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Regular Fuzzy Equivalences on Two - Mode Fuzzy Networks™
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Abstract. The notion of social roles is a centerpiece of most sociological theoretical considerations. Regular
equivalences were introduced by White and Reitz in [15] as the least restrictive among the most commonly
used definitions of equivalence in social network analysis. In this paper we consider a generalization of
this notion to a bipartite case. We define a pair of regular equivalences on a two-mode social network and
we provide an algorithm for computing the greatest pair of regular equivalences.

1. Introduction

One of the main problems of the social network analysis is to find similarities between actors which
indicate that they have the same role or position in a network. These similarities were formalized first
by Lorrain and White [27], Breiger et al. [8] and Burt [9] by the concept of a structural equivalence. Two
actors are considered to be structurally equivalent if they have identical links to the rest of the network.
Structural equivalences are extensively studied in [1, 2,4, 16-19, 21, 22]. In order to generalize the concept of
structural equivalence, White and Reitz [32] introduced the notion of a regular equivalence. Two actors are
said to be regularly equivalent if they are equally related to equivalent others [5, 20]. Afterwards, regular
equivalences have been studied in numerous of papers (cf. [23, 24]).

The regular equivalence approach is important because it provides a method for identifying “roles”
from the patterns of ties present in a network. Rather than relying on attributes of actors to define social
roles and to understand how social roles give rise to patterns of interaction, regular equivalence analysis
seeks to identify social roles by identifying regularities in the patterns of network ties — whether or not the
occupants of the roles have names for their positions. The regular equivalences enable the clustering of
the set of actors only with respect to their relationship to each other. The aim of this paper is to introduce
the generalization of the notion of regular equivalence which provides the clustering based on the actors
relationship to some other group of actors (e.g. the group of students can be clustered by their interest in
attending the certain group of exams).

We consider a two-mode network —an ordered triple (4, B, R), where A and B are non-empty sets and Ris
a relation between A and B, and we define the pair of regular equivalences (E, F), as the pair of equivalences
(E,F), on A and B respectively, which satisfies E o R = R o F. Similar kind of relational equalities were
extensively studied by Ciri¢, Ignjatovi¢ et all in [10-15, 24-26], where the greatest solutions of the certain
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equalities were given. Based on general ideas of this study and of the well known Paige-Tarijan three
partition refinement procedure [28], we provide an efficient procedure for computing the greatest pair of
structural equivalences.

The paper is organized as follows. In Section 2 we recall some basic properties of relations in general,
and of equivalence relations. In particular, we define the right and left residuals. In Section 3 we define
pairs of regular equivalences on a two-mode network, and we examine their main properties. Section 4
contains our main results on the computation of the greatest pair of regular equivalences on a network.
Specifically, we provide an algorithm for computing the greatest pair of regular equivalences on a network
and we give an illustrative computational example.

2. Preliminaries

We will use complete residuated lattices as the structures of membership (truth) values.
A residuated lattice is an algebra L = (L, A, V,®, —,0, 1) such that

(L1) (L, A,V,0,1)is a lattice with the least element 0 and the greatest element 1,
(L2) (L,®,1)is a commutative monoid with the unit 1,
(L3) ® and — form an adjoint pair, i.e., they satisfy the adjunction property: forall x,y,z € L,

X®Yy<z & xsy-—-z 1

If, in addition, (L, A, V, 0, 1) is a complete lattice, then L is called a complete residuated lattice.

In the further text £ will be a complete residuated lattice. A fuzzy subset of a set A over L, or simply
a fuzzy subset of A, is any function from A into L. The equality of f and g is defined as the usual equality
of functions, i.e., f = g if and only if f(x) = g(x), for every x € A. The inclusion f < g is also defined
pointwise: f < g if and only if f(x) < g(x), for every x € A. Endowed with this partial order the set #(A) of
all fuzzy subsets of A forms a complete residuated lattice, in which the meet (intersection) /\;¢; fi and the
join (union) \/; f; of an arbitrary family {f;}c; of fuzzy subsets of A are functions from A into L defined by

[/\ fi] 0= /\ fitv), [\/f

iel iel i€l

=\ £,

i€l

and the product f ® g is a fuzzy subset defined by (f ® g)(x) = f(x) ® g(x), for every x € A.

