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Abstract. The synchronization of stochastic differential equations (SDEs) driven by symmetric a-stable
process and Brownian Motion is investigated in pathwise sense. This coupled dynamical system is a new
mathematical model, where one of the systems is driven by Gaussian noise, another one is driven by non-
Gaussian noise. In this paper, we prove that the synchronization still persists for this coupled dynamical
system. Examples and simulations are given.

1. Introduction

A stochastic dynamical system is a dynamical system subjected to the effects of noise where the effect
of noise in dynamical systems is a very important area of research. Such effects of fluctuations have been
of interest for over a century since the seminar work of Einstein. Synchronization of coupled dynamical
systems is a wildly-known phenomenon that has been observed in many sciences like biology, physics
and other areas, In general, these systems are subjected to different types of noise, and deal with coupled
dynamical systems that have common dynamical features in an asymptotic sense. A readable descriptive
account of its diversity of occurrence can be found in the Strogatz book [33], which contains an extensive list
of references. The synchronization of coupled dissipative systems in the case of autonomous systems has
been investigated mathematically in [10] both for asymptotically stable equilibria and general attractors,
such as chaotic attractors. Analogous results also hold for nonautonomous systems, but require a new
concept of a nonautonomous attractor. Recently, The authors in [8, 13] provided that appropriate concepts
of random attractors and stochastic stationary solutions are used instead of their deterministic counterparts.

Gaussian and non-Gaussian processes have been widely used to model fluctuations in engineering and
science. Brownian motion is one example of Gaussian processes, where the particle driven by Brownian
motion has continuous sample paths in time almost surely and the probability density function decays
exponentially in space [26], the mean square displacement increases linearly in time. Lévy processes arise
as models for fluctuations in many systems, for example, a passive tracer particle may subjected to a series
of “pauses”, when the particle is trapped by a vortex for a random time period, and ”jumps” or ” flights”.
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In [7] (or see [2]), Caraballo and Kloeden showed that synchronization persists under additive noise,
provided asymptotically stable stochastic stationary solutions are considered rather than asymptotically
stable steady state solutions. Specifically, they considered two It stochastic differential equations in IR?

dX; = f(X)dt + adW?,

1
dY: = g(Yy)dt + pAW?, @

where a, f € R? are constant vectors with no components equal to zero, W(l) W( are independent two-sided
scalar Wiener processes, and the functions f, g satisfy the one-sided di551patlve Lipschitz conditions

(x1 = X2, f(x1) = f(x2)) < =L|x1 — x2/?,
(y1 = y2,9(1) — 9(y2)) < —Lly1 — yol*.

The synchronized system corresponding to SDEs (1)

(2)

dX; = f(Xo)dt +v(Y; — Xp)dt + adW,
dY; = g(Yo)dt + v(X; — Y)dt + AW,
has a unique stationary solution (X" o 6;, Y” o 6;), which is pathwise globally asymptotically stable with
X' (0w), Y (O,w)) — (Z¥(04w), Z%(0,w)), as v — oo,

pathwise on finite time intervals [Ty, T>] of R, where Z° is the unique pathwise globally asymptotically
stable stationary solution of the “averaged” SDEs

1 1 1
dZ: = S[f(Z0) + g(Z)dt + Eadwg” + E/3azw§2>.

In [23], Liu et al. showed that synchronization persists for coupled dynamical systems driven by a-stable
multiplicative noises, provided asymptotically stable stochastic stationary solutions are considered rather
than asymptotically stable steady state solution. They considered two Marcus canonical equations in R?

dX; = f(X)dt +aX; o dL",

3
dY: = g(Y:)dt +bY; o dL? ®)

where a,b are constants in IR, Lil) and ng) are independent two-sided scalar a-stable processes as in Lemma
2in [23], and the vector fields f and g are sufficiently regular to ensure the existence and uniqueness of local
solution, and additionally satisfy one-sided dissipative Lipschitz conditions (2). The synchronized system
corresponding to SDEs (3) is

dX; = f(X)dt + (@MY = X)dt +aX; o dLV,
dY: = g(Yo)dt + v(e™®" X - Y)dt + bY; o dL?,

where 21; = Ogl) - ng) and OED, Oiz) are two Ornstein-Uhlenbeck processes with respect to aLgl) and bLiz)

respectively. The coupled random system has a unique stationary solution (X}, Y}). It is pathwise globally
asymptotically stable with (X}’, Y}’) —(Z fe‘ofl) , Zt""e‘oiz)) as v — oo, pathwise on finite time-intervals [T1, T>].
Note that Z° is the unique pathwise global asymptotically stable stationary solution of the “averaged”

RODE in R?

dz

i [e‘”’ flemzy) +eMgle™zy) +aX; o dL( )+ bY, 0 alL(2 1.
In this paper, we will consider two coupled stochastic equations in IR?

dXt f(Xt)dt + (lllXt + bl) (o dLa, 4
dYt g(Yt)dt + (ﬂzyt + l’JZ) o th ( )
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Here L} is a two sided scalar a-stable process and W; is a two-sided scalar Wiener process independent
of LY. by and b, are constant vectors in RY, 4; and a, are constants in R, ¢ and o denote the Marcus
integral and Stratonovich integral respectively. The functions f and g are sufficiently regular to ensure the
existence and uniqueness of local solution, and additionally satisfy one-side dissipative Lipschitz condition
(2). The aim of this paper is to test the synchronization phenomenon for coupled dynamical systems (4).
We will transform the SDEs to random ordinary differential equations (RODEs) and prove that the system
is asymptotical stable. When a4, a, # 0, finally, we obtain

dXp = [f(X) +v(EY - Xp) + (2" — D)ldt + (1 X; + by) o dLy,
A= [g(Yy) +v(e X, = Yy) +v(2e 2 — 2)]dt + (ayY; + bo) 0 AW,

The above system has a unique stationary stochastic solution (X!, Y/), which is pathwise globally asymp-
totically stable with

(Ry(@), V(@) = Z(@e" ~ L Zy(@)e™ ~ 2, as v - o,
1 2

where Z;(w) is the stationary solution of
dZy= 3[e f(e"Zy — B) + eMgle™Zy — 2)dt + dm Zy o dLE + YarZy 0 AW,
with
n = %(alof) — 2,09
When a; = 0, equation (4) becomes

dX; = f(Xp)dt + (a1 X, + by) o dL?, 5
dYt = _l](Yt)dt + deWt.

