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Abstract. Following recentimportant results of Moudafi [Journal of Optimization Theory and Applications
150(2011), 275-283] and other related results on variational problems, we introduce a new iterative algorithm
for approximating a solution of monotone variational inclusion problem involving multi-valued mapping.
The sequence of the algorithm is proved to converge strongly in the setting of Hilbert spaces. As application,
we solved split convex optimization problems.

1. Introduction

Let H be a real Hilbert space and C be a nonempty, closed and convex subset of H. A mapping S: C — Cis
said to be

(i) nonexpansive if
ISx =Syl <lx—yll ¥ x,y€C,

(ii) w-strictly pseudocontractive in the sense of Browder and Petryshyn [12] if for 0 < u <1,
ISx = Syl? < llx = yIP + pll(T = S)x = T =SyIP ¥ x,y € C.

A point x € C is called a fixed point of S if Sx = x. The set of fixed points of S is denoted by F(S), and
it is generally known that if F(S) # 0, then F(S) is closed and convex. For more information on strictly
pseudocontrative mappings, see [1, 12, 32, 43] and references therein.
A mapping M : H — H is said to be
(i) monotone, if

(Mx—-My,x—y)>0, Vx,y € H,

(ii) a-inverse strongly monotone, if there exists a constant a > 0 such that

(Mx - My, x —y) > a||Mx - Myllz, Vx,y € H,
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(ii) firmly nonexpansive, if
(Mx -My,x —y) > |[Mx - Myllz, Vx,y € H,

(iv) Lipschitz, if there exists a constant L > 0 such that
[[Mx — Myl < L|lx - yll, Yx,y € H.
Remark 1.1. [9] It is well known that M is a-inverse strongly monotone if and only if it is L-Lipschitz continuous.

If M is a multivalued mapping, i.e. M : H — 2H, then M is called monotone if
(x—yu-v)y>20V¥x,ye€ H, ue M), veMy),
and M is maximal monotone if the graph G(M) of M defined by
GM) =:{(x,y) e Hx H : y € M(x)}

is not properly contained in the graph of any other monotone mapping. It is generally known that M is
maximal if and only if for (x,u) € H X H, {(x — y,u —v) > 0 for all (y,v) € G(M) implies u € M(x).
The resolvent operator ]IAVI associated with a mapping M and A is the mapping ]ZAVI : H — 21 defined by

Mx)y=(I+AM)"'x, xe H A >0. 1)

It is known that if the mapping M is monotone, then ' is single valued and firmly nonexpansive (see [11]).
A mapping f : C — C is said to be averaged nonexpansive if Yx,y € C, f = (1 — ) + S holds for a
nonexpansive operator S : C — C and 8 € (0, 1). The term "averaged mapping” was coined by Biallon et al
[8]. Recall that a mapping f is firmly nonexpansive if and only if f can be expressed as f = 3(I + S), where
S is nonexpansive (see [34]). Thus, we make the following remark which can be easily verified.

Remark 1.2. In a Hilbert space, f is firmly nonexpansive if and only if it is averaged with p = 1.

The metric projection Pc is a map defined on H onto C which assigns to each x € H, the unique point in C,
denoted by Pcx such that
lx = Pex|l = inf{llx — yl| : v € C}.

It is well known that Pcx is characterized by the inequality (x — Pcx,z — Pcx) < 0, Vz € Cand Pc is a
firmly nonexpansive mapping. Thus, P¢ is nonexpansive. For more information on metric projections, see
[19, 24].

Recall that the normal cone of C at the point z € H is defined as

Nez:={deH:{d,y—z)<0, YyeC}ifze C and 0, otherwise.
In 1994, Censor and Elfving [17] introduced the following Split Feasibility Problem (SFP): Find a point
x € C such that Ax € Q, 2)

where C and Q are nonempty closed and convex subsets of IR” and R™ respectively, and A is an m X 7 real
matrix. The SFP is known to have wide applications in many fields such as phase retrieval, medical image
reconstruction, signal processing, radiation therapy treatment planning, among others (for example, see
[13, 16-18] and the references therein).