Let A and B be non-empty sets. A fuzzy relation between sets A and B is any function from A X B into L,
and the equality, inclusion (ordering), joins and meets of fuzzy relations are defined as for fuzzy sets. In
particular, a fuzzy relation on a set A is any function from A X A into L. The set of all fuzzy relations from A to B
will be denoted by R(A, B), and the set of all fuzzy relations on a set A will be denoted by R(A). The converse
(in some sources called inverse or transpose) of a fuzzy relation R € R(A, B) is a fuzzy relation R™! € R(B, A)
defined by R71(b,a) = R(a, b), foralla € Aand b € B.

A fuzzy relation R on A is said to be:

(R) reflexive (or fuzzy reflexive) if R(a,a) = 1, for every a € A;
(S) symmetric (or fuzzy symmetric) if R(a,b) = R(b,a), for alla, b € A;
(T) transitive (or fuzzy transitive) if R(a, b) ® R(b,c) < R(a,c), for alla,b,c € A.

It can easily be shown, that R o R = R holds for any reflexive and transitive relation R on A.

A reflexive and transitive fuzzy relation on A is called a fuzzy quasi-order. A reflexive, symmetric and
transitive fuzzy relation on A is called a fuzzy equivalence. With the respect to the inclusion of fuzzy relations,
the set E(A) of all fuzzy equivalences on A is a complete lattice.
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For non-empty sets A and B and fuzzy subsets n € F(A) and & € F(B), fuzzy relations 1 — & € R(A, B)
and 1 < & € R(A, B) are defined as follows

(n = &)(a,b) = (n(@) — &), )
(N < &)(a,b) = (E(b) — @), )

for arbitrary a € A and b € B. Let us note that  « & = (£ - 1)L,
We have the following.

Lemma 2.1. Let A and B be non-empty sets and let n € F (A) and & € F(B).

(a) The set of all solutions to the inequality n o x < &, where x is an unknown fuzzy relation between A and B, is
the principal ideal of R(A, B) generated by the fuzzy relation n — &.

(b) The set of all solutions to the inequality x o & < 1, where x is an unknown fuzzy relation between A and B, is
the principal ideal of R(A, B) generated by the fuzzy relation n < &.

Note that (1 — &) A (n « &) =1 & &, where ) & & is a fuzzy relation between A and B defined by
(n e &)@, b) =(n@) < &O)), 4)

for arbitrarya € Aand b € B.
Next, let A and B be non-empty sets and let & € R(A), p € R(B) and y € R(A, B). The right residual of y by
a is a fuzzy relation a\y € R(A, B) defined by

@)@ = )\ (a@,0) = y(@,b)), (5)

a’eA

foralla € A and b € B, and the left residual of y by B is a fuzzy relation y/f € R(A, B) defined by

W/P@b) = /\ (B, V) - y@ b)), (6)

V'eB

foralla € Aand b € B. We think of the right residual o\ y as what remains of y on the right after “dividing”
y on the left by a, and of the left residual y/f as what remains of y on the left after “dividing” y on the
right by . In other words,

a0y’ <y & Y <a\ly, Yoy & Y <y/B 7)

forall a € R(A), p € R(B) and y’,y € R(A, B). In the case when A = B, these two concepts become the well-
known concepts of right and left residuals of fuzzy relations on a set (cf. [24]). In that case, for fuzzy
relations 6,y € R(A) we consider also the relation oy € R(A) as:

oly = 0/y Ay\o.
We also have the following.

Lemma 2.2. Let A and B be non-empty sets and let a € R(A), p € R(B) and y € R(A, B).

(a) The set of all solutions to the inequality o o x <y, where x is an unknown fuzzy relation between A and B, is
the principal ideal of R(A, B) generated by the right residual a\y of of y by a.

(b) The set of all solutions to the inequality x o B <y, where x is an unknown fuzzy relation between A and B, is
the principal ideal of R(A, B) generated by the left residual y /B of of v by B.