The other aim of this paper is to test the synchronization phenomenon for coupled dynamical systems
(5). By using another transformation which is different from the transformation that is used in(4),we
will transform the SDEs to random ordinary differential equations (RODEs)and prove that the system is
asymptotical stable. Finally, we obtain

dX; = [f(X0) + (e Yy = Xp) = (& = 5,0Pen00)dt + (@1 X, + br) o dL?,
dY; = [g(Y) + (e X; = Yi) + v(0200) = 2enO")Jdt + brd W,

Then this system has a unique stationary stochastic solution (X}, Y7), which is pathwise globally asymptot-
ically stable with

(K@), V@) = @@~ 2 2(w) + 0P as v o,
1

with
by

= _1, 00, 5
Zr =¢€ 2m0; (Z[ + —
a1

1
)= 5007,
where Z;(w) is the stationary solution of
dZi = A[F(Zi = 15,00em0") 4 o0 g 40P (7, 4+ 1) 1 1p,0)dt
+ (@ Ze- + by) 0 dLY + boe O AW ].

The main contributions of this paper are two aspects: firstly, we consider a new model, which may be
considered as a combination of those in [2], [7], [8], [22] and [23], our result means that the synchronization
still persists under two different kinds of environmental noises. On the other hand, our noises are general
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linear noises, whereas all the noises in references mentioned above are pure additive, or pure multiplicative
noise. Different methods are adapted to two kinds of noises. Hence their methods could not directly apply
to general linear noises. Moreover, we found that our first result can directly apply to the pure multiplicative
noise, but can also not directly apply to the pure additive case, because the same transformation does not
work. In view of this reason, It is necessary to consider the synchronization of systems, where one of
systems is driven by pure multiplicative noise, another one is driven by pure additive noise. This leads to
our second result. In addition, we also give an examples with simulation for two results, respectively.

The structure of the paper is as follows: in Section 2, we will recall some basic facts about Lévy process
and Brownian process. In Section 3, we will review some concepts in random dynamical systems. In
Section 4, we will explain the method of the transformation from SDEs to RODEs. In Section 5, we will
prove that the uncoupled system has a unique stationary solution, which is globally asymptotically stable.
In Section 6, we will show that the asymptotic behaviours of the coupled synchronized system is uniformly
boundedness. In Section 7, synchronization persists for coupled system, that is,the stationary solutions of
coupled synchronized system converge to the unique pathwise globally asymptotically stable stationary
solution of the “averaged” system. We will test our theory by an example and simulations. In Section 8§,
we will prove the synchronization persists under two different noises where each stochastic differential
equations is subjected to a noise which differs from the other. We will test our theory by an example and
simulations.

2. Brownian motion and symmetric a-stable process

Lévy process L;, taking values in IR, is characterized by a drift parameter b € IR?, an 1 X n non-negative
covariance matrix A and a Borel measure y, defined on (R¢, B(IR%)) and concentrated on IR?\ {0}, that satisfies

f (7 A )y(dy) < oo,
R4\ {0}

or equivalently

yZ
(dy) < co.
f]Rd\[O} 1+ yzy y

This measure y is the so called Lévy jump measure of the Lévy process. A Lévy process L; has the following
Lévy-1t6 decomposition [3, 10]

L;=bt+B; + ﬁ xN(t, dx) (6)

i<t xN(t, dx) + ﬁx

I>1
where N(dt, dx) is Poisson random measure, N(dt, dx) = N(dt, dx) — y(dx)dt is the compensated Poisson ran-
dom measure, and B; is an independent Brownian motion d-dimensional Brownian motion with covariance
matrix A. A Lévy process with the generating triplet (b, A, y).

Lévy process has independent and stationary increments, and is thought to be appropriate models for
non-Gaussian processes fluctuations [5, 28]. Moreover, its sample paths are only continuous in probability,
namely, P(IL; — L;,| > 0) — O as t — fy for any positive 6. With a suitable modification [26], these paths may
be taken as cadlag, that is, paths are continuous on the right and have limits on the left. This continuity
is weaker than the usual continuity in time. In fact, a cadlag function has finite or at most countable
discontinuities on any time interval.

Brownian motion B; is a special case of Lévy process, being a Gaussian process, is characterized by
its mean vector (taken to be the zero vector) and its covariance matrix (taken to be the identity matrix).
Additionally, (i) almost every sample path is continuous in time in the usual sense, and (ii) the increments
are Gaussian distributed.

As another special case of Lévy process, the symmetric a-stable process plays an important role among
stable processes like Brownian motion among Gaussian processes. For the definition of symmetric a-stable
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process with 0 < & < 2, see [29, 30]. Its jump measure in R? is y(dy)=”y7%. When a = 2, we have the
standard Brownian motion.

Marcus canonical stochastic differential equations were introduced by Marcus [24] with semimartingales
as the driving processes. For a Lévy process L; it can be written as

dx(t) = b(x(t))dt + o(x(t-)) o dL;, (7)
where ¢ denotes the Marcus integral, which for a scalar Lévy process is given by
dx(f) = b(x(t))dt + o(x(t—)) o dL.(t) + o(x(t—=))dLs(t)
+ ) [p(x(s-)), AL(S) = x(5-) = o(x(s=)AL(S)],

O<s<t

where L. and L, are the usual continuous and discontinuous parts of L, o denotes the Stratonovich stochastic
integral, and ¢(u, v) is the solution or flow of the ordinary differential equation

do(u,v)
dv

With the help of Lévy-Itd6 decomposition of Lévy processes, the Marcus canonical equation also admits
an Itd interpretation, see [3, 19]. The solution of Marcus canonical SDE (7) defines a stochastic flow, or
actually a cocycle, of homeomorphisms or diffeomorphisms [12, 19], when the coefficients b and ¢ satisfy
appropriate conditions. For more details about the Marcus integral and canonical equation, see [11, 20, 25].

o(p), (u,0)=u.

3. Random Dynamical Systems

Let (Q), F, P) be a probability space. Following Arnold [4], a random dynamical system (RDS) (6, ¢) on
Q x R consists of a metric dynamical system 6 on Q and a cocycle mapping ®:R* X Q x RY — R¥, namely,
@ satisfies the conditions

P(0,w) = idgs, @t +s,w) = @(t, Osw) o p(s, w)

forallw € Qand alls, t € R. This cocycle is required to be at least measurable from the o-field B(R)x Fx B(IRY)
to the o-field B(RY).

For random dynamical systems driven by noise process, we take Q = (IR, R?) with the Skorohod metric
as the canonical sample space and denote by F := B(D(RR, R?)) the associated Borel o-field.

A family A = {A(w), w € Q} of nonempty measurable compact subset A(w) of R? is called ¢-invariant
if p(t, w, A(w))= A(O;w) for all t > 0 and is called a random attractor if in addition it is pathwise pullback
attracting in the sense that

H;(qo(t, 0_tw, D(0_w)),A(w)) > 0, ast— +oo

for all suitable (i.e. in a given attracting universe, for instance, in [5, 25]) families D = {D(w),w € Q} of
nonempty measurable bounded subsets D(w) of R?. Here H, is the Hausdorff semi-distance on RY.

