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On the Reciprocal Sums of Products of Fibonacci and Lucas Numbers
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Abstract. In this paper, we study the reciprocal sums of products of Fibonacci and Lucas numbers. Some
identities are obtained related to the numbers Y7, 1/FLiy,, and Y10, 1/LiFyyp, m > 0.

1. Introduction

As is well known, the Fibonacci numbers (F,);", and the Lucas numbers (L,),. , are respectively gener-
ated from the recurrence relations F,, = F;,_1 + F,., (n >2)withFy=0,Fy =1,and L, =L,-1+ L, (n >2)
with Ly = 2, L; = 1. Over the decades, much attention has been given to the properties of these two classical
numbers, and numerous results have been reported in the literature [7].

Recently, Ohtsuka and Nakamura [8] found new properties of the Fibonacci numbers and proved
Theorem 1.1 below, where |-] indicates the floor function and IN, (IN,, respectively) denotes the set of
positive even (odd, respectively) integers.

Theorem 1.1. For the Fibonacci numbers, the following identities hold:

oo -1
Zl | Fyn—Fupq, ifn>2andn € Ny @
- Fe " Fu—=Fui1—-1,ifn=3andneN,,

oo -1

Z 1 | FuaaFn =1, ifn=2andn e N, 2
~ F "\ FuaFy, ifn>3andn €N,

Following the work of Ohtsuka and Nakamura [8], diverse results in the same direction have appeared
in the literature [1], [3-5], [9-12]. In particular, according to Holliday and Komatsu [5], the infinite sums of
reciprocal Lucas numbers satisfy the identities given in Theorem 1.2 below.

Theorem 1.2. For the Lucas numbers, the following identities hold:
oo -1
Zl | Luo=1,ifn>4andn eN,; 3)
L Ly "\ Ly, ifn=3andn e N,,
=n
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00 -1
Zl _ ) LymaLy+1, ifn>2andn € N,; .
=n Ly | Lualn =2, ifn=1and n € N,.

In this paper we study the reciprocal sums of products of Fibonacci and Lucas numbers. Some identities
are obtained related to the following numbers:

=1 |
, , m=0,1,2,---.
; FyLim ; LiFiem

2. Main results

2.1. Reciprocal sums of FyLym

Firstly we consider the reciprocal sums of FyL.,,. Lemma 2.1 below will play a key role in obtaining the
results.

Lemma 2.1. For m > 0, we have
(a) FyLysms1 — Frome1Ln = 2(_1)n+1Fm+1-
(b) Fyi1Lpsm — Fruams1 Ly = (_1)n+1Pm-
(¢) Fuyms1Ln — Fuym-1Lns2 = (=1)"(3Fu — Fuy1).
(d) FuvmiiLur = FuymLy = (_1)n(Fm+1 - 2Fm+2)-
(6) Fn+m—1Ln - Fn+m—2Ln+1 = (_1)n(3pm+1 - 4Fm)
(f) FuimLy — FyLysm = 2(_1)711:7”'
(g) FuvmLnsr — FuLlnymsr = (_1)711:"1‘
() Fyyms1Lns2 = Fuom-1Ln = FuLyym + Fpo1Lpgma.

Proof. (a)-(g) are special cases of [2, Theorem 2.1]. From (f), we have
FrimLy + Frome1Lns1 = FyLyom + FuviLppmat

On the other hand
Frimi1(Lnsz — Lus1) = (Fnsm + Fpam—1)Ln,

or
Fuims1Lnv2 = Fusm-1Lu = FuymLy + Fryme1Liga,

and (h) also holds. O

Theorem 2.2. For m > 0, (a) and (b) below hold:
(a) If

2Fm - 3Fm+1
3

then there exist positive integers ny and ny such that

(Zw
e~ FyLism

where

¢Z,

—1 .
) FuymaaLy + g, lle > ng and n € N,; (5)
B F11+m—1Ln —9m — 1/ ifn =m and n € Nm

— 2Fm - 3Fm-%—l
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() If

2Fm - 3Fm+1

e’z
3 7

then there exist positive integers np and nz such that

-1
) J_{ Frim-1ln + G =1, ifn 2 npand n € N,;