Proof. These are also results by E. Sanchez (cf. [29-31]). O
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In the sequel we recall some well known results concerning fuzzy equivalence relations, which will be
needed in the further work:

Lemma 2.3. Let E, F € E(A) be fuzzy equivalences on A. Then, relation E A F is also a fuzzy equivalence.
Lemma 2.4. Let E, F € E(A) be fuzzy equivalences on A such that E < F, then Eo F = F.
Lemma 2.5. Let f € R(A) be fuzzy relation on A. Then, relation f| f is a fuzzy equivalence.

Lemma 2.6. Let A and B be non-empty sets and let R € R(A) and G € R(A, B)

The set of all solutions to the inequality R o G < G, where R is an unknown fuzzy relation on A, is the principal
ideal of R(A) generated by the right residual G/G. The set of all fuzzy equivalences which are solutions to the
inequality , where is the principal ideal of E(A) generated by the right residual G| G.

The set of all solutions to the inequality G o R < G, where R is an unknown fuzzy relation on A, is the principal
ideal of R(A) generated by the right residual G\ G. The set of all fuzzy equivalences which are solutions to the
inequality , where is the principal ideal of E(A) generated by the residual G| G.

Lemma 2.7. Let E,F € E(A) such that E<F. Then, EoF < F.

As the consequence of Lemma 2.6 and 2.7, we have the following result:

Lemma 2.8. Let E, F € &(A) such that E < F. Then, E < F|F.

3. Regular fuzzy equivalence

Fuzzy social network is an ordered pair (A, R), where A is a non-empty set of the actors or the nodes of
the network and R € R(A) is a fuzzy relation on A, which present relationship among the actors.Since the
social network, in general, have large number of actors, for understanding the structure of the network it
is convenient to observe the equivalence classes on the set of actors.

Let (A, R) be a fuzzy social network. A fuzzy equivalence relation E € R(A), is a regular equivalence on
the network if the following holds:

EoR=RoE.

Two mode fuzzy social network is an ordered triple (A, B, R), where A and B are non-empty sets of the
actors or the nodes of the network and R € R(A, B) is a fuzzy relation between A and B, which present
relationship among these two groups of actors.

Let (A, B, R) be a two mode fuzzy network. A pair of fuzzy equivalences (E, F), where E € R(A) and
F € R(B), is a pair of regular equivalence on (4, B, R) if it satisfies:

EoR=RoF (8)

This kind of equivalence perform even better than classical regular fuzzy equivalence in presenting the
structure of the network.

Theorem 3.1. A pair of fuzzy equivalence relations (E, F) is a pair of regular equivalences if and only if the following
holds:

EoRoF=EoRAROoF. )
Proof. Let (E, F) be a pair of structural equivalences, then (E, F) satisfies (8). Therefore,
EoRoF=RoFoF=RoF

and similarly Eo R o F = E o R. Thus, (9) holds.

On the other hand, let (9) holds. Hence, Eo Ro F < Ro Fand E o Ro F < E o R holds. Directly from the
fact E and F are reflexive we obtain RoF< EoRoFand EoR<EoRoF

So,RoF=EoRoFandEoR = EoR o F holds, which means (8) holds. O
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The following theorem provides a method for computing the pair of greatest regular equivalences on
the given two mode network.

Theorem 3.2. Let (A, B, R) be a network and let E € E(A) and F € E(B) be equivalences on A and B respectively.
Define the sequences {(Ex, Fi)lken and {(Xk, Yi)lken as follows: Initially for k = 1

(X1, Y1) = (U, Up),  (E1,F1) = (E,F) A((Ro Ub)|(Ro U, (U o R)|(UY o R))

wherea € A and b € B are arbitrary elements.
Further, for each k € N repeat the following step: Find a € A and b € B such that (X, Yl’j) # (E, PZ) and set

(Xk+1/ Yk+1) = (Xk/ Yk) A (EZ | Eﬂ/ F]lz | F];Z)/

(Exs, Fron) = (B, Fi) /\((R @ YinIR © Vi), (X1 © RI X © R)),
until (Xx, Yx) = (Ex, Fx). Then:
(a) Sequences {(Ex, Fi)lken and {(X, Yi)lken are descending;
(b) Foreveryk € N, Ex < Xy and F <Yy,
(c) Forevery k € N, the following holds :

Ex<(RoYp)|(RoYy), Fi<(XxoR)|(XxoR); (10)

(d) If there exists n € N such that (X,,Y,) = (E,, F,) then (E,, Fy) is the greatest pair of reqular equivalences
contained in (E,F);

(e) If Ais finite and L(A, R) satisfies DCC, then there exists n € N such that (X, Yy) = (Ey, Fy).