Theorem 3.1. Let (6, ) be an RDS on Q x RY. If there exists a family B ={B(w), w € Q} of nonempty measurable
compact subsets B(w) of RY and a Ty, ., > 0 such that

P(t, 0w, D(0_4w)) C B(w), Vt= TD,w

for all families D ={D(w), w € Q} in the given attracting universe, then the RDS (0, ) has a random attractor A
={A(w), w € Q} with the component subsets defined for each w € Q by

Alw) = ﬂ U P(t, 0_1w, B(O_w)).

$>0 t=s
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If the random attractor consists of singleton sets, i.e. A(w) = X*(w) for some random variable X*, then
X} (w) := X*(6;w) is a stationary stochastic process, if the driving system 0; is a stationary process the prove
of this theorem can be found in [6, 18]. We will need the following lemmas (see [7, 9, 22]).

Lemma 3.2. Let {x,} be a sequence in a complete metric space (X,d) such that every subsequence {x,,} has a
subsequence {x,,} converging to a common limit x*. Then the sequence {x,} converges to x".

Lemma 3.3. There exists a {6} invariant subset Q € F of QO = Co(R, R™) of full measure such that
1 _
tlir+n n lw() =0 for weQ,

and there exist random variable OV and O@ such that
OD(Ow) = OP(w) and OP(Ow) = OP(w) for w € Q.
Moreover, we have

1 (. 1 (" -
lim = | OW(0.w)dt = lim -~ | O®O.w)dt=0 for weQ.
t—+oo f 0 t—+oo f 0
In what follows, we consider 0 defined on Q instead of Q. This mapping has the same properties as the
original one if we choose for F the trace -algebra with respect to Q.

4. Transformation of Systems to Random Differential Equation

Now consider a Marcus stochastic differential equation with linear noise

dXt = f(Xt)dt + (111Xf + bl) o dL?, (8)
dY, = g(Y1)dt + (@Y1 + by) o dW,.

Here L is independent two sided scalar a-stable processes and W; is independent two-sided scalar Wiener
processes, with by, by is constant in R? and a1, 4, is constant in R. The functions f, g are sufficiently regular to
ensure the existence and uniqueness of local solution, and additionally satisfy one-side dissipative Lipschitz
conditions (2).

Using the transformation

b
x(t, @) = e MO @ (Xt(a)) + a—l)
1

and
y(t @) = 0 (Yt(w) + bj)’
az
where
t t
o = ¢ f e'dL;, O =e f e'dW,, teR

are two stationary Ornstein-Uhlenbeck processes. By Itd’s formula, we get the pathwise random ordinary
differential equation (RODE)

% = F(x, 0f") 1= e 0" f(en0x — ) + 4, 0[x, ©)
d 2 0 o® @ >
2 = G(y, 0! )) 1= 7201 g (O y — Z—;) +a,0%y.

We will show in the next section that each of the stochastic systems in (8) a pathwise asymptotically stable
and has random attractor which consists of a single stationary stochastic process. Therefor, the use of the
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stationary Ornstein-Uhlenbeck process in the transformation will be essential. Then we will study their
behavior after synchronization by linear cross coupling, i.e, we will consider the coupled RODE

dx
— = F@0P(@) +v(y - ),
d
= =G, 07@) +vx ),

we will also show above system has a pathwise asymptotically stable and has random attractor consist of a
single stationary stochastic process (%,(w), ,(w)). In particular, (%,(w), 7,(w)) = (Z(w), Z(w)) as v — oo where
Z(w) is the pathwise asymptotically stable solution of the averaged RODE

dz _ 1 M ®
E - E[F(zl Ot ) + G(Z/ Ot )]/
that is
% = %[e_‘“oil)f(e“1 0Py — %) + e_”zoiz)g(e“ZOEZ)z - 2—2) + (m Ogl) + azOEZ))Z].

The equivalent stochastic differential equation is given by
dZy= e f(e"Zy — L) +egle™Z — 2)dt + mZy o ALY + LmpZy 0 AW, (10)
where
Zt = e%(ulogl)_mzoib)zt
and
Lo om_ 00
ne = E(al ¢ T U, )-

In terms of the original system of Marcus stochastic differential equations (8), the coupled random equations
take the form
dX; = [f(X) +v(EY, - Xp) + (2" — D)t + (X, + by) o dLf,

11
dYt = [g(Yt) + v(e_z’hXt — Yt) + V(a_ie_zm - Z_z)]dt + (a2Yt + bz) [¢] th ( )

Then this system has a unique stationary stochastic solution (X}, Y}), which is pathwise globally asymptot-
ically stable with

(R{(@), V@) = Z(@e" ~ 24, Zy(@)e™ = 2), as v - o,
1 2

where Z;(w) is the stationary solution of (10).

5. The Uncoupled System with a-Stable Noise and Wiener Noise

In this section, we will prove the uncoupled equations SDE (8) has unique stochastic stationary solutions,
which are

dX; = f(X)dt + (@1 Xs + b1) © dL?,

dY; = g(Yy)dt + (aY; + by) o dW,, (12)

where f,g are continuously differential, satisfy the one-sided dissipative Lipschitz conditions (2). Its
solution paths are generally not differentiable. Thus we rewrite the above equations as

dX; = [f(Xs) + O (@1 X; + by)ldt + (01X + by) o dOY,

13
dY: = [g(Y:) + O @:X; + b)]dt + (a2 X; + by) 0 dOP, (13)
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where Oﬁl) and O§2>, t € R, is the stationary solution of

d0" = —0Wdt + dL?

and
d0? = -0Pdt + dW;.
That is
t t
o = e‘tf etdre, oP =e‘tf e'dW,, teR.

Then we transform (13) to the pathwise random ordinary differential equation

& = F(x, 0") := e f(enO"x - 1) +2,0x,

d —2,0? _ 2,0@ ) (14)
= 6,0 = el gy - By 1,0y

The vector-field function

f(x, z) = e MEf(e"ix — %)
and
9,2 = gy — )
2

in the system (14) satisfies a one-sided Lipschitz condition in its first variable uniformly in the second with
the same constant as the original drift coefficient f, g, since we have

(x1 = x2, f(x1,2) = f(x2,2)) < =L || x1 — x2 |

and

1= v2,01,2) - G2, 2y < -Lllyi —p2 |7
We obtain that any of the two solutions of the RODE (14) satisfy pathwise the differential inequality

d

= () = 220 IP< (2L + 2,00 || 11 () = 22(8) |P (15)
and

d

= 110 = va(8) IP< (=2L + 20,0 1| ya () = v2(0) I, (16)
and hence we have

Il 21(8) = x2(t) [P< 2160749 |1 2,(0) - x2(0) |
and

oK1 [T 0P dr

1 y1(t) = ya(t) < €21 b 0749 )1 4 0) - 12(0) |12

Thus it follows by Lemma 3.3 that

lim | 1(6) = 02(8) IP= 0
and

lim Il y1(8) - y2(8) IP= 0,
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which means all solutions converge pathwise to each other.