=1
A ; 6
K; FLsm Fuim-1Lp = Gm =1, if n 2 ngand n € IN,, ©)
where
A 2Fm - 3l:m+1
G = =
Proof. (a) Firstly, consider
X = 1 3 1 B 1 B 1
! Frim—1Ly + (_1)n!]m Frim+1Lnso + (—1)”gm FuLpim  Fue1Lusms
{Fpam—1Ln + (_1)ngm}{Fn+m+1Ln+2 + (_1)ngm}FnLnerPnJrlemH ’
where, by Lemma 2.1(h)

X1 = (FuLnsem + FusrLneme) X1,
with

X1 = FuFusa LuvnLsms1 = Fuemot FrwmarLnLz = (<1 G (From1Ln + Fusmst Lus2) = g
By Lemma 2.1(a)-(d), we have

FnFn+1Ln+an+m+1 - Fn+m—1Fn+m+1LnLn+2
{Fn+m+1Ln + 2(_1)n+1Fm+1}{Fn+m+an + (_1)n+1Fm} - Fn+m+1Ln{Fn+m+an + (_1)n(Fm+1 - 3Fm)}
(=1 Fusms1La(BF 1 = Fu) + 2F 41 F,

and

Fn+m—1Ln + Fn+m+1Ln+2 = 3Fn+m+1Ln + Fn+m+1Ln—1 - Fn+an
= 3Fusms1Lly + (_1)”(Fm+1 - 2Fm+2)-

Then
5{1 = (=1)"Fpems1Ln(2F — 3F i1 — 3gm) + 2Fui1F = gm(Fisn — 2F42) — !7%,,

Assume that n € IN,. Since 2F,, — 3F;,+1 — 39 > 0, then there exists a positive integer Iy such that, for n > I,
X;>0and

1 1 1 1
+ < - .
FiLyvw  Fuonilpwmer  FoeomaaLu + 9w FuomsiLnso + G

Repeatedly applying the above inequality, we have

T | 1
< ,ifn>1Ilpand n € N,. 7
;ﬂ PkLk+m Fn+m—1Ln +gm 0 ‘ ( )
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Similarly there exists a positive integer I; such that

F,,m_in e < ; FkL1k+m/ if n > 1; and n € IN,. (8)
Next, consider
X, = 1 B 1 B 1
Foiom-1Ln+(=1)"g =1 FuymLlu +(—1)”+1gm—1 FuLuvm
X
"~ Fwon Lt (1" g = THFnemLnes + (“1 19— 1Ly
where

A

X2 = FuFpemLuerLuem — FuemFrem-1LuLust = FuFimo1LaLusm
~(=1)"gw(2FuLunem = Fuem-1Ln + FnemLns1) + Fuem-1Ln + FpomLnr + g5 — 1.
Using Lemma 2.1(e),(f),(g), we have
FuFpimLus1Luem — FnemFrem-1LuLnst = FuFimo1LuLusm
= FuFuunLuaLusm = FuvmaLusa{Fulnsm + 2(=1)"Fn} = FuFnam-1 Lo
= FuLpsm(Fnem-2Lns1 = Fuem—1Ln) = 2(=1)"Fypm-1Lns1F
= (=1)"FuLen(@F = 3F 1) = 2=1)"{FuLsm + (=1)"Fp1 }En
= (=1)"FuLusm(Fu = 3Fms1) = 2F_1F,

and
2F Lo + FusmLns1 = Fuemot L
= 2FuLyam + FasmLn + FusmLot = Fupmot L
= 2FuLysm + {FuLnem + 2(=1)"En} = (~1)"(3F i3 — 4Fur2)
= 3F,Lysm + 2(=1)"Fpy — (=1)"(2F 43 — 4F12).
Hence

XZ = (_1)nFnLn+m(2Fm - 3F‘m+1 - 397!1) + Pn+m—1Ln + Fn+an+1 - 2Fm—1Pm - 2ngm
+gm(3Fm+3 - 4Fm+2) + gzm -1

Suppose that n € IN,. From Lemma 2.1(f), we obtain
Fuim—1Ly + FuymLys1 = FyLypom-1 + FpoaLig.
Since
1<2F, = 3Fu1—39m <2,

then

—FuLysm(2Fy — 3F i1 — 39m) + (Fusm-1Ln + FrymLnt1)
2 _ZFnLn+m + FnLnerfl + Fn+1Ln+m
= —FuLysym + FuLysm—1 + Fuo1Lpgm
= (Fu-1 = Fu)(Ln+m-1 + Ly—m-2) + FyLysm—1
= Fu-iLpsm-1 — FuooLysm—s.
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Hence there exists a positive integer I, such that, forn > I, X, > 0 and

