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Canonical Hankel Wavelet Transformation
and Calderén’s Reproducing Formula

Akhilesh Prasad?®, Tanuj Kumar?®

*Department of Applied Mathematics, Indian Institute of Technology (Indian School of Mines), Dhanbad, [harkhand-826004, India

Abstract. In this work, we have discussed some basic properties of canonical Hankel wavelet transfor-
mation. Further the Calderén’s reproducing formula for linear canonical Hankel wavelet transformation is
obtained.

1. Introduction

Let g and  be any two functions in L?(IR) which satisfy
N dk
g(k/\)h(k/\)? =1, for k>0, AeR\ {0}, (1)
0
where"denotes the Fourier transform on R. If
1 (x 1 (x

gi(x) = %Q(E) and fy(x) = %h(E)’

then the classical Calderén’s formula [2] can be formulated as:
« dk
f= [ froen, @
0

where * denotes the classical convolution on IR. Above formula was earlier used in the Calderén-Zygmund
theory of singular integral operators, but afterwards it was carried to various areas of applied mathematics,
in particular in wavelet theory [5, 7]. Motivated by [7], Pathak et al. [11] defined the Calderén’s formula
associated with Hankel convolution. Further extending the theory of [7,11] Upadhyay et al. [17] introduced
the Calderén’s reproducing formula associated with Watson convolution.

Now, in this paper we have defined the Calderén’s formula associated with linear canonical Hankel wavelet
transformation.

The linear canonical transformation (LCT) was first introduced in 1970’s as an integral transformation with
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four parameters a,b, ¢, d [4, 9]. Wolf [18] introduced the canonical Hankel transformation of function f for
n-dimension and v > 1 — n as:

fly) = fo AV (Y, 2) f()dx,

where

in(n n i X
7((]// .X) — b_le_2(Z+V)(xy)1_262"(ﬂx2+dy2)]g+v_1(7y),
which reduces to conventional Hankel transformation forn =2, a =d = 0and b = —c = 1. Bultheel et
al. [1] reduces K(y, x) to the kernel of fractional Hankel transformation by replacing a = d = cos 0 and
b=-c=sin6.
Motivated by Wolf [18] and Bultheel et al. [1], we have introduced the linear canonical Hankel trans-
formation (LCHT) %‘ﬁ/ of of integrable function f on I = (0,c0) depending on the uni-modular matrix

-1
A= [a b] = [ d _ab] , with three more real parameters «, §, v for two dimension [13]:

c d —C
A ) = fo KAy, ) f()dx, o
where

_iﬂ(l+y) j 2v 2v
KA(y, x) _ Vﬁe Zb x—l—2a+2ve£(ax +dy )(xy)a]#(g(xy)v)/ b+ 0’

forall vy —a +2v > 1, and ], is Bessel function of first kind of order u. The inverse of (3) is given by:

F) = (A0 o gt s D)) = fo KA (e, )0, o s W)Y,

where A~ is inverse of the matrix A. Moreover kernel K# of linear canonical Hankel transformation satisfy
the following properties:

(i) f KAy, &KB(E, x)déE = KAB(y, x),

0
(i) fo KAy, K € = oy )
where )
= = (2] e [ B B
The linear canonical Hankel transformation satisfy the additivity and reversibility conditions as:

%A ,ﬁ)_l - %A’]

B AB A
.“'V'a'ﬁ% = and (7 o

wv,a.p pvap pva

The Parseval’s identity of operator j??fv op become as [13],

fo x—1—2a+2v’f(x)mdx - j(; y_l_Z(HZV(%ﬁz,a,ﬁ f)(]/)(jﬁﬁ/,a,ﬁ {])(y)d]/.

Throughout this study we have used E%’LA as a particular case of f%’ﬁ o forv = =1,a = —u. Therefore the
LCHT of a function f € Lf, (I) of order u > —3 reduces as:

(A P@) = FAw) = fo KA (@, D (), @
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where

t“z“ez’?(“““’“’z)(tw)‘%(t?w), b#0.

ez (14w
KA (w,t) = ———

The inverse of (4) is given as follows:

£ = (7 ) = fo K (1 0) A (@)d

For the operator /4

', the Parseval equality becomes

fo ) (gt = fo ) ) (o) dw. (5)

Definition 1.1. The space LZ(I), is the space of all those real valued measurable function ¢ on I = (0, co) such that
the norm

1
(fooo |¢(t)|lﬂt1+2ydt)”/ 1<p<oo, uek,
esssup |p(t)l, p=oo,

tel

bl =

is finite.