Proof. (a) Follows directly from the definition of these sequences;

(b) We will show only E; < Xi, k € N, the other inequality can be showed in analogue way.

We prove it by induction on k € N.

For k =1, evidently E; < Xj.

Suppose for k = m, E,, < X,;, and prove E41 < Xjpi1.

According to Lemma 2.7 we have E, < (Ej, |E;,), and by induction assumption E,, < R,,, therefore
En < X A (ES, 1 ES) = Xime1, and since {Exlien is descending, we have that E;41 < Xj41, which was to be
proved.

(c)We will prove only the first inequality, the secund one can be proved in analogue way. We will
consider only the case k = 1. For k > 1 it is evident from the definition of (E1, Fx+1)- Let us first note that all
Y] of Y; are equal to each other, that is, for any ¢ € B, P{ is defined by Y{(b) = 1, for every b € A. According
to this fact and the definition of E; we have :

Ei <(RoY]|RoYY),

for every ¢ € A, and hence for k = 1 (c) holds.
(d) If (Ex, Fx) = (Xi, Yx), for some k € N, then according to (c) the following holds:

(Ex, Fi) < (R o Fi) | (R o Fy), (Ex © R)| (Ex © R)).
which means that (E, Fy) is a pair of regular equivalences. In order to show that (Ej, F) is the greatest pair,

let us consider an arbitrary pair of regular fuzzy equivalences (E’, F’) contained in (E, F) on the network.
We will prove that (E’, F’) < (E,, Fy) for every n € N, by induction on n.
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Forn =1, (E’,F’) and (U, Up) are fuzzy equivalences such that (E’, F’) < (Uya, Up) = (Ry, P1). According
to Theorem 3.1 fuzzy equivalence E’ satisfies inequality E’ o Ro F’ < Ro F’. Since F’ < Yq, multiplying this
inequality with Y; on the right, we obtain:

E'oRoF oY <RoF oY,
Next according to Lemma 2.4, we have
E'oRoY;<RoYy,

and by Lemma 2.6 we have that E’ < (Ro Y7)|(R o Y;), and since E’ < E we conclude E’ < E;. In the similar
way we show that F’ < Fy.

Suppose that assumption (E’, F’) < (E,s, F) holds for n = m, and prove (E’, F') < (Ep41, Fpis)-

Since E’ < E,,, using (b), we obtain E’ < R,, and by Lemma 2.7 it follows E’ < X,,4+1, and similarly
F' <Y,.11. Now, if we again use inequality E' o Ro F’ < Ro F” and fact F’ < Y11 we obtain E’ < X,,41, and
similarly F” < F,,41 which was to be proved.

(e) Let A be a finite fuzzy transition system and let £(6, 7, R) satisfy DCC. Then fuzzy relations {Ry}xen
can be considered as fuzzy matrices with entries in £(0, 7, R), and for any pair (4, b) € A X A, the (a, b)-entries
of these matrices form a decreasing sequence {R(a, b)}xen of elements of L(0, 7, R). By the hypothesis, all
these sequences stabilize, and since there is a finite number of these sequences, there exists s € IN such that
after s steps all these sequences are stabilized. This means that the sequence {Ry}ren of fuzzy equivalences
also stabilizes after s steps, i.e., Ex = Ex1.

Next, we will prove that if X = Xj11 then Ex = Xj. If Xj = X1 then

Xk = Xir1 = X A (ELLEY),
and thus, X < EY|EL. Consequently, Xi < E], and since X} < E] we obtain X} = E{. This means that there
is no class Xi of X; such that X # Ef, or equivalently Xy = Ex. O
4. Regular fuzzy quasi-orders

Note that if we consider inequality (8) and require relations E and F be fuzzy quasi-orders, we will
obtain even the greater solution.