1 1 1
< - .
FnLn+m Pn+m—1Ln + (_1)ngm -1 FpymLu+1 + (—1)”+1!]m -1

Repeatedly applying the above inequality, we have

=1 1
< ,ifn >l and n € N,. 9
; FyLiim Frim—-1Ln — Im — 1 2 ’ ©)
Finally, consider
1 1 1
Xy = - S
Frym—1Ly + (—1)”9m +1  FupmLpe + (1) Im + 1 FuLpwm
_ X;
- {Fn+m—1Ln + (—1)”!7m + 1}{Pn+m—an+1 + (_1)n+1gm + 1}PnLn+m’
where

Xs = Xo—2(Fpem-1Ln + FusmLus1)
= (=1)"FuLusmFm = 3Fm+1 = 39m) = Fuam-1Lu = FusmLns1 — 2Fm-1Fm — 2gmFn
+Jm(3Fms3 — 4Fmi2) + 7oy — 1.
Suppose that n € IN,. Since
FuLysm(2F s = 3Fms1 = 39m) — Fuem—1Ln — FuamLns1 < FpooLusm—2 — Fuo1Lpgm—1,
then there exists a positive integer /3 such that, for n > I3, X3 < 0 and

1 1 1
— < ,
Foimaln +(=1)"gu +1  FyonLysa + (=119, +1  FuLyym

from which we have

1
<
FoimaLly +gm+1

=1
Z —,ifn>Ilz3and n € IN,. (10)
e~ FyLicym

Then, (5) follows from (7), (8), (9) and (10).
(b) Suppose that

ZFm - 3Fm+1
3
We recall the proof of (a). Replacing g,, by 4., we have
Xy = 2Fp1Fm = Gun(Fusr = 2F i) — G-

We can show that X; < 0 whenever 2F,, — 3F,,.1 = 0 (mod 3). Then there exist positive integers Iy and 5
such that X; > 0ifn >y and n € N, orif and n > Is and n € IN,. Hence

e”Z.

1
Fn+rr1—1Ln + (‘D”!?m

- 1 .
<;m ifn >l (neN,)orifn>Is(n € N,). (11)

Similarly there exist positive integers I and Iy such that X, > 0if n > [gand n € N,, orif n > I; and n € IN,,
from which we have

=1 1
ifn>1 B if n>1 ). 12
an Flo < Fromaln & (<12 —7 ifn>1lg (neN,) orif n>1l; (nelN,) (12)

Then, (6) follows from (11) and (12). O
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Remark 2.3. From Theorem 2.2, we have

FoiL, =2, ifn>2and n € N,;
Fyo 1Ly, ifn >3 andn € N,,

_
—_——
gk
E‘H
oy
SN —
I

F.L,—1,ifn>2andn €N,
F,Ly, ifn>1andn € N,

,_

—_—

-

i gk

)

e

)

-

N —
Il

Fuisly—4, ifn>2and n € N,;
Fpisly +2, ifn>1and n € N,,

etc.

2.2. Reciprocal sums of LiFim
Next we consider the reciprocal sums of LiFj.,,. To this end, we need Lemma 2.4 below.

Lemma 2.4. For m > 0, we have
(@) LyFysma1 = Lyemer Fn = 2(=1)"F i1
(b) Lys1Fpm — Lygmsr Fn = (=1)"Fp.
(¢) Lysm+1Fn — Lysm—1Fns2 = (=1)"(Liy — Lips1)-
(d) Lysm1Fn—1 — LysmFn = (_1)an+l-
(3) Ln+m—1Fn - Ln+m—2Fn+1 = (_l)”(LmH - 2Lm)~
(f) LysmFn — LyFpym = 2(_1)n+1Fm'
(g) Ln+m+1Pn+2 - Ln+m—1Pn = LnFn+m + Ln+1Pn+m+1-

Proof. (a)-(f) are also special cases of [2, Theorem 2.1]. From (f), we have
LysmFu + Lysms1Fno1 = LyFpom + Lyt Framat
On the other hand
Ly+m+1(Fu+2 = Fus1) = (Lutm + Lusm-1)Fu,
or
Lyvms1Fnv2 = Luvm—1Fyn = LyywFy + Lygme1Fria,
and (g) also holds. [
Theorem 2.5 below can be proved similarly to Theorem 2.2.

