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Approximation of Functions by Favard-Szasz-Mirakyan
Operators of Max-Product Type in Weighted Spaces

Adrian Holhos?
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Abstract. In this paper we study the uniform approximation of functions by Favard-Szdsz-Mirakyan
operators of max-product type in some exponential weighted spaces. We estimate the rate of approximation
in terms of a suitable modulus of continuity.

1. Introduction

The study of approximation of functions in weighted spaces has been intensified in the last period of
time. Approximation results and estimates of the rate of convergence using positive linear operators were
given. For example, for the positive linear operators defined by

Sulfx)=e™ Y (”I:)kf(S), xe[0,00), n>1 (1)
k=0

introduced and studied independently by G. Mirakyan (also spelled Mirakjan) [1], J. Favard [2] and O.
Szasz [3], we can obtain pointwise convergence for functions of order ¢**'"¥ and uniform convergence for
functions of order e®, with B € (0,1/2] (see [4]). In [5, 6], the weighted approximation of functions with
the maximal weight w(x) = e*V* is considered. There are many studies for weighted approximation of
functions by modified or generalized Szasz-Mirakyan operators. For example in [7-9] approximation with
polynomial weights is considered, in [10-12] approximation in exponential weighted spaces is studied, and
in [13, 14] general weights are used for approximation.

However, recently (see [15]), some nonlinear operators of max-product type were studied and the
conclusion is that they have the same order of approximation as in the case of positive linear operators and
even better for some subclasses of functions. For the operators defined by (1), the corresponding nonlinear
operators of max-product type are
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F.(f,x) = x € [0, ), 2)
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where \/ denotes the supremum. These operators were studied in [16, 17] for the class of continuous and
bounded functions defined on [0, ). For a truncated version of these operators see the article [18]. For
unbounded functions such a study has not yet been done.

In this paper we show that the operators F,, can be used for uniform approximation with the weight
w(x) = e*?™, where @(x) = vx and we estimate the rate of convergence of the these operators to the identity
operator.

To present the results which we have obtained, we introduce some general notations. It seems that every
sequence of positive linear operators can be used for uniform approximation of functions for a maximal
class of weights w(x) = e*?™  which is related to the given operators (see [6, 19]) through a functiong : I — J,
defined on a noncompact interval I C R. This function ¢ is continuous and strictly increasing. The interval
J € Ris just ¢(I). We denote for & > 0 the space of continuous functions

. |f )]
Cypa =1 f € C(I), there exists M > 0 such that o

e M, for every x € I} .

This space can be endowed with the norm
Ifll,, = supe "I
’ xel

In the following section we introduce a new weighted modulus of continuity. This modulus is suitable
for the uniform approximation of unbounded functions using operators of max-product type. But this
new modulus can also be used for the approximation of functions using positive linear operators. In the
last section, in Theorem 3.9 and 3.13, we give the main approximation results for the operators F, and S,
estimating the rate of convergence in terms of this new weighted modulus.

2. A new weighted modulus of continuity

Let 6 > 0 be a real number strictly less than the length of the interval ¢(I). For f € C,, we introduce the
following modulus of continuity

[f() - f@)|
xpel ~ Max (ear(®), pap(x)) ’
lp(H-p@)|<6

wWe,a(f,0) =

where the supremum is taken for all x € I and t € I such that

@(t) € (@(x) = 6, p(x) + 6) N p(I).

For a = 0 we get

wpolf,0) = sup |f(t) - f@)] = w(f 0 97, 0)
lp(t-p()]<6

a modulus introduced in [20] (see also [6]). For a = 0 and ¢(x) = x we get the usual modulus of continuity

w(f, o).

In the following, we give the main properties of this new modulus of continuity.
Lemma 2.1. For 6 € [0, length(¢(I)) and f € Cy , the quantity wy,q(f,0) is finite.
Proof. For f € Cpq we have |f(x)| < | f ||M e*?™ and
£ = fl < |f@] + || <[], (7 + 7).

Because ¢*?(") + ¢*¥™) < 2 max (6‘“”“), Ea(p(x)) we obtain wya(f, ) < 2||f ||(p o U
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Lemma 2.2. If f € Cy is a function such that e** - f(¢~'(x)) is uniformly continuous on ¢(I) then
}51{}8 w(p,a(fr ) =0.

