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The Classification of Closed Subspaces of Noncommutative
L, Space Associated with a Factor of Type I
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Abstract. In this article, we discuss the relationship between the projections of a factor .# of type I and
the closed subspaces of the noncommutative L, space L,(.#). Moreover, we consider the classification of
these closed subspaces.

1. Introduction

The notation and terminology in this paper agrees, for the most part, with that in Jones[4] and Xu[13].
Here are a few specific items that are worthy of attention.

Let # be a Hilbert space with an inner product (, ), denote by B(.) the set of all bounded linear
mappings from 7 to itself. If .# is a strongly(weakly) closed *-subalgebra of B(#) containing the
unit I, .# is called a von Neumann algebra. If % is a subset of B(¢), we define its commutant as
P’ = {x € B() : xy = yx for all y € #)}, and the double commutant #” = (#’)’. Let .# be a *-algebraon a
Hilbert space ¢ with I € .#, then .# is a von Neumann algebra if and only if .# = .#Z".

We define the spectrum of x to be the set o(x) = {A € C|AI — x is not invertible}. An element x € .# is
positive (denoted by x > 0 where 0 is the zero elementin .#)if x = x*and o(x) C R*,set #, = {x € #|x > 0}.
If an element p € ./ satisfies p = p* = p?, p is called a projection. We denote by Z(.#) the set of projections
in ./ . Two projections e and f in a von Neumann algebra .# are said to be equivalent relative to .#, denoted
ase ~ 4 f(writtene ~ f for convenience ), if there is a partial isometry u € .# such that u*u = eand uu* = f.
Wesaye < fif e(7) C f(¢) and e 5 f if there is a projection f; € .# with f; < f and e ~ fi. A projection
e € ./ is finite if the only projection f in .# such that f <eand f ~ eis f = e and infinite if thereisan f ~ e
with f Se.

A factor on the Hilbert space .7’ is a von Neumann algebra .# on ¢ such that .# N.#" = CI. Murray and
von Neumann showed in [9] that if .# is a factor there is a unique “dimension function” d : Z(.#) — [0, o]
subject to

1. d(6) =0;
2. d(Y. e) =Y d(e)if eile; fori # j,
i=1 i=1
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3. d(e) =d(f)ife~ f.

It follows that d(e) = d(f) = e ~ f. A factor .# is said to be of type [ if the range of d is {1,2,--- ,n} with
n = oo possible — of type I, if n < co — of type I if n = oo. It is fairly easy to prove that if .# is of type I it is
like B(#7) ® id on 5 Q ¥ .

Definition 1.1. Let .# be a von Neumann algebra. A trace on .4 is a mapping 7 : M+ — [0, 0o] satisfying:

1. forx,y € M, A € Ry, t(x + Ay) = t(x) + At(y);
2. forx € M, T(x*x) = T(xx").

In addition, a trace T is said to be normal if sup ©(x,) = t(sup x,) for any bounded monotonic increasing net {x,} in
p) p)

A finite if T(1) < oo; semi-finite if for any x € M, there is a y € . such that y < x and 1(y) < oo; faithful if for
xe i, t(x)=0=>x=06.

In the next section, unless stated in particular, .# will always denote a von Neumann algebra on /7. If
there is a normal faithful semi-finite trace 7 on .#, we call (.#, T) a noncommutative measure space.

For x € B(J7), let |x| = (x*x)%, there is a unique partial isometry u from (kerx)* onto @ such that
x = ulx|. In addition, #*u = P(eryr and uu* = Pgpy- Let r(x) = wu(l(x) = uu*), then r(x)(I(x)) is called the right
(left) support of x. If x = x*, then r(x) = I(x), this common projection is called the support of x and denoted
by s(x).

Definition 1.2. Let S, (#) = {x € A, : T(s(x)) < oo} and S(.#) be the linear span of S.(A). Usually, we use S,
and S to represent S..(.A') and S(.) respectively.

