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Abstract. Sharp coefficient inequalities are given for f normalised and analyticinz € D = {z : |z| < 1}, and
@ _
f@

inequalities for starlike functions in a half-plane, and strongly starlike functions.

satisfying |arg( a)‘ < %ﬁ (ze D) fora €[0,1) and B € (0,1]. The results generalise and unify known

1. Introduction and definitions

Let S be the class of analytic normalised univalent functions f, defined forz € D = {z : |z| < 1} and given
by

f@)=z+ Zunz”.
n=2

Denote by S* the subset of functions f, starlike with respect to the origin, so that f € 8" if, and only if,
2f'(2)
f@@)

The subclasses of starlike functions S*(a) in a half-plane, and strongly starlike functions SS*(B) defined
in a sector, have been widely studied, see e.g. [1, 2, 3, 4, 13]. Thus f € S*(«) if, and only if, for a € [0, 1),

2f(2)
e

and f € S§*(B) if, and only if, for g € (0,1],

‘arg ij:(g) < n_ﬁ (z e D).

Re >0 (zeD).

R >a (z e D),

2
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The object of this paper is to study a combination of these two subclasses by defining a set of functions
S8 (a, B) by the relationship

f € 88 (a,p) if, and only if, for & € [0,1) and € (0,1],

arg | 1) o

< %ﬁ (ze D). 1

Functions defined by (1), and referred to as strongly starlike of order § and type a, where considered in
[12], and some inclusion results were obtained.

In this paper we give some coefficient inequalities for functions in SS*(«, ), which generalise and unify
known results for S*(a) (see e.g. [4], [13]) and SS*(B) [1-3, 15].

2. Necessary lemmas

Denote by P, the class of functions p satisfying Re p(z) > 0 for z € D, with coefficients p, given by

p(z) =1+ Z puz".
n=1

We shall use the following lemmas [1, 2, 8, 9], the first one of which was originally proved by Ma and
Minda in [9], with a simpler proof given by Ali [1].
Lemma 2.1. Ifp € P, then |p,| <2 forn > 1, and

H o, an_) 2 O<upu<2,
‘pz Zpl' < max{2,2lp — 1} = { 2lu—1|, elsewhere.

Also

L, Lo
p2—5pi|<2- 5 lpil-
Lemma 2.2 (Lemma 3, [1]). Letp € P. If0 < B < 1and B(2B - 1) < D < B, then

|lps = 2Bpip> + Dp3| < 2.

Lemma 2.3 (Corollary 1, [1]). Ifp € P,and 0 < B < 1, then

lps — 2Bpip + Bp3| < 2.

Lemma 2.4 (Lemma 4, [1]). Ifp € P, then

2, O<spu<1

|P3 -1+ wpp2 + HP?) < max({2, 2[2u — 1]} = { 22u -1, elsewhere
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Lemma 2.5 ([8]). Ifp € P, then for some complex valued x with |x| < 1, and some complex valued C with |C| <1

2p2 = pt +x(4 - p)),
4ps = po +2(4 — p2)p1x — pr(4 — PP + 2(4 - pH)(1 - IxP)C.

Lemma 2.6 ([14]). Let f(z) be subordinate to g(z), with

[

fz) = Z a,2", 9(z) = i b,zZ".
n=1

n=1
If g(z) is univalent for z € ID and g(ID) is convex, then

|anl < 1bal.

3. Initial coefficients
First note that if f € SS*(«, ), then from (1) we can write

z2f'(2)
f@)

for p € P. Equating coefficients in (2) then gives

=a+(1- a)p(z)ﬁ

ap = (1 - a)ﬁpl'
a5 = %(1 - a)p [pz - %(1 + (2o~ 3)@”5]'

g = 51— wp{ps - 3 [2+ (G = ] prpz + 75 [4+ 3G - 5)f

+(17 - 21a + 6a%)p?] pf}.

We now give sharp inequalities for these coefficients as follows.

Theorem 3.1. Let f € S*(a, ), then |ay| < 26(1 — av).

Ify<p<land0<a< %,then
las] < (1 - a)(3 — 2a)p?,
and
las] < (1 = a)B,

otherwise.
Also

lag] < 5(1 —a)p[1+ (17 - 21a + 6o,

2093
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when

7 416 +11p2 [2
- = P <a<l1l and ﬁ<ﬁ<1’

4 463
and
2
las| < 5(1 —a)B, 5)
otherwise.