Theorem 2.5. For m > 0, (a) and (b) below hold:
(a) If

2Fm + 2Lm - Lm-%—l
3

then there exist positive integers ny and ns such that
o -1
Z 1 | Lpysm—1Fn+hm, if n>ng and n€lN,;
e~ LFism "\ Lusm—1Fn=hu=1, ifn>ns and nelN,,

where

¢Z,

+ 1.

{ZFM + 2L, — Lins1
hy, = 3

2916

(13)
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() If

2F,, + 2Ly — Linst
3

ez,

then there exist positive integers ng and ny such that

00 -1 A
Z 1 | LysmaFn+hy—1, if n>ng and neIN,; (14)
p— LiFrsm B Lyim-1Fn _flm -1, if?l >ny and n€N,,
where
~ 2F,, + 2L, — L1
hy = 3 .
Proof. (a) Consider
v, = 1 B 1 B 1 3 1
! Ln+m—1Fn + (_1)”hm Ln+m+1Fn+2 + (_1)nhm LnFn+m Ln+1Fn+m+1
{Ln+m—1Fn + (_1)nhm}{Ln+m+1Pn+2 + (_1)nhm}LnFn+an+1Fn+m+1 ’
where, by Lemma 2.4(g)

Yl = (LnFn+m + Ln+1Fn+m+1)Y1/

Y1 = LaLuarFusmFusms1 = Lusmo1Lnsms1 FaFuv2 = (=1 n(Lism-1Fn + Lusms1Fui2) = 1.
By Lemma 2.4(a)-(d) and the identity F,, + L, = 2F,,11 [7], we have
LuLy+1FnsmFpsme1 = Lnsm-1Lnsme1FnFrns2
{Lnsmsr Fn + 2(=1"Fupsr [{Lsmsr Fn + (=1)"Fun} = Lt Fa{Lsmsr Fa + (=1)" (L1 = L)}

(_1)nLn+m+1Fn(2Fm+l + Fm + Lm - Lm+1) + 2Fm+1Fm
(_1)nLn+m+1Fn(2Fm + 2Lm - Lm+1) + 2Pm+1Fmr

and

Ln+m—1Fn + Ln+m+1Fn+2 = 3Ln-%—m+1Fn + Ln+m+1Fn—1 - Ln+an
3Ln+m+1Fn + (_1)an+1-

Then
Y1 = (_1)nLn+m+1Fn(2Fm + ZLm - Lm+1 - 3hm) + 2Fm+11:‘m - thm+1 - h%,

Assume that nn € IN,. Since 2F,, + 2L,, — Lyy+1 — 3h,, < 0, then there exists a positive integer my such that, for
n>mg, Y1 <0and

1 1 1 1
- < + .
Ln+m—1Fn + hm Ln+m+1pn+2 + hm anmm Ln+1Pn+m+1

Repeatedly applying the above inequality, we have

1
Ln+m—1Fn + hm

o0 1 '
< ; LE if n > my and n € IN,. (15)
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Similarly we can find a positive integer m; such that

=1 1
< , ifn>m; and n € IN,. 16
; Lka+m Ln+m—1Fn _hm ! ’ ( )

Next, consider

Y, = 1 B 1 1
Ln+m—1Fn+(_1)"hm_1 Ln+an+1 +(_1)n+1hm_1 LnFn+m
— ?2
 ALpsmotFat (=1 =1Ly Fra1 + (1) =1} Lo Fr”
where

A

YZ = LnLn+an+1Fn+m - Ln+an+m—1FnPn+l - LnLn+m—1FnFn+m
_(_1)nhm(2LnFn+m - Ln+m—1Fn + Ln+an+1) + Ln+m—1Fn + Ln+an+1 + hfn -1.

Using Lemma 2.1(b) and Lemma 2.4(e),(f), we have
LuLnsmFs1Fuem = LuemLnsm-1FnFrit = LuLnsm-1FuFom
= LuLnenFurtFusm = LusmaFust {LuFuwen + 201" Fur} = LuLissnr FuF o
= LuFusm(Lnem—2Fni1—Lpsm-1Fn)=2(=1)"*" Lism-1Fpi1Fn
= (1" LuFen Ly Liss12(=1) L P =1)" o [y
= (-1)'L,F,4m(2F,, + 2L, — Lyyyy1) — 2F -1 Fp,

and
2LuFysm = Lysm—1Fn + LysmFni1
= 2LuFuem + LusmEn + LyemFn—1 — Lytm—1Fn
= 2L Fypim + {LaFoom + 21" Fu} = (<1)" (s = 2Lins2)
= 3LyFuim — 2(=1)"Fp = (=1)"(Ly+3 — 2Li+2)-
Hence

?2 = (_1)nLnFn+m(2Fm + ZLm - Lm+1 - 3hm) + Ln+m—1pn + Ln+an+1 - 2Fm—1Fm + thFm
+hy(Linss = 2Leo) + 12, — 1.