Byrne [14] applied the forward-backward method, a type of projected gradient method, thus, presenting
the so-called CQ-iterative procedure for approximating a solution of (2), which he defined as

Xn41 = Pc(I = yA'(I = Pg)A)x,, n € N, 3)

where y € (0, ) with A being the spectral radius of the operator A*A. Byrne [14] proved that the sequence
generated by Algorithm 3 converges weakly to a solution of (2).
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In 2010, Censor et al. [20] introduced a new class of problem called the Split Variational Inequality Problem
(SVIP) by combining the Variational Inequality Problem (VIP) and the SFP. They defined the SVIP as follows:
Find x* € C such that

(f(x),x—=x)>20¥xeC, 4)
and such that y* = Ax* € Q solves
@) y-yHr=20VyeQ, )

where C and Q are nonempty, closed and convex subsets of real Hilbert spaces H; and H, respectively,
A : Hy — H,; is a bounded linear operator, f : Hy — H; and g : H, — H, are two given operators. If (4)
and (5) are considered separately, we have that (4) is a VIP with its solution set VIP(C, f) and (5) is a VIP
with its solution set VIP(Q, g). To solve the SVIP (4)-(5), Censor ef al. proposed the following algorithm and
obtained a weak convergence result. For x; € Hy, the sequence {x,} is generated by

Xps1 = Pel = Af)(xy + YA (Po(I = Ag) — DAx,),n > 1, (6)

where y € (0, 1) with L being the spectral radius of the operator A*A.
Based on the work of Censor et al. [20], Moudafi [34] recently introduced and studied a new type of split
problem called Split Monotone Variational Inclusion Problem (SMVIP), which is to find

x* € Hy such that 0 € f(x") + My (x"), (7)
and such that y* = Ax* € H; solves
0€g(y") + Ma(y"), (8)

where M; : Hy — 2™ and M, : H, — 2™ are multivalued mappings, A : Hi — H; is a bounded linear
operator, f : Hi — H; and g : H, — H, are single valued operators. We also note that if (7) and (8)
are considered separately, we have that (7) is a Monotone Variational Inclusion Problem (MVIP) with its
solution set (M; + £)71(0) and (8) is a MVIP with its solution set (M + g)"1(0). In [34], Moudafi proved that
x* € (My+ f)71(0) if and only if x* = ]}\(Il (I=Af)(x"), YA > 0. It was also shown in [34] that, if f is an a-inverse
strongly monotone mapping and M is a maximal monotone mapping, then ]g/h (I = Af) is averaged with
0 < A < 2a. Thus, ]IA\A1 (I — Af) is a nonexpansive mapping with 0 < A < 2a. In addition, (M; + f)71(0) is
closed and convex.

To solve the SMVIP (7)-(8), Moudafi [34] proposed the following iterative algorithm and obtained weak
convergence results: For x; € Hj, the sequence {x,]} is generated by

X1 = [ L= Af) 0 + YA ({2 = Ag) = DAx,), n €N, ©)
where y € (0, 1) with L being the spectral radius of the operator A*A.

Remark 1.3. [34] As observed by Moudafi, setting My = Nc and My = Ng in SMVIP (7)-(8), where Nc and Ng
are the normal cones of C and Q respectively, we recover the SVIP (4)-(5). Thus, the SMVIP can be viewed as an
important generalization of the SVIP, SFP and other related problems (see also [33]).