In order to see what they converge to, we first observe that the RODEs (14) generates a random dynamical
system with ¢(t, w, xp) := x(t, w), the solution of the RODEs (14) with (deterministic) initial value x¢ at time
t = 0.Then we need to show that the RODE:s (14) is asymptotically dissipative and has a pullback attractor.
Omitting w for brevity, we have pathwise

d

2
— Ilxl

1
o 2(x, F(x, 0))

) ) b
= 2Ax, e~m0; f(e”lot1 X — a_l) +alo§1)x)
1
20,09, 20O ) by by
= 27T x, f(eM x_a_)_f(_a_)>
1 1

b
+ 2x, e 0 f(—i)) + 23,00 || x |2

—2a O(l)

< (-L+2a,00) [ x |7 + Il £( ——) 2. (17)

Integration yields

biy 12
¢ a || f(__) || t ¢ )
2 2 —L(t—to)+2 O, ’dt a 20,0 _L(t=u) 2 Oy 'dt
” x(t) ” < ” x(tO) “ e (= f‘oal ' I : f eTe (¢ )6 f‘Uﬂl U du.

to
Moreover, by Lemma 3.3 we have pathwise
1 t
lim — O(l)d’c = hm O(Tl)d”c =0

s—>—00 § s t—oo 0

Thus we obtain
2L " oWz < b9
fors<0,t=>0with|t] |t |[> Te-

Now we can use pathwise pullback convergence (i.e. with t; — —o0) to show that the closed ball
centered at the origin with random radius.

_biy 2
Rz(w) - 1 || f( L ) “ f e 2 Og)eLugf“UmO(r”deu.
Similarly, we also have

—211 O(2

d
S IyIP< (-L+ 2a,09) 1y I? + (——) I? . (18)

Integration yields

bay 12
L Caoo@ae Tg=2) 1l <2) 0 o®
ly® 1P < 1yt [2 e 02 om0 e f 210 gLt g2 [, BV gy

to

Moreover, by Lemma 3.3 we have pathwise

1 0
lim = [ 0Wdr = Jim O(Z)d
s—>—0 § s t—o0 0

Thus we obtain

t ~@)
&2 [ oPdr < eg(t—s)
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fors<0,t=>0with |t |t |> Te.
Now we can use pathwise pullback convergence (i.e. with tg — —o0) to show that the closed ball
centered at the origin with random radius.

by (12

Ig=2) P 0 o o

R¥(w):=1+ +f e~20200 pLu g2 [, :20%d7 3,
—00

is a pullback absorbing set for t > T,,. Theorem 3.1 of RDS then gives us a random attractor {A(w), v € Q}.
The fact that all trajectories converge to each other forwards in time. The sets in this random attractor
are singleton sets, i.e. A(w) = {a(w)}. When we transform back to the SDEs have the pathwise singleton
set attractor a(0;(w)), which is a stationary solution the SDEs, since the Ornstein-Uhlenbeck process is
stationary.

6. The Asymptotic Behaviour Of the Coupled System

Now, we will show that the stationary solution of coupled synchronized system converges when the
parameter v is large enough. We consider the coupled RODEs system

dx
dt

= = Gy, 0P @) + v - y),

F(x, O (@) + v(y - %),

with

F(x,0") = e f(enO"x - ) +2,0"x,

19
Gy, 0) = e g(en0f"y &) 4 3,0y, )

Using the one-sided Lipschitz conditions on f and g, we obtain similarly to (15) and (16) that

d
() - @ <[-2L-v + 2010 llx1 (B) = %2 (DI + vilya () — ya(H)IP
and

Llys )~ I < 1-2L v + 20202 a(6) ~ 1o OIP +iba ()~ a0,

and similarly to (17) and (18) we obtain

d om0
il < (<L = v+ 20, O I + vyl + Fe O f(- >||2
and
d o
Sl < (<L = v + 2020yl + Al + Te 20 g (- )||2.
Defining
~2L - v + 24,0 v
Av(t) . £ 2 te IR,
v —2L - v + 2a,0;

N REOEEAG]R
x(H = ( ly1(5) - ya(B)P ) reR
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Thus we can write the above inequalities as

%x <A (H)x

Due to a Gronwall-like inequality, we have

t
x(x) < effo Ae) dsx(to).

~L—-v+2a;0" v

Ayt =
/(0 ( v —L—v+2a2052)

), telR,

(xR
x(t) = ( ly®IP ) teR

and

_ (1)
H(t) = 1( A o )
L{ e2n0f gLy

we can write the above inequalities as

%x < A, (H)x + H(b).

Due to a Gronwall-like inequality, we have

f o~ t -
x(x) < el x(ty) + f el A0 Fi(s)as

to

component wise. Now, we need the following simple lemma.
Lemma 6.1. We have
t
leh @ < Ml x € R

fort>Tyandallv > 1.

2229

Proof. First note that the matrix fot Ay(t)dt is symmetric. Thus, the exists of a orthonormal basis of eigenvectors

® @ D 1@

/NPT with eigenvalues Av,t’ o and we have
08 1)l 42,0,
where
Gl + Cotl] = 2.
Since ”St) and uizt) are orthogonal, we obtain
lle fO’A,,(T)dfxllz _ €2AS‘)||C$1),¢M1(32||2 n ez)lf)“ Cf,i,t”(jt)uz < eZmax[Ajjfmff}]”x”;

(20)
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The eigenvalues of fot Ay(t)dt are given by

t t
AP = —L +v)t + f (0;0Y + 2,0%)dr + \/( f (@00 — 2,09)dr)? + 212,
0 0

hence it follows by Lemma 3.3 that
MNP < -1t 1)
for|t| > Tyandallv>1. O
Analogously to Lemma 6.1 we can show

Lemma 6.2. Let tg < 0andt > 0. We have

f[ A, (1)dt

llelo ™ < e7F D, x € R?,

forltol, [t > Ty and all v > 1.
Now set

1 (0 ., o~2m O £ buy2
S L s,

_ (2) b
20 llg(= 2P

(o8]

and define
Ry(w) =1 +[ICy(@)IP.

Then by pullback techniques and Lemma 6.2, we see that the random balls B, (w) in R* centered on the origin and
with radius R, (w) are pullback absorbing. Moreover note that

d -
I =2( £Cuw), Cw) >=2< ( - )cxw),cV(w) ><o

and consequently R,(w) < Ry(w) for v > 1. Hence the random dynamical system generated by the coupled RODE
(9) has a random attractor A, (w) in B, (w) for each w. But we know that all solutions converge to each other pathwise
forwards in time. Thus the A, (w) are singleton sets, say A,(w) = (X, (w), 7, (w)).