As per [10, 14, 15], we have given the canonical Hankel convolution of ¢ and 1 € L!ll(I ) as [8]:

EA A 02 1+2u
#aP)t) = — fo )T P)(@)er” 0 Hdw, (6)
where the canonical Hankel translation 77! is given as:
(M@ = ¢t w)
R A 2 142
= 5 ) w(z)DH(t,w,z)eZb z T dz,
where

iZ(l+p) o N
Dﬁ(t,a)’z) = e - f(tS)_'u](u(%s)(CUS)_H]M(%S)(ZS)_“]H(Z?:)e_Zl’(t2+("2+22)51+2“d5,
0

For0 < t,w,z < 0o, we have

e
e’z

S zs\ . ts s\ & ;
2 L (ZS)_‘u]y(?)eﬂ’(uzz+dsz)zl+2yDﬁ(t, w, Z)dZ — (tS)_“]H(?)(aJS)_“]H % e_%(t2+a’2>€£sz,

and
e i5 (L+p)
b

e B2+a?)

@b T(u+1)

00
a2
f Dﬁ(t, w,z)ed? 2 dz =
0

As per [3, 6, 10, 14, 15], we have defined the canonical Hankel wavelet 1, ,, 4 of a function ¢ € Li(I) with
dilation and translation parameters m > 0, n > 0 respectively, as:

Vuma = -Z)m(TﬁQb)(t) = Dm¢A(n/ t) = lzb/r?z(n/ t) )
R O ) oWV L
m e\ 2 lp (m,m)

5 oy, (1) (22 emiz(+y) o n t ia 2
= m 2 21“@21) m2 )( +n )—b ; IP(Z)DI: E’ a,Z esz Zl+2“dz, (8)
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where D,, denotes the canonical dilation operator.
We define the wavelet transformation involving canonical Hankel wavelet as:

W) = [ 0Dt ©)
and the admissibility condition of the canonical Hankel wavelet is given by:
¢y’ = f W (e E ) () Pdw < . (10)
0
The inversion formula for (9), is given as:
f0=— [ [ a0 mn "t an
b2C$’2 o o " 7 n,m,A .

The whole paper consists of four sections. In Section 1, brief introduction about LCHT, wavelet transforma-
tion associated with the particular case of LCHT and Calderén’s formula are given. Section 2 contains the
preliminary results for canonical translation, canonical convolution and canonical Hankel wavelet. Section
3 is devoted to study some properties for canonical Hankel wavelet transformation. In the last section,
Calderén’s formula associated with the canonical Hankel wavelet transformation is obtained.

2. Preliminaries

In this section, we enlisted some basic results:

Lemma 2.1. Let fand g € Lfl(I) and ;—J + % =1,1<p,q<co. Then

: A 1

.. ,t;ﬂ(A)Z 1
) S gy < sl
Proof. Proof is straight forward as [10]. O

Lemma 2.2. If ¢ € L%(I), and y, is canonical dilation of ¢ for m > 0 given by

a1 t
I)bﬁl = migiz‘uezh(njz 1)t2¢(_)’ (12)

then

A _5_2 +ﬂ
gl <m0 .

Proof. Lety € Li (I), and ¢4} is canonical dilation of ¢ for m > 0. Then

t
14’(%) |
Therefore

f [WABPE+HdE < (m™372yp f
0 0

Hence

_5_
WA < m22

P
FH20

)

5_

A T
iullpy, < m H [l -
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Lemma 2.3. For ¢y, ¢ € L? u(D), canonical Hankel transformation of some functions are given as:

DM 5 Yy (w) = ﬁe “HOED e (o 5O ) (mew),

ein(1+y)

(i) e EO0 Py () = e%'*”“mz“"”%/*(e 570 ) (maw),

(i) 4 (ptac” E GV (@) = e BC A B B @) e E T @),

where V24 is given by (12).

3. Normalized wavelet transformation involving canonical Hankel wavelet

(13)

(14)

(15)

As per [12, 16], we define normalized continuous canonical Hankel wavelet as follows:

Definition 3.1. A function i € Li(l) is a normalized continuous canonical Hankel wavelet if ”l’b”sz =1 and it

satisfy the admissibility condition as (10).

If in addition, i € L2, then a normalized continuum canonical Hankel wavelet must also satisfy %AIP(O) =
because %Aw is continuous and %AI/J(O) # 0 would contradict the convergence of the integral (10). By

rescaling the spatial coordinate, we may assume that both ||| 2= 1and Ci’A =1.