All the estimates for |ay|, |as| and |ay| are sharp.

Proof. Since |p1| < 2, the inequality for || is trivial.

For a3 we apply Lemma 2.1 in (3) with u = 1+ (2a —3)B, so that € [0,2] when0 < f < 1and 0 <a <1,
or when 1 < g < 1and 3‘;—;1 < a < 1. This gives the first two inequalities for |a3].

When i <p<land0<a< % it follows that u < 0, and Lemma 2.1 also gives the third inequality.

Next, in order to prove (4), note that in (3) the coefficient of pip, is positive when % < p <1, and

0<ac< %, and the coefficient of p is positive when 0 < < 1and 0 < & < 1. Since |p,| < 2 when
n =1,2,3, the second inequality is therefore satisfied when % <p<l,and0<a< %

For the remaining intervals we use Lemma 2.3 with B = }1[2 +(Ba-5)p]land D = % [44+30Ba-5)p+ (17—
21a + 6a%)?], and write

p3 — 2Bpips + Dpi’ =p3 — 2Bp1ps + Bp‘;’ + (D - B)pf.

Then since 0 < B < 1 and D > B provided \/%<ﬁ§%and03asﬁ—

T6+11p2
483

56-2 . .
X2 <cn< % - , We obtain, using |p1| < 2,

3p

sl < %(1 -ap{2+ E (-2+ (7 - 210+ 63

= %(1 —a)p[1+(17 - 21a + 6a?)B?].

To prove (5), we first use Lemma 2.2 in (3), so that 0 < B < 1 and B(2B — 1) < D < B are satisfied when

[ 2
< A= <
0<p< Vi and 0<a<l,

or when

[2 7 16 +11p2
—<f<l and -——F<a<l.
17 P 4 4ﬁ‘/§
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This establishes the inequality (5), and completes the proof of Theorem 3.1.

Choosing p; = 2 in (3) shows that the inequality for |ay| is sharp. Choosing p1 = 0 and p, = 2 shows
that the first two inequalities for |a3| are sharp, and p; = 2 and p, = 2 that the second inequality for |a3]| is
sharp. Finally choosing p1 = 0, p» = 0 and p3 = 2 shows that the first two inequalities for |a4| are sharp, and
choosing p1 = 2, p» = 2 and p3 = 2 shows that the third inequality for |a4| is sharp. O

We note that when = 0, we obtain the classical inequalities for f € S5*(a), see e.g. [4], and when a = 0,
the results in [2, 3].

4. Inverse coefficients
We first note that since f € S*(a, f) is univalent, f~! exists in some disc || < ro(f).
Let
f_l(a)) = W+ A + Azw® + Aga* + -+ .
Since f(f (w)) = w, equating coefficients gives

Ay = —ay,
A3 = 2&% —as, (6)

Ay = —5[13 + 5[12[13 —ay4.

We now give sharp inequalities for these coefficients as follows.

Theorem 4.1. Let f € SS*(a, ), then |Az] < 2B(1 — a).

If%<ﬁ£land0§a<%,then

|As] < (5 - 6a)(1 - a)p?,

and

|As| < (1—a)B,
otherwise.

Also
2

|A4l < 5(1 - a)B,
when

0<a<1 and 0</3<L (7)

< < \/3_1,

or when

13 16+ 11p2

——-—<ax<l1 and
16 1683

3l
—_
A
=
IA
N~
)
~
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or when
40 — 1382
T _ N ctmak<pen
20 20843 2
Further

|A4] < 2(1 — a)B[1+2(31 - 78a + 480%)p?],

when
16 + 1142
0Sa<§——ﬁ and L<ﬁ§l,
16 1683 31 2
or when
136-2 /1182 +45 -4
0<ac< p - i b and l<ﬁ£1.
16 16[3\/5 2
Also

|A4] < 2(1 — a)B[5 - 2(31 - 78 + 480787,

when
138+2 /1182 - 48+ 60 /40 — 1382
p - i P Sa<1—7——ﬁand1<ﬁsl.
16p 168 V3 20 2083 2

The inequalities for |Az|, |As| and |A4| are sharp.

