or there exists a positive integer ng such that

@) d(J"x, " lx) < 00, Vn > np;

(ii) the sequence {]"x} is convergent to a fixed point y* of J;

(iii) y* is the unique fixed point of | in the set S* := {y € S | d(J"x, y) < +oco};
(i) d(y, y) < T d(y, Jy), Yy €S

3. Stability of homomorphisms and derivations in non-Archimedean random C*-algebras

In this section, assume that A is a non-Archimedean random C*-algebra with the norm p,ﬂ and that
B is a non-Archimedean random C*-algebra with the norm p®. For a given mapping f : A — B, we define

Dys(xs, ..., %) = Z f(m N n-2 /\Xk,)_ (n—21)2 i)\f(xi)
i i=1

1<i<j<n I=1,ki#i,j

forallxy,...,x, € An>3)and A € T :={A € C: |A| = 1}.
We need the following lemmas to prove the main results.

Lemma 3.1. (cf. [24]). Let V and W be linear spaces and let n > 3 be a fixed positive integer. Amapping f : V. — W
satisfies the functional equation (1) for all x4, ..., x, € V if and only if f is an additive mapping.

Lemma 3.2. (cf. [28]). Let f : A — A be an additive mapping such that f(Ax) = Af(x) for all A € T' and all
x € A. Then the mapping f is C-linear.

Note that a C-linear mapping H : A — B is called homomorphism in non-Archimedean random
C*-algebras if H satisfies H(xy) = H(x)H(y) and H(x*) = H(x)* for all x, y € A.

Now we are going to prove the generalized Hyers-Ulam stability of homomorphisms in non-Archimedean
random C*-algebras for the functional equation D, ¢(x1,...,x,) = 0.

Theorem 3.3. Let f : A — B be a mapping for which there are functions ¢ : A" — D*, ¢ : A* — D* and
1 : A — D* such that |p| < 11is far from zero and

[Jg)hf(xl,.“,xn)(t) Z (le ,,,,, X”(t) (2)
yjz‘;(Xy)—f(X)f(y)(t) > Yy y(t) o
# Jz‘g(x*)*f (x)*(t) > 1x(t) W

forall A € TY, x1,...,%4,x,y € Aand t > 0. If there exits a constant 0 < L < 1 such that

Poxy, ..., 02, (|P|Lt) 2 (le,...,x,l(t) 5)

l,bpx,py(lmth) 2 ¢x,y(t) (6)

Npx(IpILE) = 11x(t) 7)
forallx,y,x1,...,x, € Aand t > 0, then there exists a unique homomorphism H : A — B such that

; Inllp*(1 - L)
Mﬁx)—H(x)(t) 2 Qx,.x (Tt

forallx e Aand t > 0, where p :=n - 1.
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Proof. Letting A =1, and x; = -+ = x,, = x in (2), we obtain

u? " i (1) > @y, x(t) 9)
» ]f«n—l)x)—”‘”;”ﬂx)

forallx e Aand t > 0. Then
s 2 ),
t 10
”f(x fen (|n||p|2 ) ®x,..x(£) (10)

forallx € Aand t > 0.
Let us define Q to be the set of all mappings g : A — B and introduce a generalized metric on Q as
follows:

d(g,h) := inf {6 eR,

It is easy to see that (2, d) is a complete generalized metric space [2, 20]. Now, we consider the mapping
J 1 Q — Q defined by

1
J9(x) = Eg(px) (11)
for all g € Q) and x € A. Note that for all g,/ € (3, we have

B _ 8 _ .8
H7 gt (PO = 411y (LOE) = By (1PILOE)
> Pox,..., px(lplLt) = Qy,.. x(t) (12)

forallx e Aand t > 0. So d(J g, Jh) < Ld(g,h) holds for all g, h € Q.
By (10), we have d(f, J f) < |n‘|\2p|)|2 Hence according to Lemma 2.12, the sequence J™ f converges to a
fixed point H of 7, that is,

f(p"x) = H(x) (13)

m—>oo |p|"7
and
H(px) = pH(x) (14)

for all x € A. Also H is the unique fixed point of J in the set (2" = {g € Q3 : d(f, g) < oo}. This implies that H
is a unique mapping satisfying (14) such that there exists a 6 € R, such that

H -t O8) 2 P (B)
forallx e Aand t > 0. Also,

A, H) < T T <

= InllpP(1 - L)
This implies that the inequality (8) holds. It follows from (2), (5) and (13) that
(®)

> llm q[)pmxl ///// pmx“(lplmt) = 1

m—0o0

B
”D,\'H(xl’ : xn)(t) - llm ["l 1 D)\f(mel ,,,,, men)

forall A € T, xq,...,x, € Aand t > 0. Hence, we obtain

Diux1,...,x,) =0 (15)
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forallxy,...,x, € A If weput A = 1in (15), then H is additive by Lemma 3.1. Also, lettingx; =--- =x, = x
in the last equality, we obtain H(Ax) = AH(x). Now by using Lemma 3.2, we infer that the mapping H is
C-linear. On the other hand, it follows from (3), (6) and (13) that