The wavelet transformation (9) can be easily expressed in the form of canonical Hankel convolution as

Wi ), m) = be'30(e 50 £ 44y ),

where 17} is defined as (12).
We define

1
2

Non = [ 10w o )

Lemma 3.2. Let i € L -(I) be a normalized continuous canonical Hankel wavelet and f € L

—3-2u

. m 2
@) |W$f(”/ m)| < m”ﬂhﬁ-

(ii) Form >0, n — WAf(n m) is in L3 (1) and the norm N (m) satisfies

fo [N )P = PIfIE,
Proof. (i) From (16)
WA F)(n,m) = be' 30507 £ 4, it )n).

Using Lemma 2.1 and Lemma 2.2, we have

Wo A ml < Dfllellysl

-3 2;;

m
R

=3-2u
m 2

(16)

(17)

(I). Then

(18)
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(if) Let f € L},(I) N Li(I). Then using (16) and (5),

[N (m)P?

[ 1 w2
0
2 ‘fo |%A[e—%(')2f #4 m(w)rwlﬂ#dw

. _dagy2 2 2 AN 2
% fo A 5O )| O ) o

In particular, n — W{; f(n,m) € Ly(I) for every m > 0. Using (14)

) 00 00 N irt(1+p) ; - > 2
f [Nﬁ(m)]de b2 f f |jﬁfq(6_%(,)2f)(w)|2|eﬁez—’z(lﬂnz)wzf%ﬂA(E—ﬁ(.m) ¢)(mw)
0 0 0

X' 2 dewdm

0o ‘ o | A (o= B (m)? 2
¢ [ et pef [ AT g
0 0

m

b f | A e Ao dw
0
PII-

This completes the proof.

Definition 3.3. If f € Li([), then the partial inverse transformation of f is defined as

SAF(x) = f ( fo ) Wj;f(n,m)lpn,m,A(x)nm#dn)dm, fore > 0.

Theorem 3.4. The partial inverse transformation of f € Lfl(l) can be expressed as

SAf() = b3 | (WA F(n, mytg e 5O G2 Dyt ()dm.

m>e

Proof. From (8), we have
A 142
j()‘ W¢f(n/ m)lpn,m,A(x)n Hdn

_5_ (A e A n x a2
=m2 2"[) 3Gz D +”)—b i lp(z)D’;‘ P ez dz W‘lzf(n,m)n“Z”dn

5 ® (1 )2 T [ —u u
S e WA T I I e

—iZ(+y) o . ; o (1
x(e 5 f ezl”(“zz*"g)(zé)-wu(%)Z“z“e‘ﬁ*wz)dZ)E‘%gdé)e_M(;+§)"l+zyd”
0

00 —H 2

_ -2 —12 L pA (Y2 —e2 pqqou X X o\ in(lep ,—2 5

=m 27 4H e~ Y e e 26 H — —&)e W™ 2 5,2
fo o ( (&) & (mé Jul o e

% %A(e—%()z W‘;ﬁf(" m))(%) de.

2740

(19)

(20)
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Now setting % = w and using (13), (15), we get

* A 1+2
[ Wasonmpm a2

id 2

= 3 2 H) j; b AN e FO ) (maw)e M (mew) 2 (xw) H]y( ;‘) )e #@
x A (e 50" w$ (., m)(w)dw
— pin(1+p) fooe £ (a2 +dew? )%A( (5 1)¢,1;11#A WAf( m))(@)(xw)™ ”]u( ) 142 4.,
0
= be' TEOWA F(n, mytg e 0 Ga Dyt ().
Thus we have
SEF@) = b [ (W fn, myty & B Gy a)dm

O

Theorem 3.5. Let ¢ € Li () be a normalized continuous wavelet, € > 0, f € Lf, (I) and x € I. Then S2f(x) has a
pointwise bound

bllfll

A
ISe f(0) < m €

where C. = (j;n 1 dm)%.

>€ m3+2y

Proof. From (19) and (20), we get

L>€(j;“ Wﬁf(n,m)gbn’m,A(x)nnzydn im

pei 300 f (Wi, mtg 5O Gz Dy ydm.
m>e

S f(x)

By using Lemma 2.1, we have

a2 1 a2
W £, myta e 3OG2 Dyl < |— W f£(n, m)llgz (e 5062 D#’fl)llq
Now using (17) and (18)
stfeol < [ Iwsonm o
x)| < n,m;z —=————
‘ moe t (Zb)*‘r(#+ "
1

R . o
T @b T(u+ 1) m>€[Np(m)]m Hdm

(Zb)PI}W( [Nﬁ(m)]2dm) (f (m—i—u)zdm)

Blifll2 1\
dm
<2b>ur<u+1>(fm>e 2 )
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bl
@) T(u+1)
1
where foreache > 0, C, = ( fm e ﬁdm)2 is convergent for y > —1. O

4. Calderén’s reproducing formula

In this section, we obtain Calderén’s reproducing formula by using the properties of canonical Hankel
transformation and canonical Hankel convolution.