Proof. Let w(x) = e**®. If ¢(t) > ¢(x) we consider the inequality

If ()l f  f)
If(£) = f()] < Jw(t) — w(x)] - oo * w(t) - TORETEY
and if () < ¢(x) we consider
£ (£)l fH  f)
If(t) = f(O)] < Jw(t) — w(x)] - ) +w(x) - 20 2@

In both cases we obtain

wpalf,0) < (1= )], , + o (f

Log, 5). )
Because (é o (p‘l) (x) = e - f(¢~'(x)) is supposed to be uniformly continuous, we have, from the well-
known property of the usual modulus of continuity, that lims\ o @ (£ o7l (5) = 0. This fact and (3) prove
that lims\ o wgo(f,0) =0. O
Lemma 2.3. We have

Wpa(f,10) <1~ wpa(f,0), foreveryn>0,n€Z.

Proof. For n = 0 we have equality. Let us consider ¢, x € I with the property that 0 < ¢(t) — p(x) <nd,n > 1.
Because ¢ is continuous and strictly increasing there exist the points x = xp < x; <--- < x, =t such that

M —p() _ N

n

P(x) — (1) =
Thus,

n

[F0 = F@| < Y 1Few) = feaen)| = Y e | ) = flan)] -7
k=1

k=1

n
< wpalf,0) Z Pt < Wpa(f,0) - ne®P®,
k=1

O

Remark 2.4. We have wg,(f, A0) < (1 + A) - wy,a(f, 0), for every real numbers A, 6 > 0. This is true because of the
previous lemma:

Wgp,a(f, A0) < Wy a(f, (1 +[A])0) < (1 + [ANwpa(f,0) < (1 +A) - wpa(f, 0).

Lemma 2.5. For every t,x € I and 6 > 0 we have

- o) ; @(x)l)

|£(t) - f(x)] < max (e“(““,e“‘”"))( Wpalf,0)- )

Proof. From the definition of the modulus we get

|£(t) = f()] < max (e*®, &) g, o (£, |p(t) — ().
By Remark 2.4 we obtain

wpal, Mé] _[ et -]

(p(t)—(p(x)(:w(p,a(f, 5 <1 = )w(p,a(f,é).
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3. Weighted approximation by Favard-Szasz-Mirakjan operators

In order to obtain some estimates of the rate of approximation of functions by operators (2) and (1) let
us prove first some auxiliary results.

Lemma 3.1. For a > 0 and n € IN consider the intervals
Io=[0¢%) and I, = [ke‘%( V) (4 1)e (Ve f)) k> 1.

The intervals are nonempty, disjoint and their union is the positive half line.

Proof. We have

b = (k + e TN _ 3 (Vo VET) _ = (V- ) [1+k(1_e—%(2\/E—M—\/ﬁ))]‘

Because

2Vk—Vk+1- Vk-1= 2 0
’ (Vk=1+ Vi) (Vk=1+ Vk+ 1)(Vk + \/k+1)>

we obtain {; > 0. [

Lemma 3.2. If nx € I; then \/;2, (”x) e VE = (”")] \/7

Proof. The proof is similar with the proof of Lemma 3.3 from [17]. Let us denote a5 = (”x) et ‘/_ We have

0 <41 <ai, if and only if nx € [0 (k + 1)e - (VitI- \f))
By takingk =0,1,... we get

a1 <ap, ifand only if nx € [0, e_%)

a, <a;, ifandonlyifnxe [0, ze—%(\@—l))

a3 <ap, ifandonlyifnx e [0, 33_%(‘5‘ ‘5))
and so on. From all these inequalities, we obtain

if nx € Iy then a; <ay, forallk =0,1,...
if nx € I then a; <aq, forallk=0,1,...
if nx € I then a, <ay, forallk=0,1,...

and so on. In general, if nx € I;, then ay < aj, forallk = 0,1,..., which proves the lemma. [

Lemma 3.3. For every x > 0 we have F,(e" Vi x) < e% St VR,

Proof. Suppose nx € I;. By Lemma 3.2 we have

k kK *
ViR, Wk e )

\/ (nx)k e K (nx)/ () \ﬁ
(a\[ X) = k=0 7
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Let m = |nx]. From Lemma 3.3 in [17] or from Lemma 3.2 for &« = 0 we have

= () ()™
\/ KT om!

k=0

Because m < nx < (j + 1)6_%( Viri- \/;) < j+1wehave m < j. Using the inequality 1 — ™ < x we also
have

. (V) ( —“(\/}—\/j—_l)) jo ja Loy
jomesj- e ¥ =j\l-e” —=(Vi-i- :
R
Because nx < [nx| + 1 = m + 1 we finally obtain
e F oV ) = e, I T i) (] S( " )] RV < Vi < oF
(n;)"’ jl(nx)m m+1