—_— ] B
- mhirc}o Hf(Pz”’xy)—f(pmx)f(pmy)(lp

> Lim gy (Ip"1) = 1

m—

B 2
ey -Heor) ) 1)

forall x,y € A. So, H(xy) = H(x)H(y) for all x, y € A. Thus H : A — B is a homomorphism satisfying (8),
as desired. Also, by (4), (7) and (13) and by a similar method, we have H(x*) = H(x)*. This completes the
proof of the theorem. O

Theorem 3.4. Let f : A — B be a mapping for which there are functions ¢ : A" — D*, ¢ : A* — D* and
n: A — D* such that |p| < 1 is far from zero, and (2), (3) and (4) hold for all A € T x1,..., %0, x,y € Aand t > 0.
If there exits a constant 0 < L < 1 such that

R (ﬁt)z Py () (16)
L

Y (Wt) 2 Py (t) (17)

n: lLﬂt)znx(t) (18)

forallx,y,x1,...,%, € Aand t > 0, then there exists a unique homomorphism H : A — B such that

(Inllplz(1 ) t)

‘U?(X)—H(X)(t) 2 Px.. I2IL (19)

forallx e Aand t > 0, where p :=n - 1.

Proof. Let Q) and d be as in the proof of Theorem 3.3. Then (£, 4) becomes complete generalized metric
space and the mapping 7 : QO — Q defined by

Jg(x) = pg(g), forallg € Q) and x € A.

Then, it is easy to see that d(Jg, Jh) < Ld(g, h) for all g,h € S. By (9) and (16), we obtain

B &t > @Ox  x £t > (t)
Hro-of\jnpp’ ) = Pomi jl") = P

forall x € Aand t > 0. So, we have d(f, T f) < lﬁpﬁz.

The remaining assertion is similar to the corresponding part of Theorem 3.3. This completes the proof.o

Corollary 3.5. Let £ € {-1,1}, r # 1 and O be nonnegative real numbers. Suppose that f : A — B be a mapping
such that
[y t
B
t) =
o) 2 B, + Tl + - Tl
t
B
t) >
‘uf(xy)—f(x)f(y)( )2 t+0 - (IIxll; - l1ylly,)

[/ t
B8
(D =
Hreor-reor ) 2 73797 T,
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forall A € T x1, ..., %, X, y € Aandt > 0. Then there exists a unique homomorphism H : A — B such that, if
r > ¢,

Lnllpl(lpl = |pl")t
B >
Hstw-tico (D) Cnllpl(pl = lpI)t + O12|n] |IxII",

(20)

forallx € Aandt > 0, where p :=n —1.

Proof. The proof follows from Theorems 3.3 and 3.4 by taking

t
t) = -
Prie O = Gl + Tl + - + Tl
t t
() = , )= r—F7=+
Yol = o, iy M0 T Fee
forall xy,...,x,,x,y € Aand t > 0. We can choose L = |p|'"~D, we obtain the desired result. ]

Note that a C-linear mapping 6 : A — A is called derivation on A if 6 satisfies d(xy) = 6(x)y + x5(y) for
allx,y € A

We prove the generalized Hyers-Ulam stability of derivations on non-Archimedean random C*-algebras
for the functional equation D, ¢(x1,...,x,) = 0.

Theorem 3.6. Let f : A — A be a mapping for which there are functions ¢ : A" — D*, ¢ : A* — D and
n: A — D" such that |p| < 1 is far from zero and

r“g,\,f(x] ..... (B 2 Pxy,, () (21)
Hfery-xfon(® = Pry(®) (22)
ey per (B) = () (23)

forall A € T, x4, .. X, X,y € Aand t > 0. If there exits a constant 0 < L < 1 such that (5), (6) and (7) hold, then
there exists a unique derivation 6 : A — A such that

InllpP(1 - L)
A
[’lf(x)—é(x)(t) 2 Px,...x (Tt (24)
forallx € Aandt > 0, where p :=n — 1.
Proof. By the same reasoning as in the proof of Theorem 3.3, the mapping 6 : A — A defined by
6(x) := lim Ip%f(pmx) YxeA (25)

is a unique C-linear mapping which satisfies (24). We show that 0 is a derivation. By (22) and (25), we have

A _ A 2m
H 5(xy>—5(xw—x6(y)(t) - r}tl—l}go H f(pz”’xw—f(p’”xm’”y—p’”xé(p”‘y)(lp ")

> r}lgrgo q)pmx,pmy(|p|2’”t) =1

forall x,y € Aand all t > 0. Hence we have 6(xy) = 0(x)y + x6(y) for all x,y € A. This means that 6 is a
derivation satisfying (24). This completes the proof. o
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4. Stability of homomorphisms and derivations in non-Archimedean random Lie C*-algebras

A non-Archimedean random C*-algebra C, endowed with the Lie product [x, y] = xy2;yx on C, is called

a non-Archimedean random Lie C*-algebra.