Moreover, MVIP is generally known to be very useful in the study of wide classes of problems. It has been
an important tools for solving problems arising from mechanics, optimization, nonlinear programming,
economics, finance, applied sciences, among others (see for example [2—4, 21, 33] and the references therein).
Very recently, Tian and Jiang [39] proposed a class of SVIP which is to find x* € C such that

(f(x"),x —x*) > 0 Vx € C, and such that Ax" € F(S), (10)

where C is a nonempty, closed and convex subset of H;, A : H; — H; is a bounded linear operator,
f : C — Hi is a single valued operator and S : H, — H, is a nonlinear mapping. To approximate solutions
of (10), Tian and Jiang [39] proposed the following iterative algorithm by combining Algorithm (6) with the
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Korpelevich’s extra-gradient method (see [27]) and Byrne’s CQ algorithm: For arbitrary x; € C, define the
sequence {x,}, {y,} and {t,} by

Yn = Pe(x, — VnA*(I — S5)Axy),
ty = PC(yn - /\nf(yn))/ (11)
Xn+1 = PC(]/n - /\nf(tn))/

for each n € N, where {y,,} C [4,b] for some a,b € (0, m) and {A,} C [a, b] for some ¢, d € (0, ]l(), S:H, - Hy
is a nonexpansive mapping and f : C — H; is a monotone and k-Lipschitz continuous mapping. They
proved that the sequence generated by Algorithm (11) converges weakly to a solution of (10). Furthermore,
Tian and Jian [39] showed that Algorithm (11) can be used to solve the SVIP of Censor et al. [20] by setting
S = Po(I-Ag) in Algorithm (11), since Po(I - Ag) is a nonexpansive mapping for A € (0, 2a). For more results
on VIPs and MVIPs, see [5-7, 15, 19, 23, 26, 29, 30, 35] and the references therein.

Motivated by the works of Moudafi [34], Tian and Jiang [39], and in view of Remark 1.3, we propose an
extension of the class of SVIP studied by Tian and Jiang [39] to the following class of SMVIP: Find

x" € Hy such that 0 € f(x") + M(x"), and such that Ax" € F(S), (12)

where M : H; — 2 is a multivalued mapping, A : Hy — H, is a bounded linear operator, f : H; — H;
is a single valued operator and S : H, — H, is a nonlinear mapping. Furthermore, we propose an
iterative algorithm and using the algorithm, we state and prove some strong convergence results for
the approximation of solutions of (12) and (7)-(8). Finally, we applied our results to study split convex
minimization problems. Our results extend and improve the results of Censor et al. [20], Moudafi [34], Tian
and Jiang [39], and a host of other important results.

2. Preliminaries

We state some useful results which will be needed in the proof of our main theorem.
Lemma 2.1. [22] Let H be a Hilbert space, then for all x,y € H and « € (0, 1), the following hold:

(i) 20, y) = 1P + lyll? = lbe = ylIP = llx + yI> = 11 = Iy,
(ii) llax + (1 = a)ylP* = allxl’ + (1 = a)llyl* - a(l - a)llx -yl

Lemma 2.2. [40] Let H be a Hilbert space and T : H — H be a nonlinear mapping, then the following hold.
(i) f is nonexpansive if and only if the complement I — f is 3-ism.
(ii) fisv-ismandy >0, then 'y f is J-ism.

(iii) f is averaged if and only if the complement I — f is v-ism for some v > . Indeed, for B € (0,1), f is p-averaged
if and only if I - f is 55-ism.

(iv) If f1 is Pr-averaged and f, is Pr-averaged, where B1, B> € (0,1), then the composite fi f, is p-averaged, where
B =PB1+ B2 pipo

(v) If f1 and f, are averaged and have a common fixed point, then F(f1 f) = F(f1) N F(f2).

Lemma 2.3. [37] Let Hy and H; be real Hilbert spaces. Let A : Hy — Hj be a bounded linear operator with A # 0,

and S : Hy — Hj be a nonexpansive mapping. Then A*(I — S)A is 2”;”2 -ism.