Proof. The inequality for |A,| follows at once from (6) and Theorem 3.1.

For A3 we use (3) and (6) to obtain
1 1 5
As = 5= {pa = 511 - Ga - 512}
We now apply Lemma 2.1 with y =1 — (6a — 5)B, so that u € [0,2] when
0<‘8Sé and 0<a<l,
or when

<a<l.

%<ﬁ§1 and

This gives the first two inequalities for |A3|.

When y is outside [0, 2], Lemma 2.1 also gives |As| < (5 — 6a)(1 — a)p*> when

561

%<ﬁ§1 and 0<a< T

2096

(10)

(11)

(12)

(13)

(14)
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which proves the third inequality for |A3].
For A4 we use (3) and (6) to obtain
1
Agl = 201 - f[ps + =1+ (=5 + 60)flprp»

+ % [z ~3(=5+6a)B + (31 — 78a + 48a2)ﬁ2] p§’|

1
= 5(1 - a)p |p3 —2Bpipy + Dp‘;’

7

with B = 3[1 - (6a — 5)] and D = 1[2 — 3(=5 + 6a)B + (31 — 78a + 48a%)p?].

We first use Lemma 2.2, so that 0 < B < 1 and B(2B — 1) < D < B, are equivalent to the conditions (7) or
(8) or (9). This gives the inequality |A4] < %(1 - a)p.

Now, note that if conditions (11) and (12) hold, then D > B and one of the following:
(i) 0<B<1land (D <B(2B-1)orD > B),
(ii) B>land(D<lorD >2B-1),
(iii) B>land1<D <2B-1and 3|D—-B| > 2(B-1).
Similarly, if condition (14) holds, then D < B and one of (i), (ii) or (iii) holds.

If (i) holds (regardless of whether D > B or not), then using Lemma 2.3 we have
1
Adl = 2(1 - a)p lps — 2Bpipa + By} + (D - B)p:
<

(1-a)B(1+4|D - BJ)

51-a)p
sd-a)p

If (ii) or (iii) holds (regardless of whether D > B or not), we write

1+2(31 — 78a + 48a2)>
5—2(31 — 78a + 48a2)>

, D>B
, D<B

1l
— WIN

ps — 2Bp1p2 + Dp;

=p3 —2p1p2 + pf +2(1 - B)pip2 + (D - 1)p§’
D-1
=p3 —2pip2 + p? +2(1 - B)p [Pz + m P%]
pi  D-B 2]

:P3—2P1P2+P?+2(1—B)Pl[Pz—34‘m'lﬁ

and using Lemma 2.3 obtain
Tq_ HoBl-lf2- L el |P2B z)]
A< 30— B[22 =Bl (2 5 I + 3|5
1
= 31— B2+l [4-(B-1)+ (D~ Bl - B~ 1) IpiF [} := h(lpr).
Next note that

Wi = 50 - B[4+ B = 1)+ 3D - B - (B~ 1) - IpF
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so if (ii) holds, then |[D — B| — (B — 1) > 0, and so #’(|p1|) = 0 on (0, 2).

If (iii) holds, then /’(|p1]) = 0 has only one positive solution

B-1
= >
P 2\/3<B—1—|D—B|>—2

and so again I’(|p1|) > 0 for |p1] € (0,2).

Thus, if (ii) or (iii) holds, then k(|p1|) increases on (0, 2) and

5A-ap
51 -ap

Thus (10) and (13) are established, and so all the inequalities for |A4| are proved.

1+2(31 - 78a +48a%)p*|, D=>B

Agl < h(2) = '
|Ag] < h(2) { 5-2(31 —78a +48a%)p*|, D<B

Choosing p; = 2 in (6) shows that the inequality for |A,| is sharp. Choosing p; = 0 and p, = 2 shows that
the first two inequalities for |A3| are sharp, and p; = 2 and p, = 2 that the second inequality for |A3| is sharp.
Finally choosing p1 = 0, p» = 0 and p3 = 2 shows that the first inequality for |A4| is sharp, choosing p1 = 2,
p2 = 2 and p3 = 2 shows that the second inequality for |A4 is sharp and choosing p1 = =2, p» =2 and p3 =2
shows that the third inequality for |A4| is sharp. O

We note finally that when § = 1, Theorem 2 gives the initial inverse coefficients of f € S*(«) in [7, 13],
and when a = 0, the corresponding results found in [1].
5. Logarithmic coefficients

The logarithmic coefficients of f are defined in D by
f@& _ v
log — = 2 Z_; Yz (15)

They play a central role in the theory of univalent functions, and were used by de Branges in his celebrated
proof of the Bieberbach conjecture. We prove the following.