Remark 3.4. We have F,, (max (e“ ‘ﬂ, et ‘/’?) , x) < e% VX, for every x = 0. Indeed,
F, (max (e“‘ﬁ, e“‘/}),x) max( ( “‘[ ) (e“ \/’?, x)) < max (e%e“ x,e"‘\&) = e% e Vx,
Remark 3.5. For ¢(x) = +/x, for every function f belonging to C, o the functions F,f also belong to Cyq. Indeed,

Fot 0] < F1A12) < Eu (A e ) = 1A, Ee 0 < 1] e

Lemma 3.6. For every x > 0 and n € N the following inequality holds true

\/kSnx (Hx' (\/ﬁ - \/_)

(nx)k
\/k =0 |

<1l

Proof. We have already remarked that \/;- (”,f!) = 89 with m = |nx]. If m = 0, the inequality to be proved
is vnx < 1, which is true because nx € [0, 1). Consider the case m = 1. The inequality to be proved is true,

because

max( Vnx, nx(\nx — 1))

nx

\/ﬁ—l)Smax(l,\/E—l)Sl.

1
= max|—,
( Vnx

In what follows we consider m > 2. Let us denote b = (”,f!)k ( Vnx — \/E) First, we observe that

by _mlynx 2 m 1
— - = ===
Ve, (n]zc!) (nx) nx  nx Anx

It remains to evaluate the maximum of by, for k > 1. We have

(nx) (mx)  nx—k (nx)* nx—k
(V= i) =5 NP R ey
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Let us denote cx = (n]:) \/"’% fl We have

Ck nx nx—k
. S e AL |
Ck_1 k nx—-k+1

if and only if nx(nx — k) < k(nx — k) + k which is equivalent to (nx — k)? < k. So, for every integer k < nx with
the property nx < k + Vk we have by < by_;.
In particular, by taking k = 2,3,... we have
c» < ¢ ifand only if nx € 2,2 + \/E)

c3 <cp ifand only if nx €[2,3 + \/5)
cy < c3 if and only if nx € [2,6)

and so on. Let us denote J; = [k + \/E,k +1+ Vk+ 1), fork=1,2,.... We deduce that if nx € J; then¢x <¢j,
for every k > 1. We obtain

Vo by Voo

1<k<nx I<ksnx U nx —j < nx—j < j+1+1
(nx)m = (nx)m - (nx)m : = = -
S e S vmeRlooymedl o iy

O

Lemma 3.7. For every x > 0 and for every & > 0 and n € IN, such that n > a? the following inequality holds true

\/k>nx nx’ o \/_ ( \/_ ‘/_) 2a

eV . eax/fc
- .
ViZo G

o (m)f _ (" : _ _
Proof. We have /|2 =~ = with m = |nx]. For m = 0 we have

m! 7/

\/k>nx K ea \/_ ( \/_ \/_>

(nx)f \/ k! Al 7{’
Vieo & k1 :
a(vk-2)
because for k > 2 the sequence dj = *& is decreasing and we have dy < max(d,, d1) < 1.

Consider the case m > 1. Using the inequality

k —nx k —nx
\/E—\/nx: <
Vk + Vnx  2vnx

(nx)ke%/;';:}% . k=nx

and denoting dj = NG

it remains to prove that

\/k>nx dk <e 2“
(nx)nl -

m!

ﬁ\

The inequality —*+ % > 1 g true if and only if k > nx is an integer such that nxe v Vi (k+1—nx) > (k+1)(k — nx),
which is equlvalent to

+k[1 - nx(l + e X)] + n2x2emE — nx(l +e#ﬁ) <0.
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So, di+1 = dy if and only if k € [ky, k], where

L —1+nx(1+e#ﬁ)— \/[1+nx(efaﬁ—1)]2+4nx
1=
2

-1+ nx(l +€ﬁ) + \/[1 + nx(e#ﬁ - 1)]2 +4nx
ko = -

Because ki < nx < k, we deduce that /., di = dj, where j = k] + 1. Because the function f : [1,0) — R
defined by

1+t(enve - 1)
2Vt

fH) =

is decreasing, we have that f(nx) < f(m) < f(1) = %eﬁ. Using this inequality and the fact that g(t) =
”—';2“ < % + t, we obtain

j—nx _|kl+1-nx Ik +1-nx

= (fr) < % + 2o
2 /nx 24nx  2+/nx g -2 2
We finally obtain
\/I(c>n)xdk < e\%zli% . j_nx < eﬁ(h—eﬁm) . 1+ e2w < e%'
nx)"
e 2 Vnx 2