An operator x € .# belongs to S if and only if there is an e € P (.#) satisfying t(e) < oo such that exe = x.
x € S implies |x?> € S,, and so 7(]x|?) < c0. Moreover, S is a strongly dense ideal of .#, and x € S implies
x" €S

Now let :

lIxll> = [z(Ix)]z, x €S.
Then || - || is a norm on S. We denote the completion of (S, || - ||z) by Lo(.#, 7) (shorthand for L,(.#)), it is a
Hilbert space, and we call it noncommutative L, space.

In this paper, we classify the closed spaces of a noncommutative L, space associated with a factor of
typel. If e € P(M), e/ e is a von Neumann subalgebra of .Z, then L,(e.#¢) is a closed subspace of L,(.#).
However, for any closed subspace of Ly(.#), is there a projection e € Z(.#) such that this subspace can be
expressed by Ly (e.#e)?

2. Main result

In this section, we study the relationship between the projections of a factor .# of type I and the closed
subspaces of the noncommutative L, space Ly(.#).

Lemma 2.1. Let (#, T) be a noncommutative measure space, e, f € P (). If e ~ f, then e.# e is »-isomorphism to

fAf.
Proof. Since e ~ f, there is a partial isometry u € .# such that u*u = eand uu* = f. Let

pedle— fHf
exe > fuxu'f.

We claim that ¢ is a *-isomorphism and left its proof to readers. [

Lemma 2.2. If (A, ) and (AN, v) are noncommutative measure spaces and n : M — N is an isomorphism such
that v o m = 7, then ™ maps S(.#) onto S(N").
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Proof. For x € S(#), there is an e € P () satisfying t(e) < oo such that exe = x. Since 7 is an isomorphism,
ni(e)r(x)m(e) = m(exe) = m(x).
Moreover, 7t(e) is a projection in .4” and
v(mt(e)) = t(e) < oo.

Therefore, x € S(.4), and @ maps S(.#) to S(.A4).
For any y € S(#) € ., there exists an f € 2 (/") satisfying v(f) < oo such that fyf = y and there is an
x € ./ such that i(x) = y. Then

n(m (N (f) = fr0f = fyf =y = 1)

Since 7 is an injection, 7 1(f)xt!(f) = x. Besides, n!(f) is a projection and T(n!(f)) = v(f) < oo.
Consequently, x € S(.#), so T maps S(.#) onto S(4"). O

Proposition 2.3. Let (.#,t) be a noncommutative measure space, e, f € P (). If e ~ f, then Ly(e.# e) is unitary
isomorphic to Ly(f A f).

Proof. Let ¢ be the isomorphism from e.#e to f.# f, then ¢ maps S(e.#e) onto S(f.# f). For any x € .#,
llp(exe)ll; = Il fuxu* fll5 = T(fux‘u’ f - fuxu'f)

=1(uex*exeu’) = t(ex’exeu’u) = t(ex*exe) = ||exe||§.
Since e.#eis || - |l,—norm dense in Ly(e.#e), L,(e.# e) is unitary isomorphic to L,(f.# f). O

Proposition 2.3 shows that e ~ f = Ly(e.#e) = Ly(f.# f). Thus, it is natural to ask whether the inverse
proposition is true.

As we have known, for e € P(#), Ly(e.#e) C Ly(.#). However, the closed subspaces of L,(.#) can
not always expressed as L(e.#e) for any e € F(#). Indeed, let .# = M,(C) and 7 be a normalized trace
on .#, that is 7(I) = 1. Since all the norms are equivalent on a finite dimensional normed linear space,
Lo(A4) = My(C). There are only n + 1 projections in .# up to projection equivalent, but L,(.#) has at least
n?+1 closed subspaces up to isomorphism. Thus, there must be some closed subspaces of L,(.#) which can
not be expressed as Ly(e.#e) for any e € (.4 ). Then we will ask that under which conditions the closed
subspace of L,(.#) can be expressed as L,(e.#¢) for some e € P (A).

In this paper, we answer these questions under the case of factor of type I, and factor of type I.. To
answer the two questions, we need the following definition.

Definition 2.4. Let (.#, T) be a noncommutative measure space and E be the orthogonal projection from Ly(.#) onto
its closed subspace L. E is called a projection with bimodule property if E(y1xy») = y1E(X)y2 and E(x*) = E(x)" for
any x € Lo(A), y1,y2 € L.