Suppose that nn € IN,. From Lemma 2.4(f), we obtain
Lysm—1Fn + LusmFni1 = LyFpom-1 + Lysi Foam.
Since
-2 <2F, + 2L, — Ly41 — 3hy < -1,

and
LnFn+m(2Fm + ZLm - Lm+1 - 3hm) + (Ln+m—1Fn + Ln+an+1)
2 _ZLnFn+m + LnPner—l + Ln+1Fn+m
= —LyFyym + LyFyym1 + Ly Fpam
= (Lu-1 = Lu)(Fnem-1 + Fuom—2) + LyFrom—

- Ln—1Fn+m—1 - Ln—2Fn+m—2/



G. Choi, Y. Choo / Filomat 32:8 (2018), 2911-2920 2919

then there exists a positive integer m;, such that, for n > my, ¥, > 0 and

1 1 1
< - 7
LnFn+m Ln+m—1Fn + (_1)nhm -1 Ln+an+1 + (_1)n+1hm -1

from which we obtain

© ) |
;1‘ LiFicem ) Lysm—1Fn +hy =1’ ifn > mpand n € N,. )
Finally, consider
Y; = ! - 1 1
Lysm—1Fn+ (1" hy+1  LyymFpa + (1), +1  LyFpim
— Y,
" ALpsme1Fp+ (=1 + 1 Lysmet Frs1 + (=1 + 1)Ly Fp”
where

A A

Ys = Yo-2L,upmaFy —2LymFri1)
= (=1)"LyFp+m(Fu + 2Ly — Lyys1 — 3hu) — Lysm—1Fyn — LusmFns1 — 2F -1 Fyy + 2hy, Fryy
+hy(Linss = 2Lysa) + B2, = 1.
Assume that n € IN,. Since
—LuFysm(2F + 2Ly = Lint1 = 3Mw) = Luvm—1Fn — LysmFus1 < Lo-1Fnim-1 — Lo2Fnim-2,
then there exists a positive integer mj3 such that, for n > m3, Y3 < 0 and

1 1 1
— < ,
Ln+m—1Fn + (_1)nhm +1 Ln+an+1 + (_1)n+1hm +1 FnLn+m
from which we have

1
<
Ln+m—1Fn - hm +1

=1
Z ——  ifn>myandneN,. (18)
b=t LFrem

Then, (13) follows from (15), (16), (17) and (18).

b) Suppose that
2Fm + Zlém - Lm+1 cZ.

Again we recall the proof of (a). Replacing h,, by ﬁm, we have
Yl =2F 1 Fm — I:lmLm+l - I:lﬁl

We can show that Y; < 0 whenever 2F,, + 2L,, — L,+1 = 0 (mod 3). Then there exist positive integers m4 and
ms such that Y1 < 0if n > my and n € N,, or if n > ms and n € IN,. Hence

1 = 1
— < ,ifn>my (nelN,)orifn>ms(nelN). 19
Ln+m—1Fn+(_1)”hm kz_;‘ LiFrrm 4 ( ) 5 ( ) ( )

Similarly there exist positive integers mg and my such that Y, > 0if n > mg and n € N, or if n > my and
n € IN,, from which we have

=1 1
< _ ,ifn>mg(neN,)orifn >m; (ne€lN,). (20)
kZ_:; LiFeom  LywmaFy + (=10 — 1 ° ) 7 )

Then, (14) follows from (19) and (20). O
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Remark 2.6. From Theorem 2.5, we have

i 1 B L,1F,, ifn > 2and n € N,;
i LiFy " | LusiFu =2, ifn>3andn €N,
- J
) -1
Z 1 _ L,Fy, ifn>2andn € IN,;
=i LiFi h L,F, -1, ifn>1andn € N,,
— J
) -1
Z 1 LywsFn+2, ifn>2and n € N,;
— LiFisa L, 3F, —4, ifﬂ >1andn € N,,
etc.
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