Lemma 2.4. [39] Let Hy and H, be real Hilbert spaces. Let C be a nonempty, closed and convex subset of H;.
Let S : Hy — H, be a nonexpansive mapping and let A : Hy — Hj be a bounded linear operator. Suppose that
CNA7IF(T) # 0. Let y > 0 and x* € Hy. Then the following are equivalent.
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(i) x* = Pc(I-yA*(I-S)A)x";

(ii) 0 € A*(I = S)Ax* + Ncx*;

(iii) x* € CNATIE(S).
Lemma 2.5. [41] Let H be a real Hilbert space and S : H — H be a nonexpansive mapping with F(S) # 0. If {x,} is
a sequence in H converging weakly to x* and if {(I — S)x,} converges strongly to y, then (I — S)x* = y.
Lemma 2.6. [28] Let M : H — 2 be a maximal monotone mapping and f : H — H be a Lipschitz continuous
mapping. Then, the mapping (M + f) : H — 2 is maximal monotone.
Lemma 2.7. [42] Let {a,} be a sequence of nonnegative real numbers such that

Ape < (1 - Vn)an + Vb, n20,

where {y,} is a sequence in (0, 1) and {6,) is a sequence in R such that
(Z) Z:;o)/n = OO,
(i) lim supd, < 007 Y e ol0n)ynl < oo.

Then lima, = 0.

n—oo

Lemma 2.8. [43] Let H be a real Hilbert space and S : H — H be p-strictly pseudocontractive mapping with
p€[0,1). Let Ty, := yI + (1 = y)S, where y € [u, 1), then

(i) F(T) = F(T,),
(ii) T, is a nonexpansive mapping.

Lemma 2.9. [31] Let {I',} be a sequence of real numbers that does not decrease at infinity, in the sense that there
exists a subsequence {Uy;} ;>0 of {I'y}such that

1",,}. < 1",,].+1 V] > 0.
Also consider the sequence of integers {t(n)},>n, defined by
7(n) = max{k < n | Ty < T}

Then {Tp}usn, is a nondecreasing sequence such that t(n) — co, as n — 0, and for all n > ny, the following two
estimates hold:
Ty £ Toyets T < Trmya-

3. Main Results

Proposition 3.1. Let H be a real Hilbert space. Let M : H — 2! be a maximal monotone mapping and f : H - H
be an a-inverse strongly monotone mapping. Let z = (I = Af)x, then

ly =2l +1lx - 2I* < lly = xI?, Yx € H,y € FJY'(I - Af)), and A € (0,2c).
Proof. Let A € (0,2a), since ]ﬁ” (I—-Af)is averaged, then it follows from Remark 1.2 that ]]}\f (I-Af)isafirmly
nonexpansive mapping. Thus, foranyx€ Hand y € F (]a/I (I = Af)), we have from Lemma 2.1 that
IV = Af)x =yl
Z-yx-y

Iz - yII*

IA

1
= 5[l =yl + b=yl = llz = 2IP],

which implies
ly =zl + llx — 2l < lly — I/



J. N. Ezeora, C. Izuchukwu / Filomat 32:8 (2018), 2921-2932 2926

Theorem 3.2. Let Hy and Hy be real Hilbert spaces and C be a nonempty closed and convex subset of Hy. Let
A : Hi — H; be a bounded linear operator such that A # 0. Let M : Hy — 2 be multivalued maximal
monotone mapping and f : Hi — Hy be an a-inverse strongly monotone mapping. Let S : Hy — H» be u-strictly
pseudocontractive mapping. Assume that T = {z € (M + f)71(0) : Az € F(S)} # 0 and the sequence {x,} be generated
for arbitrary x1,u € Hy by

Uy = (1 - ﬁn)xn + ,Bnu/
Yn = Pc(uy — ynA"(I - T}/)Aun)/ (13)
Xui1 = YA =AYy, n 21,

where Ty, == yI + (1 — y)S with y € [u,1), {ya} C [a,b] for some a,b € (O, W)’ A €(0,2a) and {B,}  (0,1) such
that im B, = 0 and Y"1 Bp = oo. Then, the sequence {x,} converges strongly to an element of T.