First of all, we discuss the above two questions in the case of type I,-factor.

Lemma 2.5. [11] If A is a finite dimensional C*-algebra, then A can be decomposed into the direct sum A =

n
Y. €P Ay, where each Ay is isomorphic to the algebra of ny X ny matrices.
k=1

Theorem 2.6. Let .# = M,(C) and t be a normalized trace on .# . If L is a closed subspace of Ly(.#), then
E : Ly(A) — Lis a projection with bimodule property if and only if L = M, (C)®M,,,(C)®- - - &M, (C)® Op(1 <
k

k<n,l>0and Z ni+1 = n). Furthermore, the decomposition is unique in the sense that if L1 = M,,(C)®M,,,(C)®

i=1
@M, (C) and Ly = My, (C) ® My, (C) @ - - - ® My, (C), then Ly = L & s = tand thereisa o € S; such that
n; = myi)(1 < i <s), where Sy is the permutation group on {1,2,--- ,t}.
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B

Proof. 1If L = 5 where B; € M,,,(C), 0 is a null matrix of order I, 1 < k < n,l > 0 and
kk

0

k

2. ni +1 = n. Then for A € M,(C), A can be written as the form [A;;] where A;j € My,x, (C)(1 < i,j <
i=1

k+1, ngq =1) such that

An
E(A) =
Ak
0
For any A = [A;j] € My(C), B€ £,
E(A") = E(A),
Au - A Agn B
EAB) =E|| 5 : .
Aa o Ak Ak By
| Arn o Ak Akrtkn 0
[ A11B1n ApBn - AuBu 0
-F : : : :
AuBn ApB» -+ AuBk 0
| 0 0 .- 0 0
— E(A)B.

Similarly, E(BA) = BE(A). Thus, E is a projection with bimodule property.
Conversely, if E : Ly(.#) — L is a projection with bimodule property, then (£, || - ||) is a C*-algebra.
Indeed, for any x, y € L, E(x) = x,E(y) = y, then
xy = E()y = E(xy) € £,
X=E(x)=Ex)e L,
eyl < [l - llyll,
[l e/l = el
Thus (L, || - |) is a C*-algebra with dim £ < co. Since all the norms are equivalent on a finite dimensional
space, L can be written as M,, (C) ® M,,,(C) ® - - - ® M, (C) ® Oy for some 1 < k < n and i n+1l=n.
Without loss of generality, we can assume n; <1y < --- <ngand my <mp < -+ < my. i

"e"Ifs=tand m; = ni(1 <i<s), then Ly = L.
"= " 1f Ly = L5, wecanshow s =t and m; = n;(1 <i <s) by induction. [

k
Definition 2.7. If L = M, (C) ® M,,,(C)® --- & M,, (C), where ny < np < --- < ngand Y, n; < n, we call L a type
i=1
(n1,ny,- -+, ns) subspace of M, (C).
The answers of the two questions in the case of type I,-factor is in the following.

Corollary 2.8. Suppose .# is a factor of type L, that is A = M,,(C) ®id 5 where 7 is a finite dimensional Hilbert
space.



C. Shen et al. / Filomat 32:7 (2018), 2553-2561 2557

1. Fore, f € P (M), Lo(ete) = Ly(f M f) & e~ f;
2. For a closed subspace L of Ly(A), there is an e € P (M )(that is e = ey ® id ,» where ey € P (M,,(C))) such
that L = Ly(e#e) & L = Ly® L where Ly is a type (mq)(m1 < m) subspace of M,,(C).

In particular, if # = M, (C), then fore, f € P(M), Lr(ese) = Ly(f M f) < e ~ f; for a closed subspace L of
Lo(A), thereis an e € P (M) such that L = Ly(e.#e) & Lis a type (n1)(ny < n) subspace of Ly(A).

We now describe an example to indicate how to calculate the number of pairwise inequivalent subspaces
of type (n1,ny, -+, ny).

Example 2.9. Let L be a type (n1,ny, - -+ , ns) nonzero subspace of M,,(C). We can show the following conclusion by
induction.