Theorem 4.1. Let ), ¢ € Li (1) be a basic linear canonical Hankel wavelets which satisfies the following admissibility
condition

=1

oA [N ET Y @A e P D) ()]
ct” = dw
0

Vo w

Then, the following Calderdn’s reproducing identity holds,

R B (e S T C T e O
0
Proof. From (11), we have

1
b2C

£) = Mfo fo (W £)0, 1) (et i

v,
Using (16) and (7), we have

ets (+u)

o = S [ [ @ om0 ' i i

els (1+u)

- T f f B e HO" F( YA YA )P, HeF T n Hidn dm.
0 0

Using (6), we get the required result as

£ =00 [ (@87 O FOa A )0

Remark 4.2. If ¢ = ¢, then for

@

f = (e 5 P)(@)P
dw
0

The Calderén’s reproducing identity is given as

i) = emtw fo (€57 €50 F(yta P (D) vih) (B,



A. Prasad, T. Kumar / Filomat 32:8 (2018), 2735-2743 2743

References

(1]
[2]
[3]
[4]
(5]

[6]
(71

(8]
[9]
[10]
[11]

[12]
[13]

[14]
[15]
[16]
[17]

[18]

A. Bultheel, H. Martinez-Sulbaran, Recent developments in the theory of the fractional Fourier and linear canonical transforms,
Bull. Belg. Math. Soc. Simon Stevin, 13(5)(2007), 971-1005.

A. P. Calderén, Intermediate spaces and interpolation, the complex method, Studia Math., 24(1964), 113-190.

C. K. Chui, An introduction to wavelets, Academic Press, London, 1992.

S.A. Collins Jr., Lens-system diffraction integral written in terms of matrix optics, J. Opt. Soc. Am., 60(1970), 1168-1177.

I. Daubechies, Ten lectures on wavelets, CBMS-NSF regional conference series in applied mathematics, Vol. 61, SIAM, Philadel-
phia, 1992.

L. Debnath, F. A. Shah, Wavelet transforms and their applications, Birkhauser, Boston, 2015.

M. Frazier, B. Jawerth, G. Weiss, Littlewood-Paley theory and the study of function spaces, CBMS regional conference series in
mathematics, Vol. 79, American Mathematical Society, Rhode Island, 1991.

T. Kumar, A. Prasad, Convolution with the linear canonical Hankel transformation, Bol. Soc. Mat. Mex., (2017), DOL
10.1007/s40590-017-0187-1.

M. Moshinsky, C. Quesne, Oscillator systems, Proc. 15th Solvay Conf. on Physics, 1974.

R. S. Pathak, M. M. Dixit, Continuous and discrete Bessel wavelet transforms, J. Comput. Appl. Math., 160(1-2)(2003), 241-250.
R. S. Pathak, G. Pandey, Calderén’s reproducing formula for Hankel convolution, Int. J. Math. Math. Sci., 2006(2006), Art. ID.
24217 (7 pages).

M. A. Pinsky, Integrability of the continuum wavelet kernel, Proc. Amer. Math. Soc., 132(6)(2003), 1729-1737.

A.Prasad, T. Kumar, A pair of linear canonical Hankel transformations and associated pseudo-differential operators, Appl. Anal.,
(2017), DOI: 10.1080/00036811.2017.1387249.

A. Prasad, K. L. Mahato, The fractional Hankel wavelet transformation, Asian-European J. Math., 8(2)(2015), Art. ID. 1550030 (11
pages).

A. Prasad, P. K. Maurya, The wavelet transformation involving the fractional powers of Hankel-type integral transformation,
Afrika Matematika, 28(1)(2017), 189-198.

S. K. Upadhyay, R. Singh, Integrability of the continuum Bessel wavelet kernel, Int. J. Wavelets Multiresolut. Inf. Process.,
13(05)(2015), Art. ID. 1550032 (13 pages).

S. K. Upadhyay, A. Tripathi, Calderon’s reproducing formula for Watson wavelet transform, Indian J. Pure Appl. Math.,
46(3)(2015), 269-277.

K.B. Wolf, Canonical transforms. II. Complex radial transforms, J. Math. Phys., 15(12)(1974), 2102-2111.