Lemma 3.8. For every x, > 0 and n > a? we have

2a

,x) ! Vi etV

F, (max(e“‘ﬁ,e“‘&”\ﬁ— Vx < %e

Proof. We have

F, (max (e"“ﬁ, e“‘/’?) | V- Vx

) = max (A, B),

where
Vienx (n;!)k e Vi ( \/E - \/E)
e Vi, '
Vk<nx (nzfg)k eV ( Vx - \/%)
B, =

(o] k :
ViZo
By Lemma 3.7 we have A, < Le% -¢*V* and by Lemma 3.6,B, < Leavx
y Vn y n

Theorem 3.9. For ¢(x) = x, for every f € C, o the estimation of the error of uniform approximation by F, is given
by

[t = Al = (¢ + %)y (f, %)

for everyn € N, n > a?.
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Proof. Because F,(1,x) =1, using [17, Lemma 2.1] and (4) we obtain

[Fu(f, %) = f@)] < Fal|f() - f(x)

,x) < F, [max (e“‘ﬁ, e“‘/’?) (1 + W],x] Wgp,a(f,0n)

Dy (x)

< (Cn (JC) + ) a)q),at(f/ 6n)/

where
Culx) = F, (max (e"’ \/E, v ‘ﬁ) , x)
D,(x) =F, (max (e“ ‘ﬁ, et \/’?) | Vi- Vx

).

Using Remark 3.4 and Lemma 3.8 and choosing 6, = % we get

e_aﬁ|Fn(frx) _f(x)| < (6% +e%)w<p,a (f/ %)r

which proves the theorem. [

For the particular case @ = 0 we obtain

Corollary 3.10. The Favard-Szdsz-Mirakjan operators of max-product type F,, have the property that ||Fn f—f || -0
if f(t?) is uniformly continuous on [0, c0). Moreover,

|Fn(f,x) - f(x)( <2 a)(f(tz), L), for every n € N and x € [0, 0).
Vn

Remark 3.11. Corollary 3.10 extends the result of [17, Theorem 4.1] to some unbounded functions. For example, the
function f(x) = +x is unbounded and has the property that f(t?) is uniformly continuous on [0, o), so the square
root function can be uniformly approximated on [0, c0). Theorem 3.9 extends the result to unbounded functions of
order O(e* V%),

1

Remark 3.12. Let us observe that for some classes of functions the order of approximation is better that 7

the proofs of Lemma 4.2, Lemma 4.3, Corollary 4.4 from [17] we deduce that the estimate

. Using

Fuf0 - fl <5, nz,

is true for a positive, increasing, concave and Lipschitz function f, which is not necessarily bounded. For example, if
f is an increasing concave polygonal line, the order of approximation by linear Favard-Szisz-Mirakjan operators S,
is ‘/Lﬁ (see [17, Remark 2, p. 66]) and by max-product Favard-Szisz-Mirakjan operators F, is 1, which is essentially

better.

Theorem 3.13. For ¢(x) = vx, for every f € Cq,, we have

1507 =l = o).

for every n € IN, where C, > 0 is a constant depending only on a.
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Proof. From [6, Lemma 3.1] we have S, (e" ‘ﬁ, xX) <M, -e* V¥ where M, > 0 is a constant depending only on
a. From (4) we obtain

1Su(f, %) = FQ)] < Sa(|f() = f@)], ) < S| (¥ +e* V)| 1

vi- 7
+ ’6—11X| X ‘Cl)q),a(flén)

Dy (x)

. (cnoc) . )w@a(f, 5.)

where

Cu(x) = Sy (V4 %, x) < (M + 1) - eV
D,(x) =S, ((e“‘ﬂ +e"“&) | V- \/9_c|,x) =S, (e‘“ﬁ|\/2— Vx

,x)+e“‘&5n (|\/Z— Vx

).

Using the Cauchy-Schwarz inequality for positive linear operators [S,(f - g, x)| < /Su(f2,x) - 4/Sn(g?, x) and

the estimation S, (| V- Vx

2 , x) < % (see the proof of Corollary 3.2 from [6]) we obtain

2
X

Dy (x)

IA

/S (2, x) - \/Sn (|\/¥— \/E2,x)+e“ﬁ\/5n(|\/¥— Vx
\’MZa‘emX‘/}‘%‘i‘ea\/}‘%:( MZa“f‘].)'ea\/;'L\/_.

n

IA

Choosing 6, = % and C, =2+ M, + VM, we get

e—aﬁ |Sn(frx) - f(X)| <Cu- Wep,a (f/ %)r

which proves the theorem. [
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