1. If s = 1, L is isomorphic to Ly(e.# ) for some e € P (M), the number of such subspaces is n in a sense of
isometric =-isomorphism.
2. If s =2, Lis isomorphic to Ly(e.#e) ® Ly(f 4 f) for some e, f € P (M), the number of such subspaces up to
k2, ifn =2k;
k(k+1), ifn=2k+1.
3. If s = 3, for a fixed m, the number of type (m, ny, n3) subspaces up to isometric +-isomorphism is
{ K2, ifn =2k +3m-2;
k(k+1), ifn=2k+3m-1.
4. Foranys > 3,and fixed ny, ny, - -+ , ns—p, the number of type (n1, na, - - - , Ns—2, Ns_1, Ns) subspaces up to isometric

s-3
K2, ifn=2k+3ns2+ Y n—2;
i=1

isometric *-isomorphism is

+-isomorphism is =
k(k+1), ifn=2k+3ns0+ ) ni—1
i=1

Proof. 1. If L =M,,(C),lete = e1 + -+ + ey,n, Where ¢;; is a matrix unit. Then £ = L,(e.#¢) and n; may be
1,2,--- ,n. Therefore, the number of type (11) subspaces is n.

If £L=M,,(C)®M,,(C),lete =e11+ - +eunn, [ = em+1)m+1) T + €luy+ny)m+m) Where e;; is a matrix
unit. Then £ = Ly(e.#e) ® Ly(f.# f) and (11, n,) may be

(,n, 1,2, ---, ,n-=-5), 1L,n-4), 1,n-3), 1,n-2), (1,n-1),
2,2, 23, -+, @2n-4), 2,n-3), 2,n-2),
(3r 3)/ (3/ 4)/ R (3/ n-— 3)/

(k, k) (if n = 2k) or (k, k), (k,k + 1) (if n = 2k + 1).
Therefore, the number of type (111, 112) subspaces is

m=1D+m=3)+---+1=£k% if n = 2k;
m-1D)+m-3)+---+2=k(k+1), ifn=2k+1.

2. If s =3,n =m, n =2k +3m -2, L may be type

(m/ m, m)/ (m/ m,m+ 1)/ Tty (m/ m,n— Zm)/
(mm+1,m+1), mm+1,m+2), ---, mm+1,n-2m-1),

mm+k-1,m+k—-1)
If s =3,n =m, n =2k +3m—1, L may be type

(m, m, m), (m,m,m+1), e, (m,m,n —2m),
(m,m+1,m+1), mm+1,m+2), -, mm+1l,n-2m-1),

mm+k-1m+k—-1), mm+k—-1,m+k)
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Therefore, the number of type (m, np, n3) subspaces is
n-3m+1)+m-3m—-1)+---+1=£k ifn=2k+3xm-2;
nm-3m+1)+m-3m—-1)+---+2=k(k+1), ifn=2k+3xm-1.

5-3
3.Ifs > 3,n =2k +3ns2 + ), n; — 2 for fixed ny, ny, - -+, ns_p, L may be type
i=1

52
- - - - - - - -
(n1,+++ M52, M52, Ms2), =+, (n1,++  Ms_p, M50, = ), Ni = Ns-2),
i=1
52
(nll e /nS—Z/ nS—ZI ns—2 + 1)/ Tty (nlr Tty nS—Z/ nS—Z + 1/ n-— Z ni - nS—Z - 1)/

i=1

(7’11,' c ,Ng—n,Ng_2 +k— 1,1 +k— 1)

s—3
If s > 3,n =2k +3n,_p + ), n; — 1 for fixed ny,ny,- -+ ,ns_», L may be type
i=1

5-2
(nli s, Ng—2,Ng-2, ns—2)/ Tty (nlr crr N2, N2, N — Z n; — ns—z)/
i=1
52
(nlr v N2, N2, N2 + 1)r Tty (nlr ce N3, Ngp + 1/ n-— Z ni —ns— — 1)r
=1
(nll cr,Hgp,Ngp + k- 1/”5—2 +k - 1)/ (nlr cer N3, Ngp + k- 1/ Ns— + k)
Therefore, the number of type (m, 1, n13) subspaces is
52 s=3
m=Yn—-nso—nso+1)+---+1=k ifn=2k+3n,,+ Y n-2;
i=1 i=1
5-2 5-3
m—Yn—-nspg—ngp+)+---+2=k(k+1), ifn=2k+3n_,+ ) n—1.
i=1 i=1