Let (A, B, R) be a fuzzy network. A pair of fuzzy quasi orders (P, Q), where P € R(A) and Q € R(B), is a
pair of regular fuzzy quasi-orders if it satisfies:

PoR=RoQ.
The following theorem can be proved in the similar way as Theorem 3.2, so we will omit the proof.

Theorem 4.1. Let (A, B, R) be a network and let P € Q(A) and Q € Q(B) be fuzzy quasi-oreds on A and B respectively.
Define the sequences {(Pr, Qx)lken and {(Xk, Yi)lken as follows: Initially for k = 1

(X1, Y1) = (Ua, Up),  (P1,Q1) = (BQ) A((RoUb)/(Ro ), (UfoR) \ (U5 0 R))

where a € A and b € B are arbitrary elements.
Further, for each k € N repeat the following step: Find a € A and b € B such that (X, Yb) # (P°, Qi) and set

(Xpes1, Yir1) = (Xi, Yi) A (P2 PL Q0 N\ QD),

(Pev1, Qi) = (Pey Q) /\((R 0 Y1 /R © i), (X1 © R \ Xy 0 R)),
until (X, Yi) = (Px, Qk). Then:
(a) Sequences {(Px, Qi)lken and {(Xk, Yi)lken are descending;
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(b) Foreveryk € N, P, < Xy and Q < Yy,

(c) Forevery k € N, the following holds :

Pr<RoYy)/(RoYy), Qk<(XpoR)\ (XkoR) (11)

(d) If there exists n € N such that (X,,Yy) = (P, Qn) then (P, Q,) is the greatest pair of reqular equivalences

contained in (P, Q);

(e) If Ais finite and L(A, R) satisfies DCC, then there exists n € N such that (X, Yy) = (Pn, Qn).

References

(1]
[2]
[3]
[4]
(5]
[6]
[7]
(8]

[
[10]

[11]
[12]

[13]
[14]
[15]

[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]

[31]

V. Batagelj, Large scale social network analysis, in: R. A. Meyers (Ed.), Encyclopedia of Complexity and Systems Science, Springer,
New York, 2009, pp. 8245-8265.

Batagelj, V., A. Ferligoj and P. Doreian, Direct and indirect methods for structural equivalence, Social Networks 14 (1992) 63-90
Batagelj, V., Doreian, P. and Ferligoj, A. An optimizational approach to regular equivalence. Social Networks, 14, (1992) 121135.
S. P. Borgatti, Two-mode concepts in social network analysis, in: R. A. Meyers (Ed.), Encyclopedia of Complexity and Systems
Science, Springer, New York, 2009, pp. 8279-8291.

S.P. Borgatti and M.G. Everett, The class of all regular equivalences: Algebraic structure and computation, Social Networks 11
(1989) 65-88.

Borgatti, S. P. and Everett, M. G. TWO ALGORITHMS FOR COMPUTING REGULAR EQUIVALENCE. Social Networks, 15
(1993) 361376.

J. P. Boyd and M.G. Everett, Relations, residuals, regular interiors and relative regular equivalence, Social networks 21 (1999)
147-165.

Breiger, R.L.,S.A. Boorman and P. Arabie, An algorithm for clustering relational data with applications to social network analysis
and comparison to multidimensional scaling, Journal of Mathematical Psychology 12 (1975) 328-383.

Burt, R.S., Positions in networks, Social Forces 55 (1976) 93-122.

M. Ciri¢, J. Ignjatovic, M. Basi¢, L. Janci¢, Nondeterministic automata: Simulation, bisimulation and structural equivalence,
submitted to Computers & Mathematics with Applications.

M. Cirig, J. Ignjatovi¢, S. Bogdanovi¢, Uniform fuzzy relations and fuzzy functions, Fuzzy Sets and Systems 160 (2009) 1054-1081.
M. Ciri¢, J. Ignjatovi¢, N. Damljanovi¢, M. Bag$i¢, Bisimulations for fuzzy automata, Fuzzy Sets and Systems (2011),
doi:10.1016/j.fss. 2011.07.003.