Let us now estimate the difference of the components of the coupled system. We have pathwise

dx dy
2(x—y,E—$

(1) (1) b 2 2 b
= 2<x — y/ e—ﬂloz f'(etllof x — i) _ e—ﬂzot g(eazot y _ £)>

d 2
$|X—]/|

+2(x — y,alxoﬁl) - azyOf)) +2(x =y, 2v(y — x))

N

G o b
—dvlx — Yl + 2llx — Yl |1 f (@O x - pall

0@ @ b 1 2
+e a0, ”g(ellzot x — Z)” + ||LI1XO£ ) _ ﬂzyoi )“)

N

1 _ ~o M by
vl =yl + =0 || f(e"O x — —)|2
v a1
1 (e (e b 1
—a,0 (@) 25112 1)2 2
+=e 20 | g(0 y — )2 + ~|a O Pl
% ap %

1. e
+-1a 0 PllylF.
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Hence labelling the solutions now with v to indicate this dependence, we have

d 1
E”xv - yVHZ < —vllxy, — %/”2 + ;M}/H,Tz,w
with
oM o b 1
My 1w = mm@mqu@x—EW+deMﬁ

te[T1,T2]

00 @ by 5
+mmwhquﬂy—ZW+md¥wm
te[Ty,T2]

We can restrict ourselves without loss of generality to solutions in the compact absorbing balls B, (w), which are all
contained in the common compact ball By(w) for v > 1. Hence My, . is uniformly bounded in v and we have

d 1
E”xv - :‘/v“2 < =vlx, - ]/v”z + ;m

1., T2,w
with

— 14
Mr, 1,0 = sup My,

v=1

T w”

from which we conclude that
“xv(t) - ]/v(t)Hz - O/ V= OO/

uniformly in t € [T1, T,] for any bounded Ty and T).

7. The Synchronized Solution as v = oo

Now we can prove the solution of “averaged” RODEs is the attracting stationary solution.

Theorem 7.1. (%,,(t, w), J»,(t, w)) = (Z(t, w), Z(t, w)) pathwise uniformly on bounded time intervals [T1, T>] of R
for any sequence v, — oo, where Z is the attracting stationary solution of the “averaged” RODEs

dz _

L= om0l f(enOz - By + e 20 gen0 "z - ) 4 (0,00 + 2,07)z]. (22)

1
2
The equivalent stochastic differential equation is given by

AZy = 3[e f(e"Zy — ) +elgle ™ Zy — )t + dm Zy o dLE + Ly Zy 0 AW, (23)
with

1
e = E(alogl) - ﬂinz)).

Proof. Define

_ 1, _
Zy(w) = E(x"(w) + v(w))
and observe that z,(t, w) = z,(0;,) satisfies the RODEs
i 1
dt 2
Thus

—a oW ov. b 5 0® 09. b =) PG
[e=n® f(em™r zZ— b +e™Pg(en™ z - 2) + mzZO, + apZ0; 1.

sup |_ZV(tl Cl))l < MT1,Tz,a) < OO,
te[T1,T2]
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by continuity and the fact that these solutions belong to the common compact ball Bi(w). We can use the
Ascoli theorem to conclude that there is a subsequence v,; — oo such that z,(t, v) — Z(t,w) as n; — oo.
Now

2, () = o (b @) = 5(F, (60) = G, (@) 0,

1
Zvrzj (t/ CL)) - X-an (t/ (L)) E(yvnj (t/ a)) - X‘Vn/ (t’ (L))) - 0/

as vy; — 09, see the previous section, so

T, (L) = 22, (L) - Tt w) > 2(t ),

]71/»1]- (ti a)) = szn/ (t/ a)) - fn/. (t/ CU) - Z(t, w)/

as ,, = c0. Moreover, using the integral equation representation

1 b
Zv(t, w) = Z(Tlrﬂ)) + E f e—mOgl)(m)f(emOi.l)xV(S’ w) _ i)dS
T

1

1 t b 1 t
+= f e‘uzOﬁZ)(w)g(eﬂzO?) yv(sl a)) _ —2)dS + = f ax, (S, w)ogl) + ﬂz%(S, CU)ng)dS.
2 T ap 2 T

It follows that the v, subsequence converges pathwise to
1 (" om oW by
wtw) = 2T, w)+ 5 f e 105 (@) £(10 5 (s, w) — —)ds
T1 1

1 b 1 [
4 f e 207 @ g2 55, ) = 2yds + = | (@O0N + a,0?)z(s, w)ds
2 Jr, az 2 Jr,

on the interval [T, T2], so Z(t, w) is a solution of the RODEs (22) for all ¢+ € R. By the same techniques
as in the previous sections, it has a random attractor consisting of a singleton set formed by a single
stationary stochastic process which thus must be equal to z(t, ). Finally, we note that pathwise all possible
subsequences here have the same limit, so by Lemma 3.2, every full sequence Z,(t, w) actually converges to
Z(t, w) for the whole sequence v, — co. []

Corollary 7.2. (%,(t,w), Jv(t, w)) — (Z(t, ), Z(t, w)) as v — oo pathwise on any bounded time interval [Ty, T>] of
R.

Example 7.3 (Example and simulation of synchronization). Now, we will consider two stochastic differential
equations

dX; = —=X,dt + (0.95X; + 0.05) o L7
and

dY; = =2Ydt + (0.25Y; + 0.5) o dW,.
The corresponding RODE are

dx

ax @ -0.950"
dt

_ M
0.95 ) +0.95x0;

and

dy _ 05 02502
ar = 2 s

) +0.25y0?

t 7
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where
t t

o = e‘tf e'dLs”, oP = e‘tf e"dW,.
The averaged RODE is

dZ _ 3 1 (1) (2) 1 0.05 70’950(1) 0.5 70250(2)

i z( > + 2(0.950t +0.250,7)) + 2(0'95e + 0'25e )
and the equivalent stochastic differential equation is

3 3,005 _ 0.5 1 1
az, = —Etht + z(ﬁe oy Eer”)dt + 5095Zt <o dL?'75 + 50252[ o dW;

with the explicit solution
() = o3t j; (0.9509)+0.25o§2)))d720
+% f ' e—%(t—to)+ f,;(o.95o§”+o.25ogz>))df (%8_095@1) N % 8_0_2509) i
£ . .
The pullback limit as t: — —oo gives a stationary solution
) = % j: ; e (t-9)+ ffm(o.95o§“+0‘2so‘f’))df(% 6—0.9505}) " % 8—0.2505,2’)du

and attracts all other solutions pathwise.
Figure 1 shows the trajectories of the numerical solution of the system with different values of v. It shows that as v
increases the trajectories approach to each other faster.