Proof. From Lemma 2.8, Lemma 2.2 (i), (iii), (iv) and Lemma 2.3, we obtain that Pc(I — y,A*(I — T))A)

2 2
s w-averaged. That is, Pc(I — y,A*(I - T))A) = (1 — ay)l + a,T,, where a;, = w and T, is a
nonexpansive mapping for each n > 1. Thus, we can rewrite y, as
Yn = (1 —an)u, + a, Ty, (14)

Let p € I, then from (13), (14) and Lemma 2.1, we have

s = pI2 = 1M = Af)yw - pI
< Alyu —plP
= (1 = an)tn = p) + an(Tartn = I
= (1 - anliy — pIP + aullTorty — pl?
—an(1 = )ty — Tuttll®
< Nty = pIP = an(1 = @)l — Tty (15)
< A = Ba) @ = p) + Bulu = p)IP
< (1= Ba)llxn = pIP + Bullie — pl?
< max{llx, - pI?, llu = pl?)
< max{llx; - pll®, llu = pIP).

Therefore, {||x, — pllz} is bounded. Consequently, {x,}, {y,} {1} and {Au,} are all bounded.
From (13), we obtain

lim [, — x,l7 = lim Bylu — x4]* = 0. (16)

We now consider two cases:
Case 1: Suppose that {||x, — pll*} is monotone decreasing, then {||x, — pl?}is convergent. Thus,

lim ([l = pI* = [lxwer = plP) = 0. (17)
From (15), we obtain

iy — pI? = llxcusr — pII?
(1 = By = pIP? + Bullu — pI?
—|[xps1 — pI* = 0, as n — oo. (18)

(1 = ay)llu, — Tn”nnz

IA A
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V. 2 oge .
Since «,, = w, then by the condition on y,,, we obtain

lim fluy = Tyl = 0. (19)
Also, from (14) and (19), we have

lim [l = 4yl = i T, s, = s = 0. 20)
We obtain from (16) and (20) that

lim fly, = x4l = 0. (21)
It follows from (13), (15) and Proposition 3.1 that
Y = pIP = lxe1 = pl

ity = I = i1 = pIP?

(1= By = pI* + Bullie = pII* = 1 = pIP?

(Ikw = pIP = llvuss = pIP)

+Bu(ll = pI* = Ilxw = pI?) = 0, as n — oo, (22)

[1Xp41 — ]/n”z

INIA

IA

From (20) and (22), we have
lim [|x,41 — ,][* = 0. (23)
n—oo

Since {u,} is bounded, there exists a subsequence {uy,} of {u,} that converges weakly to z. Without loss of

generality, the subsequence {y,,} of {y,} converges to a point y € (0, W) By Lemma 2.3, A*(I - T,)A is

inverse strongly monotone, thus {A*(I-T,)Au,,}is bounded. It then follows from the firmly nonexpansivity
of P¢ that

IPc(I = yu A" = Ty )A)uty, — Pc(I = PA™(I = T))A)un, || < Iy, — PIIAYI = Ty) Ay |l = 0, as k — co.
That is,
1im 1y, = Pe(l = PA'( = T,) AJu || = 0,
which implies from (20) that
lim [lty, = Pe(l = PA"(I = T,) )| = 0. (24)

It then follows from Lemma 2.5 that z € F(Pc(I — yA*(I — T, )A)). Thus, from Lemma 2.4, we obtain that
ze€ CNAT'F(T)).

Thus,
Az € F(T)) = F(S).

Next we show that z € (M + f)71(0). Since f is a-inverse strongly monotone, f is 1 -Lipschitz continuous
and monotone. It then follows from Lemma 2.6 that M + f is maximal monotone. Let (v,w) € G(M + f),
then w — fv € M(v). From x,,.41 = JX'(I = Af)y,,, we obtain

(I =Af)yn, € T+ AM)xy 4.