M. Ciri¢, J. Ignjatovi¢, I. Jan&i¢, N. Damljanovi¢, Algorithms for computing the greatest simulations and bisimulations between
fuzzy automata, submitted to Fuzzy Sets and Systems.

M. Ciri¢, A. Stamenkovig, J. Ignjatovi¢, T. Petkovi¢, Factorization of fuzzy automata, In: Csuhaj-Varju, E., Esik, Z. (eds.), ECT
2007, Springer, Heidelberg, Lecture Notes in Computer Science 4639 (2007) 213-225.

M. Ciri¢, A. Stamenkovi¢, J. Ignjatovi¢, T. Petkovi¢, Fuzzy relation equations and reduction of fuzzy automata, Journal of
Computer and System Sciences 76 (2010) 609-633.

Doreian, P., Equivalence in a social network, Journal of Mathematical Sociology 13(1988) 243-282.

P. Doreian, Positional analysis and blockmodeling, in: R. A. Meyers (Ed.), Encyclopedia of Complexity and Systems Science,
Springer, New York, 2009, pp. 6913-6927.

P. Doreian, V. Batagelj, A. Ferligoj, Generalized blockmodeling of two-mode network data, Social Networks 26 (2004) 29-53.

P. Doreian, V. Batagelj, A. Ferligoj, Generalized Blockmodeling, Cambridge University Press, 2005.

Everett, M.G., Borgatti, S. P., Regular equivalence: General theory. Journal of Mathematical Sociology, 19(1994) 29-52.

Faust, K., Comparison of methods for positional analysis: Structural and general equivalences, Social Networks 10(1988) 313-341.
Foulds, L.R., Combinatorial Optimization for Undergraduates, New York: Springer-Verlag (1984).

J. Ignjatovi¢ and M. Ciri¢, Weakly linear systems of fuzzy relation inequalities and their applications: A brief survey, Filomat 26:2
(2012), 1-35.

J. Ignjatovi¢, M. Ciri¢, S. Bogdanovié, On the greatest solutions to weakly linear systems of fuzzy relation inequalities and
equations, Fuzzy Sets and Systems 161 (2010) 3081-3113.

J. Ignjatovi¢, M. Ciri¢, N. Damljanovi¢, I. Janc¢i¢, Weakly linear systems of fuzzy relation inequalities: The heterogeneous
case,Fuzzy Sets and Systems 199(2012) 64-91.

J. Ignjatovi¢, M. Ciri¢, V. Simovi¢, Fuzzy relation equations and subsystems of fuzzy transition systems, Knowledge-Based
Systems 38 (2013) 48-61.

Lorrain, F. and H.C. White, Structural equivalence of individuals in social networks, Journal of Mathematical Sociology 1(1971)
49-80.

R. Paige, R. E. Tarjan, Three partition refinement algorithms, SIAM J. Comput. 16(6) (1987) 973-989.

E. Sanchez, Resolution of composite fuzzy relation equations, Information and Control, 30: 38-48, Elsevier 1976.

E. Sanchez, Solutions in composite fuzzy relation equations: application to medical diagnosis in Brouwerian logic, Fuzzy Automata
and Decision Processes, pp. 221-234, Elesevier, 1977.

E. Sanchez, Resolution of eigen fuzzy sets equations, Fuzzy Sets and Systems, 1:69-74, Elsevier, 1978.



Z. Jancié et al. / Filomat 32:7 (2018), 2677-2684 2684

[32] White, D.R. and K.P. Reitz, Graph and semigroup homomorphisms on networks of relations, Social Networks 5 (1983) 193-234.

[33] White, D. R., REGGE (web page). Pridobljeno 22. januar 2013., od http://eclectic.ss.uci.edu/ drwhite/REGGE/

[34] Aiberna, A., Direct and indirect approaches to blockmodeling of valued networks in terms of regular equivalence. Journal of
Mathematical Sociology, 32 (2008) 5784.