Definition 4.1. Let ‘A and B be non-Archimedean random Lie C*-algebras. A C-linear mapping H : A — B is
called a non-Archimedean random Lie C*-algebra homomorphism if H([x, y]) = [H(x), H(y)] for all x, y € A.

In this section, assume that A is a non-Archimedean random Lie C*-algebra with the norm p# and that
B is a non-Archimedean random Lie C*-algebra with the norm p%.

Now, we prove the generalized Hyers-Ulam stability of homomorphisms in non-Archimedean random
Lie C*-algebras for the equation D, ¢(xy,...,x,) = 0.

Theorem 4.2. Let f : A — B be a mapping for which there are functions ¢ : A* — D*, ¥ : A> — D and
n: A — D* such that |p| < 1is far from zero, (2) and (4) hold and
8
Hr -t fon® = Pru(d) (26)

forallx,y € Aand t > 0. If there exits a constant 0 < L < 1 and (5), (6) and (7) hold, then there exists a unique
homomorphism H : A — B such that (8) holds for all x € Aand t > 0, where p :=n — 1.

Proof. By the same reasoning as in the proof of Theorem 3.3, we can find the mapping H : A — B given

by

H(x) = lim m%

for all x € A. It follows from (6), (26) and (27) that

f(p™"x) (27)

B . T B
Fr - Hon () = B0 Loy oy pom, somyn (P

> lim Yooy (o) = 1

Pty

forall x,y € Aand t > 0, then

H([x, y]) = [H(x), H(y)]
forall x,y € A. Thus, H : A — Bis a Lie C*-algebra homomorphism satisfying (8), as desired. O

Theorem 4.3. Let f : A — B be a mapping for which there are functions ¢ : A* — D*, ¥ : A> — D and
n: A — D* such that |p| < 1 is far from zero, and (2), (4) and (26) hold for all A € T, x4,. c X, X,y € Aand
t > 0. If there exits a constant 0 < L < 1 and (16), (17) and (18) hold, then there exists a unique homomorphism
H : A — B such that (19) holds for all x € Aand t > 0, where p :=n — 1.

Proof. The proof follows from Theorem 3.4 and a method similar to Theorem 4.2. O

Corollary 4.4. Let £ € {—1,1}, r =# 1 and O be nonnegative real numbers. Suppose that f : A — B be a mapping
such that

t

B
H >
Ko o) 2 By + Tl + -+ Tl
t

B (t) >
Hyd-170. ) t+0- (||x||f7{ . ||y||rﬂ)

« t

B

o py (B) 2 e

Hreor-reor ) 2 75797 T,

forall A € T, x1,..., %, X, y € Aand t > 0. Then there exists a unique homomorphism H : A — B such that (20)
holds.
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Proof. The proof follows from Theorems 4.2 and 4.3, and a method similar to Corollary 3.5. ]

Definition 4.5. Let A be non-Archimedean random Lie C*-algebra. A C-linear mapping 6 : A — A is called a Lie
derivation if 5([x, y]) = [0(x), y] + [x, 6(y)] for all x, y € A.

We prove the generalized Hyers-Ulam stability of derivations on non-Archimedean random Lie C*-
algebras for the functional equation D, ¢(x1,...,x,) = 0.

Theorem 4.6. Let f : A — A be a mapping for which there are functions ¢ : A" — D*, ¢ : A* — D and
n: A — D" such that |p| < 1is far from zero, and (21) and (23) hold and

A
F - yi-tx fon ) = Pry(®) (28)

forallx,y € Aandt > 0. If there exits a constant 0 < L < 1 such that (5), (6) and (7) hold, then there exists a unique
derivation 6 : A — A such that (24) holds for all x € Aand t > 0, where p :=n - 1.

Proof. By the same reasoning as in the proof of Theorem 4.2, we can find the mapping 6 : A — B given
by

o(x) := lim L

Mm—co |p|m

f(p"x) (29)
for all x € A. It follows from (6), (28) and (29) that

. A 2m
AL F gt -1 -t ot (1PF )

> lim Yoy (o) = 1

A —_
(1 -1 yi-toawn B =

forall x,y € Aand t > 0, then

O([x, y]) = [6(x), y1 + [x, 6(y)]

for all x, y € A. Thus, 6 : A — Ais a Lie derivation satisfying (24), as desired. O
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