Next, we discuss the case of type I-factor.
Suppose that .# = B(¢) where /¢ is a separable infinite dimensional Hilbert space and {&;};°; is an

orthonormal basis of 7#. We define the trace 7 on .# to be t(x) = Y ,(x&;, &;). Then S(.#) = F(5¢), which is
i=1

the class of all finite rank operators and Ly(.#) = L%(2#), which is the class of all Hilbert-Schmidt operators
on 7. Moreover, for e € P(M), Ly(e.d e) = L*(eH).

In the following, we list several basic properties of L?(7#) that we shall use, often without comment, in
the sequel.

L [lxl < llxllz, Yx € LA(52);
2. L2(#) is a self-adjoint ideal of B(#’) and a normed *-algebra;

3. llE@nll = llEllinll =l @nll, Y&, n € A
4. F(o#)is dense in L2(¢) in the norm || - ||, and F(57) is linearly spanned by the rank-one projections;

Lemma 2.10. Let .# = B() with 7 a separable infinite dimensional Hilbert space, e, f € P(H). If LX(eH) =
LX(f o), then e ~ f.
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Proof. 1f L*(e#) = L*(f ), since  is separable, dim(L?(e#)) = dim(L?(f5#)) = n with n = oo possible.
Let
d: P(H)— [0, 0]

be the dimension function. Then d(e) = dim(es?).

1. If n = oo, then e, f are infinite projections. Therefore, d(e) = d(f) = oo, thatise ~ f.
2. If n < oo, then dim(e7#) = dim(f.7#) < co. Therefore d(e) = d(f) = dim(e#), thus e ~ f.

O

Theorem 2.11. Let S be a separable infinite dimensional Hilbert space, e;, f; € P(). If L1 = Z ®L*(e; ) with

eilejfori# j, Lr = Z ®L?(f; ) with fiLfj fori # j. Then L1 = Lo & m = n and there is a o € S, such that
j=1

ei ~ foiy(1 <1 < m) with m,n = oo possible.
Proof. We may suppose nn = oo, ¢; S €41, fj 3 fis1-
"e"Ifm=n=0c0 and ei ~ fi, then L*(e;5¢’) = L*(f;¢). Let @; be the isomorphic mapping from L*(¢;5#)
onto L2(f;.7#) and ¢ = Z ®@;, then @ is an isomorphism from £; onto L5.

" If ¢ is the 1somorph1c mapping from £y onto L. Let ¢; = @li2(,.), then @; is an isomorphic mapping
from L*(e;7#) onto L*(f;.7¢). Therefore, e; ~ fi. [
Theorem 2.12. Let J# be a separable infinite dimensional Hilbert space and L be a closed subspace of L>(#), then
E: LX(o#) — L is an orthogonal projection with bimodule property if and only if there are {e;} C P (.4 satisfying
ejLejfori# jsuch that L = Y, ®L*(e; ) with n = oo possible.

i=1

Proof. The proof of sufficiency can be divided into three steps.
Case a. L = L?(es#) for some e € Z(#’) and E is the orthogonal projection from L?(#) onto L?(e %)
such that E(x) = exe for all x € L2(#). Then for any x € L%(J7), y = eye € L*(e?),

E(x") = ex'e = (exe)* = E(x)",

E(xy) = exye = exe - eye = E(x)y,
E(yx) = eyxe = eye - exe = yE(x).
Hence, E is a projection with bimodule property.
Caseb. L = iEBLZ(e,-%) for some ¢; € () such that e¢; Lej when i # j. Let E be the orthogonal
- ei1xe

n
projection from L2(J#) onto Y, @L?(e;.7#) such that for any x € L?(J#), E(x) = . The
i=1

enXxe,
proof of bimodule property of E is similar to the proof of sufficiency of Theorem 2.7.