That is,
1
X(]/nk - Af]/nk - xnk+1) € M(xl’lk+1)'
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Since M + f is maximal monotone, it is monotone. Thus, we have

1
0= Xp41,w— fv— X(ynk —AfYp, — Xpt1)) 2 0, (25)

which implies

1

<Z) - xnk+1,YU> > <U - xnk+1/fv + X(ynk - xnk+1) - fynk>

= (0= X1, fO = f(Xn41)) + (0 = X1, f(Xner1) — f(Yn))

1
+<U — Xi+1s X(ynk - xnk+1)>
1
Z <v - xnk+lr f(xnk+l) - f(ynk» + (v - xnk+1/ X(ynk - xnk+1)>' (26)
From (22), we have
1

If (1) = f(ymll < a”xnk+1 = Ynll = 0, asn — co. (27)

Also, from (23), we have that {x,,+1} converges weakly to z. Thus, we obtain from (26) that
(v—2zw)>0.

By the maximal monotonicity of M + f, we have that 0 € (M + f)z. Thatis, z € (M + f)"1(0). Therefore, z € T.
We now show that {x,} converges strongly to z. From (15), we obtain

a1 —zIP <y — 2
= (L = Bu)(xu = 2) + Pultt = 2)]?
= (1= B lxu — zIP* + Ballu — zI* + 2Bu(1 = Bu){xn — z,u — 2)
< (= Bully — 2P + B [Bull = 2IP +2(1 = Bu)xw — 2,1 = 2)]. (28)

Applying Lemma 2.7 to (28), we conclude that {x,} converges strongly to z.
Case 2. Assume that {||x, — x*|[*} is not monotone decreasing. SetI', = |x, — ¥|?andlett: N — Nbea
mapping defined for all n > ng (for some large 1) by

7(n) :=max{k € N : k <n, T} <Ti1}-
Then, by Lemma 2.9, we have that {7(n)} is a non-decreasing sequence such that 7(n) — o0, as n — co and
Tty < Teuy+1, Y 2 no.

From (18), we have

Arny(1 = Qemllttegny = Teybel® < ey = PIP = Iege1 — PP + ool = pIF = Beanlley — pIP
< Bewy(llu = pl* = 1y — pIF) = 0, as n — oo, (29)
By condition on {a(,}, we obtain
y}lj}; ”uT(l’l) - TT(H)”T(H)HZ =0. (30)

Also, from (22), we have

2
I

IN

(Ibeeny = pIP = ey = pI) + Beany (i = pIF = lixen = plP)
Beny (Il = pIF = ey = pIF) = 0, as n — co. (31)

||xT(n)+1 — Yan)

IN

Following the same line of argument as in Case 1, we can show that {x(;} converges weakly toz €I
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Now for all n > ny, we have from (28) that

0

IN

1 — 2IP = Doy — 21
1- ﬁr(n))”xr(n) - Z“2 + ﬁ’((ﬂ)[ﬁ’[(”)“u - Z||2 +2(1- ﬁr(n))(xr(n) -z,u—2z)] - “xT(Tl) - 2”2/

IA

which implies
ey — 2l < Begoylle = 2IP + 2(1 = Begny){Xegny — 2,4 —2) — 0, as n — oo.

Hence
}glolo X z(m) — Z”2 =0.

Therefore,
lim Fr(n) = 21_1;1;10 Fr(n)+1 =0.

n—oo

Moreover, for n > ny, it is clear that I'yp;y < Iypy41 if n # 7(n) (that is 7(n) < n) because I'; > T'jy; for

Tm)+1<j<mn.
Consequently for all n > ny,
0 < Ty < max{Try, Fegy+1} = Tegy+1-

Thus, lim,, . I'; = 0. That is {x,} converges strongly to z. O
If S is a nonexpansive mapping defined on H, then we obtain the following result.