v=1, T=10, h=0.001
1.5 T T T T T

X(n),Y(n).Z(n)
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v=10, T=10, h=0.001
08 T T T T T T

o
=
P8

=)
[*]

X(n),Y(n).Z(n)

v=100, T=10, h=0.001
T

—_
(32 N
T

—_
T
1

o

o
F
s

B “M> i -
- L T, Y if
A ﬁ@*‘w\#ﬁg%&fé‘*ﬂ‘%&w{t 4 l}ﬁ\#‘?\,@ ﬁg}.’v‘*w; A ‘ ,!" i

L f"’f WA 2 W

o
T

X(n),Y(n).Z(n)

.
o
3]
<
1

'
-
T

1
-
L33]

o

v=1000, T=10, h=0.001

T
£
N
c
>
)
-3
B i
-2.5r &
_3 1 | 1 | 1 | 1 | 1
0 1 2 3 4 g [ 7 8 i 10

Figure 1: A trajectories of the coupled system dX; = —X;dt + v(Y; — X;)dt + (0.95X; +0.05) 0 dLO7, dY, = —2Y,dt + v(X; — Y;)dt + (0.25Y; +0.5) 0 dW; and
the corresponding trajectories of the averaged system dZ; = —3/2(Z;) + (0.95Z; + 0.05) ¢ dems) + (0.25Z; + 0.5) o dW; for four values of v

In [2,7, 8, 22, 23] the noises that had been used are of the same type, while in reality no one can control
the type of the noises which will affect the system, for that reason our paper is dealing with the effect of
different types of noise which is closest to reality



S. Al-Azzawi, ]. Liu, X. Liu / Filomat 32:6 (2018), 2219-2245 2235

8. SYNCHRONIZATION WHEN a; # 0 and a; = 0
We consider Stochastic differential equations in R?

dX; = f(X)dt + @ X + b)) o dL™,

dYt = g(Yt)dt + bdet. (24)

Here L{ is a two sided scalar a-stable process and W; is a two-sided scalar Wiener process independent of

LY. by and b, are constant vectors in IR?, a1 constants in R . The functions f and g are sufficiently regular to
ensure the existence and uniqueness of local solution, and additionally satisfy one-side dissipative Lipschitz
condition (2). Using the transformation

b
x(t, @) = 61O (X (@) + a_l)
1

and
y(t, @) = Yi(w) - 5,007,
where
t t
o = ¢ f etdl®™, 0P =et f ¢'dW,, teR

are two stationary Ornstein-Uhlenbeck processes.
We will start to transform it to the pathwise random ordinary differential equation (RODE)
@ = Fx,0) = em0 0!y — ) 4 0,0x,

(25)
¥ = Gy, 0P = gy + 1,07) + 5,01

We will show in the next section that each of the stochastic systems in (24) a pathwise asymptotically stable
and has random attractor which consists of a single stationary stochastic process. Then we will study their
behavior after synchronization by linear cross coupling, i.e. we will consider the coupled RODE

dx
= =F@ O @) +v(y - ),
d
= =Gy, 0P @) + v -,

we will also show above system has a pathwise asymptotically stable and has random attractor consist of a
single stationary stochastic process (%, (), »(w)). In particular, (%,(w), ,(w)) = (Z(w), Z(w)) as v — oo where
Z(w) is the pathwise asymptotically stable solution of the averaged RODE

dz _ 1 M @
E - E[F(zl Ot )+ G(Z/ Ot )]/
that is
dz 1. _, 00, ,0m b ) ) @
= = E[e 20 f(e" z — a_) + 9z +b20;7) +a10; 'z + b, O;”']. (26)
1

The equivalent SDE is given by

dZi = Af(Zi = 36,00em0) + &m0 g(e=4m0 (2, + 1) + 10,00)dt
+1[@1Ze- + by) o AL + byem O dW,],

where

b

1. A0 1
=m0 (Zy + =) — =500,
zi=e (Zs al) 5020;
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In terms of the original system of the SDE (24), the coupled SDE have the form

dX; = [F(X) + (@9 Ys = Xp) + v(2 = 5,000 dt + (@1 X, + by) o dL?,

! 27
dY; = [9(Yy) + (e O X; = Y1) + v(b0{ — 210 )]dt + brdW,. @7)

Then this system has a unique stationary stochastic solution (X}, Y}), which is pathwise globally asymptot-
ically stable with

(K@), F@) = @@~ 22 (w) + 0P as v o,
1
where Z;(w) stationary solution of (26).

8.1. The uncoupled system when a; # 0 and a; = 0

In this section, we will prove the uncoupled equations SDE(24) has unique stochastic stationary solutions,
which are

dX; = f(Xp)dt + (a1 X; + by) o dLf,

dY: = g(Yy)dt + bydW,, (28)

where f,g are continuously differential, satisfy the one-sided dissipative Lipschitz conditions (2). Its
solution paths are generally not differentiable. Thus we rewrite

dX; = [f(X) + @ X; + b))OP1dt + (a1 X; + by) 0 dOL,

29
dY; = [g(Yy) + b,021dt + b,dOP, 29
where O and O@, t € IR, is the stationary solution of
dof" = ~odt +dLg,
and
d0? = -0Pdt + dW;.
That is
t t
OED =¢t f e'dLs, ng) =et f e'dw,, telRR.
Then we transform (29) to the pathwise random ordinary differential equation
% = Pz, Of) = ec0D) f(e0x — 1) 4 2,00, (30)

d
% =Gy, 07 = g(y + b0) + b0
The vector-field function
flez) = e e - ),
1
and

g(x,z) = g(y + 2)

in the system (30) satisfies a one-sided Lipschitz condition in its first variable uniformly in the second with
the same constant as the original drift coefficient f, g, since we have

(x1 = x2, f(x1,2) = f(x2,2)) < =L |l x1 — %2 |
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and
1= v2, 91,2 = G2, 2) < Ly — 2 |
we obtain that any of the two solutions of the RODE (30) satisfy pathwise the differential inequality
() = x0) 1P (2L + 200%) |00 - o) I (31)
and

% | ya(t) — y2(t) IP< =2L || ya(t) — y2(b) I, (32)
and hence we have
261 = xa(6) 1< €7 H 6 OV .31 (0) = 2(0) P
and
Il ya(t) = ya(t) IP< e 1| y2(0) = v200) |17 .
Thus it follows by Lemma 3.3 that
lim [ (t) - x2() IP=
and
tlgg | y1(t) — ya(t) IP=

which means all solutions converge pathwise to each other.