Theorem 5.1. Let f € SS*(a, ), then for n > 1

Bl —a)
[ynl < ” . (16)

The inequalities are sharp.

Proof. From (2) and (15), we have

z{log @}’ = 2@

= — — B
@ l=a-1+1-a)p(z)

and so

z{log@}, <0¢—1+(1—a)(1t§)ﬁ =21 -a)pz+...

Applying Lemma 2.6 gives (16) at once. The inequality is sharp whenp, =2forn>1. O

We note that when f € §*(a), the above result is a trivial consequence of differentiating (15) and using
(2), and when f € S§*(B) for g € (0, 1], the result was proved in [15].
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6. Second Hankel determinant

The gth Hankel determinant H, (1) of a function f is defined for g > 1 and n > 1 by

an Ap+1.- an+q+1
Ap+1
Hq (n) = .
an+q—1 an+2q—2

In recent years a great deal of attention has been devoted to finding estimates of Hankel determinants
whose elements are the coefficients of univalent (and multivalent) functions. For f € S, growth results
have been established for the general Hankel determinant H,(1), [11]. The second Hankel determinant
Hy(2) = |azay — a§| has received more attention, with significant results being obtained for f € S in [5, 10].

For starlike functions, the sharp inequality H»(2) < 1 was found in [6], and many subsequent results
have been obtained for H»(2) for a variety of subclasses of S, most of which are subclasses of S*. Relevant
to this paper are the sharp results in [16] that H>(2) < %(1 - @)?|(3 —2a)(2a — 1)| for f € S*(@), and in [15] that
H,(2) < B2 when f € SS*(B).

We prove the following.

Theorem 6.1. If f € SS*(a, B), then
Hy(2) < (1-a)*p%

The inequality is sharp.

Proof. From (3) we have
H>(2) = |apay — a3

= L(l — 0()2’82[(7 — 68— (13 — 24a + 12“2)‘82)p411

144 (17)

—12(1 - B)pip2 - 36p3 + 48p1ps
We now use Lemma 2.5 to express p, and p3 in terms of p;, and since without loss in generality we may
normalise the coefficient p; to assume that p; = p, where p € [0, 2], we obtain after simplification

_ L

Hy(2) = 1

(1 - a)p? |[4 — (13 - 240 + 12078 p* + 24pV X + 6pp*xX — 12p%°X — 9x°X?|,
where for simplicity we have written X =4 —p? and V = (1 — |x[)C.

We now use the triangle inequality to obtain

Hy(2) < ﬁ(l - a)’p?

+9(4 — p*)*Ix? + 24p(4 — p*)(1 - xP)

6ﬁp2(4 — p2)|x| + 12p2(4 - ;72)|x|2

+ |4 - (13 - 24a + 122%)p?| p4] = ¢(lx]).
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Since

0 (1) = 5701~ P8 () " + 6 - p)2 - p)],

it follows that ¢’(|x]) > 0 for |x| € [0, 1]. Thus ¢(|x]) < ¢(1) and so

1 202 2 2
Ho(2) < 77 (1= aP B304 = p)[12 + (1 + 26)p°] )
+ |4 - (13 - 240 + 12072 ).

The only critical point of the above expression is a minimum point when p = 0. Noting that p(0) =
(1 — @)?p?, and that p(0) > p(2), when 0 < @ < 1 and 0 < 8 < 1, the required estimate for H,(2) follows.

Choosing p1 = 0, p» = 2 and p3 = 0 in (17) shows that the inequality is sharp. O

Setting f = 1, we obtain the following known sharp estimate for functions in S*(«) (see e.g [16]).
Corollary 6.2. Let f € S*(a) for 0 < a < 1. Then

Hy(2) < (1 - a)>
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