Corollary 3.3. Let Hy and H, be real Hilbert spaces and C be a nonempty closed and convex subset of Hy. Let
A : Hy — Hj be a bounded linear operator such that A # 0. Let M : Hy — 2 be multivalued maximal monotone
mapping and f : Hy — Hy be an a-inverse strongly monotone mapping. Let S : Hy — H, be a nonexpansive
mapping. Assume that T = {z € (M + f)"1(0) : Az € F(S)} # 0 and the sequence {x,} be generated for arbitrary
x1,u € Hy by

u, = (1- ﬁn)xn + Balt,
Yn = Pc(uy — ynA*(I = S)Auy,), (32)
Xper = N = Af)yn, n 21,

where {y,} C [a,b] for some a,b € (0, m), A € (0,2a) and {B,} c (0,1) such that limB, = 0 and Y, Bn = co.
n—oo
Then, the sequence {x,} converges strongly to an element of I'.

In view of Remark 1.3, we obtain the following result.

Corollary 3.4. Let Hy and H, be real Hilbert spaces and C be a nonempty closed and convex subset of Hy. Let A :
Hi — H, be a bounded linear operator such that A # 0. Let f : C — H, be an a-inverse strongly monotone mapping
and S : Hy — H» be p-strictly pseudocontractive mapping. Assume that T = {z € VIP(C, f) : Az € F(S)} # 0 and
the sequence {x,} be generated for arbitrary x1,u € C by

Uy = (1 - ﬁn)xn + ,Bnu/
Yn = Pc(uy, - VnA*(I - S)Auy), (33)
Xns1 = Pe(l = Af)yn, n 21,
where {y,} C [a,b] for some a,b € (O, m), A € (0,2a) and {B,} c (0,1) such that limB, = 0 and Y, B = co.
Then, the sequence {x,} converges strongly to an element of T.

Proof. From Theorem 3 of [36], we have that (f + N¢)™}(0) = VIP(C, f), where Nc is the normal cone of C.
Thus, by setting M = N¢ in Theorem 3.2, we obtain the desired result. [J

In the following Theorem, we study the class of SMVIP introduced by Moudafi [34].
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Theorem 3.5. Let Hy and Hy be real Hilbert spaces and C be a nonempty closed and convex subset of Hy. Let
A : Hy — H, be a bounded linear operator such that A # 0. Let My : H; — 2H gnd My : Hy — 272 be multivalued
maximal monotone mappings. Let f : Hi — Hj be a-inverse strongly monotone mapping and g : Hy — H; be
B-inverse strongly monotone mapping. Assume that T = {z € (My + f)7}0) : Az € (My + 9)"1(0)} # 0 and the
sequence {x,} be generated for arbitrary x1,u € Hy by

Uy = (1 - ﬁn)xn + ,Bnur
Yu = Py — yuA* (L= JY2 (1 = Ag)Auy), (34)
X1 = [N A = Af)yu, n 21,

where {y,} C [a, b] for some a,b € (O, W), 0 < A <2a,2Band {B,}  (0,1) such that limpB, = 0and Y ", By = 0.
Then, the sequence {x,} converges strongly to an element of T.

Proof. We know that, for any A > 0, F(JY2(I - Ag)) = (Mz + 9)™1(0) and for A € (0,2p), J{*(I — Ag) is
nonexpansive. Thus, setting S = ]]AVIZ (I = Ag) in Corollary 3.3, we obtain the desired result. [J

By setting M; = Nc and M, = Ng in Theorem 3.5, where N¢ and Ng are the normal cones of C and Q
respectively, we obtain the following result.