In order to see what they converge to, we first observe that the RODEs (30) generates a random dynamical
system with ¢(t, w, x) := x(t, w), the solution of the RODEs (30) with (deterministic) initial value x¢ at time
t = 0.Then we need to show that the RODEs (30) is asymptotically dissipative and has a pullback attractor.
Omitting w for brevity, we have pathwise.

d
2 lx P 2(x, F(x, 0"))

b

= Ax, e_“loil)f(gﬂloil)x — {1_1) + aloﬁl)x)
1
= 2Ol @l feOx = By - -2ty
ai a
+ 2x,e 0 f(—— ) +2ar || x| O)
_ (1)

< (=L +2a,00) || x P +-e 200 || f(~ )IIZ- (33)

Integration yields

t (1)
2 2 —L(t-ty)+2 |, ;O dt
IxO P < N x() P e 02k
_h 2 t t
+ || f( L,‘;l) ” f e_zalos})e_L(t_u)e2f“0 ulof(l)d’fdu.

to
Moreover, by Lemma 3.3 we have pathwise
1 t
lim — O(l)d’c = hm O(Tl)d”c =0

s§—>—00 § s t—oco 0
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Thus we obtain
t AW
& [ oPdr < eg(t—s)

fors<0,t=>0with|t] | |> Te.
Now we can use pathwise pullback convergence (i.e. with {j — —oo) to show that the closed ball
centered at the origin with random radius.

_bhiyiz o
R*(w) ::1+—”f( mk f o200 pLug? [} O0de gy,

L 00
and
d 2 e)
vt = Ay Gly, 07)
= 2y, g9(y + b,0) + ,0%)
< LUy IR+ 1190:0%) + 2202 P G4
Integration yields

ety L e
IO < Ny P e+ 1 [ et gs0) + 08 1P
to
Now we can use pathwise pullback can vergence (i.e. with f) — —oo) to show that the closed ball centered
at the origin with random radius

1 (0
R@)i=1+ 1 [ et o200 + 602 I,
isa pullback absorbing set fort > T,. The Theorem 3.1 of RDS then gives us arandom attractor {A(w), w € Q}.
The fact that all trajectories converge to each other forwards in time says. The sets in this random attractor
are singleton sets, i.e. A(w) = {a(w)}. When we transform back to the SDEs have the pathwise singleton set
attractor a(0y,), which is a stationary solution the SDEs, since the Ornstein-Uhlenbeck process is stationary.

8.2. Asymptotic behaviour of coupled synchronized system

Now, we will show that the stationary solution of coupled synchronized system converge when the
parameter v is large enough. Now we consider the coupled RODEs system

dx

o= F(x, 0" () + v(y — x),
d

= =Gy, 07@) +v(x - ),

with

b
F(x, 0" (@)) = e f(eO'x - a_l) +v(y - x) +310"x,
1

G(y, 0P (@) = g(y + b0 (w)) + v(x = y) + b0,

Using the one-sided Lipschitz conditions on f and g, we obtain similarly to (31) and(32) that

() = 20l < 1-2L v + 20,011 (0) ~ 2O + i) -y,
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and

d

E”yl(t) — O < [-2L = v]lly1 () — y2(OIF + viixa(t) — x2(8) I
and similarly to (33), (34) we obtain

d 2 (1) 2 2, 1 (22,0 b1\

Ellx(t)ll < (2L = v + 201 0,7)|Ix(®)II + vIly(DII" + ¢ NI,

a1

and

d 2 2 2 1 2 (2)2

T Il y@®) II°< (=L = o) || y(®) [I” +v || x(@) || +f(” g(2) I +1b20,7%)
Defining

o7 _ (1)
Av(t)=( 2L V;rz”lof _ZLV_V), teR

and

llya(t) — y2 (DI

Thus we can write the above inequalities as

x(t) = ( llx1 (£) — x2(B)I? ), feR.

d
— < v
dtx A, (t)x
Due to a Gronwall-like inequality, we have

f
x(x) < effo A"(s)dsx(to).
Let

—-L—-v+2m Ogl) v

Av(t) = ( v -

(kP
"(’*"(ny(t)n2 ) teR

and

H(p = 1200 f(=y| 2
L llg®)I? + 5,072 )’

we can write the above inequalities as
d -
T < Ay (H)x + H(?).

Due to a Gronwall-like inequality, we have
t oz t
x(x) < effo A"(S)dsx(to) + f el AT (5)ds
to

component wise. Now, we need the following simple lemma.

2239
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Lemma 8.1. We have
leh 4@ty < My, x € R?
fort > Tyandallv > 1

Proof. First note that the matrix fOtA (t)dt is symmetric. Thus, the exists of a orthonormal basis of eigenvectors
@ (

Uy, U . with eigenvalues )\V 0 )\v ., and we have
t @) ﬂ
Ayydr,, _ A (1) (1) ot 2 (2)
ej;) x=e [C vt vt+e tcxvt vt/
where
(1) @ (2) (2)
xvtuvt +vat vt =X

Since u(l) and u(z) are orthogonal, we obtain

¢ a o)
||efo A"(T)de“z = 2N, f||C(1) t“2 +e A”“C (2)“2

X,V, t v, XV, t vt

(35)

< eZmax A(l>+/\<2) ” ”2

The eigenvalues of fot Ay (t)dT are given by

¢ ¢
AP = —2L +v)t + f 1,00d7 + +/( f a,00dr)2 +12¢2,
0 0
hence it follows by Lemma 3.3 that
1/2)

AT < Lt (36)

for|t| > Tyandallv>1. O
Analogously to Lemma 8.1 we can show

Lemma 8.2. Let tyg < 0andt > 0. We have

f Ay (t)dt

lleo Al < e H |, x e R,

forltol, |t > Ty and allv > 1

Now set
M —by
Cow) = + f O eL“A(r)dr( eCOOIFEHIE ]du
LJ-w 920D + 11,022
and define

Ri(w) =1 +IC,(w)IP.

Then by pullback techniques and Lemma 8.2, we see that the random balls B, (w) in R*® centered on the origin and
with radius R, (w) are pullback absorbing. Moreover note that

L e @i = 2( £e.w), >=2< ( 1l )cv<w>,cv<w> ><o
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and consequently R,(w) < Rqy(w) for v > 1. Hence the random dynamical system generated by the coupled RODE
(24) has a random attractor A,(w) in B, (w) for each w. But we know that all solutions converge to each other pathwise
forwards in time. Thus the A, (w) are singleton sets, say A,(w) = (X,(w), i, (w)).