Casec. L = DZO‘ ®L2(e;. ) for some ¢; € P(.A) such that e; Lej when i # j. For x € L*(J7), let E(x) =
i=1

Y., @e;xe;, then E is the orthogonal projection from L?(#’) onto L. Indeed, for x € L>(J7), eixe; € L*(e; 7). Let
i=1
F; be an orthonormal basis in ¢;.77, then

leel = Y ceec?, €0y = ¥ xe0, €0,

&)eF; &)eF;
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The set {Egi)léy) € F;,i=1,2,---}is an orthonormal set in .77, it is contained in an orthonormal basis, denote

this orthonormal basis by F. Then, }, ||e,-xe,-||2 Z (x&, &) = ||3c||2 < oo. Therefore, Z ®e;xe; € L. For any
i=1 i=1

y =Y, &y; € L, where y; € L*(e;7F), then y; = e;ye;. Since e; Le; for i # j,
i=1

X yzez—{‘@ez) (Z@yo (Z oe;)

1

i EBe,)y(Z ®e;) = Z ae;yei. (1)
=1

For any x € L*(JF), y = OZO‘ de;ye; € L,
i1

E(x") = Zl ®eix‘e; = le D(ejxe;)” = (Zl: ®e;xe;)’ = E(x)".
1= 1= 1=

y:

i=

E(xy) = i ejxye; = Z e,x(z e]ye])el = i e;xe;ye;,
i=1 i=1 P

E(x)y = (i e,-xe,-)(Z ejye;) = Z e;xe;ye;.
i=1 =1

Therefore, E(xy) = E(x)y. Similarly, we can get E(yx) = yE(x).

“Necessity” If E is an orthogonal projection from L?(.7#) onto its closed subspace £, then ||E||; < 1. For
&ne A, JIEEenll < IEE@n)k < [[ElRlE®@nl < €@l = [IE@1ll, then E|ps) is a projection with ||E|| < 1.
Since F(77) is dense in K(57°) in the norm || - |, E|r(s#) has a unique norm topology extension (denoted E) to

K(#) and |[E|| < 1. Therefore, E is a projection from K(s¢) onto ZH.” with bimodule property. Hence, ZHIH is

a C*—subalgebra of K(57). Then L” K =Y I ®B(/;,), where P(L ) is the set of extreme point of the state

peP(L)
space on L . Since /7 is separable, so is K(47). Thus the number of ¢ in P(L ) is countable. Therefore,

n
H I Z ®B(;,) where ¢; € P(L ) with 11 = oo possible. Let ® be the isometric *-isomorphism from L” :

onto Z ®B(7,) and I; be the identity of B(J%,,). Set e; = ®~1(I)), then ¢; is a projection in B(#). We claim
i=1

n
L=Y @Lz(eijf),
i=1
Indeed, for any x € F(5¢), E(x) = Z @e;xe;. Since x is the linear combination of rank-one projections,
-1

we may suppose x = £ ® &, where £ € %‘ and IIE || = 1. Then e;xe; = e;€ ® e;¢ is a rank-one projection or 0,
that is eixe; € F(e ). Therefore, E(F()) (z OF(e;7), 1 - I1) z &L (e; 7). Hence, £ = E(F0) "

Y ®L2(€i%).
i=1
Conversely, for any x € i ®L%(e;oF). If n = 1, x € L(e15¢), there is a sequence {x,} C F(e1s¢) C F(J¢),
i=1

k
such that E(x,) = x, Iy . Since E is || - ||,—continuous, x € £. Therefore, L?(e;.#) C L.If n < 00, x = Y, &x;

i=1
where x; € L?(¢;5#’) with k < oo, then for any 1 < i < k, there is a sequence {xﬁ")} C F(ej#) C F(2), such that
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, k
E(xf”)) = xl(,”) LiEN x;. Since k < oo and E is || - |,—continuous, x € L. Therefore, Y @L%(e;#) C L. If n = o,

i=1

00 k 00
Y. ®L%(e; ) = lim Y, ®L*(e; 7). By the continuity of E, Y, @L?(e; ) ¢ L. [
i=1 i=1

k—o0 j=1
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