Corollary 3.6. Let Hy and Hy be real Hilbert spaces and C be a nonempty closed and convex subset of Hy. Let
A : Hy — Hj beabounded linear operator such that A # 0. Let f : Hy — Hy be a-inverse strongly monotone mapping
and g : Q — H, be B-inverse strongly monotone mapping. Assume that I = {z € VIP(C, f): Az € VIP(Q,9)} # 0
and the sequence {x,} be generated for arbitrary x1,u € C by

Uy = (1 - ﬁn)xn + ﬁnuz
Yn = Pc(uy — ynA*(I = Po(I — Ag))Auy), (35)
Xne1 = Pe(l = Af)yn, n21,

where {y,} C [a, b] for somea, b € (0, W), 0 < A <2a,2Band {B,} € (0,1) such that limpB, = 0and }.," Bn = 0.
Then, the sequence {x,} converges strongly to an element of T.

4. Application to Split convex minimization problems

Let F : H — R be a convex and differentiable function, and M : H — (—o0, +] be a proper convex and
lower semi-continuous function. We know that if VF is 1-Lipschitz continuous, then it is a-inverse strongly
monotone, where VF is the gradient of F (see Remark 1.1). It is also known that the subdifferential JM of M
is maximal monotone (see [36]). Moreover,

F() + M(x") = min [F() + M(x)] & 0 € VF(x') + IM(x").

Now, consider the following class of Split Convex Minimization Problem (SCMP): Find

x* € Hy such that F(x*) + M(x") = mIi{n [F(x) + M(x)], and such that Ax" € F(S), (36)
xeH,;

where A : Hy — H, is a bounded linear operator, F and M is as defined above, S : H, — H; is a strictly
pseudocontractive mapping. Suppose the solution set of problem (36) is Q, then setting M = dM and f = VF
in Theorem 3.2, we obtain the following result.

Theorem 4.1. Let Hy and H; be real Hilbert spaces, and C be a nonempty closed and convex subset of Hy. Let
A : Hi — H; be a bounded linear operator such that A # 0. Let F : H; — R be a convex and differentiable function
such that VF is 1-Lipschitz continuous, and M : Hy — (—00,+co] be a proper convex and lower semi-continuous



J. N. Ezeora, C. Izuchukwu / Filomat 32:8 (2018), 2921-2932 2931

function. Let S : Hy — H, be u-strictly pseudocontractive mapping. Suppose QO # O and the sequence {x,} be
generated for arbitrary x1,u € Hy by

Up = (1 - ﬁn)xn + ﬁnur
Yn = PC(un - VnA*(I - S)Aun)r (37)
Xpi1 = JMI = AVF)y,, n 21,

where {y,} C [a, b] for somea,b € (0, m), 0 < A <2a,2Band {B,} € (0,1) such that limpB, = 0and Y., B = 0.

Then, the sequence {x,} converges strongly to an element of Q).
Next, we consider the following class of SCMP: Find
x" € Hy such that F(x*) + M;(x") = mliin [F(x) + My(x)], (38)
XeHq

and such that y* = Ax* € Hy, solves
G(x) + My(x") = mliin [G(x) + My(x)]. (39)
X€EHy

Suppose the solution set of problem (38)-(38) is Q, then setting My = dM;, My =JdM,, f = VFand g = VG
in Theorem 3.5, we obtain the following result.

Theorem 4.2. Let Hy and H; be real Hilbert spaces, and C be a nonempty closed and convex subset of Hy. Let
A : Hy — H, be a bounded linear operator such that A # 0. Let My : Hy — (—o0, +o0] and M, : Hy — (—o0, +0] be
proper convex and lower semi-continuous functions. Let F : Hy — Hj be convex and differentiable function such that
VF is 1-Lipschitz continuous and G : H, — H, be convex and differentiable function such that VG is %—Lipschitz

continuous. Assume that Q # () and the sequence {x,} be generated for arbitrary x1,u € Hy by

Up = (1 - ﬁn)xn + ,Bnu/
Y = Py — yuA (I = J7(I = AVG))Auy), (40)
X1 = JP(A = AVF)y,, n 2 1,

where {y,} C [a, b] for somea,b € (O, W), 0 < A < 2a,2Band {B,} € (0,1) such that lim B, = 0and Y, fu = co.
Then, the sequence {x,} converges strongly to an element of ().
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