Let us now estimate the difference of the components of the coupled system. We have pathwise

d 2 _
Elx -y = 2Ax-y,
= 2x—y,e O f(enOx -

)= g(y +0:0))
+2(x — y,alegl)) +2(x -y, —bzo§2’> +2(x —y,2v(y — x))

b —1)
(5]

oW ) b
< vl = yIP o+ 20 - ylE A = DI+ gy + 200
+la1xOP|| + 1001
1 _,om o) b 1
< vl = yIP e MO = I+ gy + 207

1 e, 1 1
+-10207F + 1o O Pl
v v
Hence labelling the solutions now with v to indicate this dependence, we have

d 1
E”xv - yvuz < —Vlx, - yvllz + ;M%/H,Tz,w
with

oM ) by 1
My = sup (@O x = DIF + a0 Flldf)

te[T1,To] 1

b, OP)y| 12 b, 0?2
+ sup |lg(y +020,7)II" + sup (I020,7).
te[Ty,T2] te[Ty,Tz]

We can restrict ourselves without loss of generality to solutions in the compact absorbing balls B, (w), which are all
contained in the common compact ball By(w) for v > 1. Hence M. is uniformly bounded in v and we have

1,T2,w

1
o 2
v, — yol> < —vilx, — vl + ;Mﬁ,ﬁ,w

El
with

_ v
MTerZ/w = sup MTl,

=1

Tr,w”

from which we conclude that
”xv(t) - yv(t)”2 - 0/ v — OO/
uniformly in t € [T1, T»] for any bounded Ty and T».
8.3. The synchronized solution as v — oo
Now we can prove the solution of “averaged” RODEs is the attracting stationary solution.

Theorem 8.3. (%,,(t, w), J»,(t, w)) = (Z(t, w), Z(t, w)) pathwise uniformly on bounded time intervals [T1, T>] of R
for any sequence v, — oo, where Zy(w) is the attracting stationary solution of the “averaged” RODEs

L= Lm0 f(en0"z = 1) + gz + 1,0P) + @10z + 1,OP]. (37)
The equivalent SDEs is given by

dZi = 3[f(Zi = §6,00en %) + O o807 (Z, + 1) + 16,00t

s 38
+1[(@Zs + by) o ALY + byem O dW,]. (38)
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Proof. Define

Zy(w) = %(J?V(a)) + Pv(w))

and obseve that z,(t, w) = Z,(04,) satisfies the RODEs

dz 1 b
= [0 fe®ONz - Ly 4 gz + 0,02 + 1100z + 5,02,
dt 2 ai
Thus
d_
?;II; | |d_zv(t1 a))l < MTl,Tz,a) <,
te[Ty, T,

by continuity and the fact that these solutions belong to the common compact ball Bi(w). We can use the
Ascoli theorem to conclude that there is a subsequence v, — oo such that z,(t, w) — Z(t,w) as n; — oo.
Now

ZV”], (t/ C()) - yvnj (t/ a)) %(fvnj (t/ a)) - yvnj (t’ (l))) - 0/
Zvn/_(t, w) — J?an tw) = %(]71,”/_ (t, w) — J"cvnl(t, w)) — 0,

as vy, — o, see the previous section, so

.‘)?V”/_ (t, w) ZZvnj(t, w) = Jn;(t, w) = Z(t, w),

]71/»1]- (ti a)) = zzvn/ (t/ a)) - fn/. (t/ CU) - Z(t, w)/

as ,, — c0. Moreover, using the integral equation representation

t
20,0 = 20+ [ e 5 6,0 = Dy g(0,06,0) + 0200)s
T 1

1

t t
+%falxv(s,w)0£1)ds+%f szf)ds.

T, Th

It follows that the v,,; subsequence converges pathwise to

t
5w = Z(Tl,w)+% f e~ 0@ f(e"logl)zv(s,a))—Z—l)ds+g(zv(s,a))+b20§2))ds
T 1

1

1 PN S A
+§ a1Z,(s, w)O;"ds + 5 b,O"ds.

T, Ty

on the interval [T7, T5], so Z(t, w) is a solution of the RODEs(37) for all t € IR. By the same techniques
as in the previous sections, it has a random attractor consisting of a singleton set formed by a single
stationary stochastic process which thus must be equal to zZ(t, ). Finally, we note that pathwise all possible
subsequences here have the same limit, so by Lemma 3.2, every full sequence Z,(t, w) actually converges to
Z(t, w) for the whole sequence v, — co. []

Corollary 8.4. (X,(t,w), jv(t, w)) — (Z(t, ), Z(t, w)) as v — oo pathwise on any bounded time interval [Ty, T>] of
R.



S. Al-Azzawi, ]. Liu, X. Liu / Filomat 32:6 (2018), 2219-2245 2243

8.4. Example and simulation of synchronization

Example 8.5. Now, we will consider two stochastic differential equations
dX; = —=X;dt + (0.95X; + 0.05) o dL)7

and
dY; = =2Ydt + 0.5dW,.

The corresponding RODE are

pri (x— 095 )+ 0.95x0;
and

dy 2

= = 0.50%

dt t
where

t t

oW = e‘tf etdLd”, 0P = e‘tf e'dW,,.
The averaged RODE is

dz 3 1 ), 1 s 1 .0.05 _ M

— =z(-= + 50950") = 0501 + = (=—e 0%

i~ %2%2 )= 30207 + (G5 )
and the equivalent stochastic differential equation is

AZ;= =32+ 28 — 17050 P)dt + 1(28e ") + 1(0.95Z; +0.05 — 10.24n e ") 0 41075

+1em”0.5dW,

with the explicit solution

34l [ 0 1 M sgepyer [ o 0.05
ot) = ¢ 3¢ to)+3 09504 : f - 2(tto+] [ 09507 (~050% + o 09500 gy,

to
The pullback limit as ty — —oo gives a stationary solution

1 6 0.05 )
5(F) = = —3(t—to)+ f 0.950dr o 50(2) 20950y 4,
=3 I N ’ = 095° )

and attracts all other solutions pathwise.
Figure 2 shows the trajectories of the numerical solution of the system with different values of v. It shows that as v
increases the trajectories approach to each other faster.
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v=1, T=10, h=0.0001

X(), Y(t).Z(t)

= t 1"“1 "mﬁ i jif
R 7T ’ { 'W”
7 0oL TEAR P i f )
502 w‘ WJM ' H

-04r f

-0.6+

O 3 4 5 6 7 8 8 0

t
v=100, T=10, h=0.0001
1.5 T T T T

X(0),Y().Z(t)

v=1000, T=10, h=0.0001

X(),Y(),Z(t)
? [ ]

2 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10

t

Figure 2: A trajectories of the coupled system dX; = —X;dt + v(Y; — Xdt + (0.95X; + 0.05) o dL®7, dY, = =2Y,dt + v(X; — Y)dt + 0.5dW; and the
corresponding trajectories of the averaged system dZ; = —3/2(Z;) + (0.95Z; + 0.05) o dL§°'75) + 0.5dW; for four values of v
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