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Determination of a Jump by Conjugate Fourier-Jacobi Series

Samra Sadikovié?

Department of Mathematics, Faculty of Natural Sciences and Mathematics, University of Tuzla, Univerzitetska 4, 75000 Tuzla, Bosnia and
Herzegovina

Abstract. We prove the equiconvergence related to conjugate Fourier-Jacobi series and differentiated
Fourier-Jacobi series for functions of harmonic bounded variation. A jump of a such function is determined
by the partial sums of its conjugate Fourier-Jacobi series.

1. Introduction and Preliminaries

”Conjugacy” is an important concept in classical Fourier analysis which connects the study of the funda-
mental properties of harmonic functions to that of analytic functions [16]. Conjugate Fourier-Jacobi series
was introduced by B. Muckenhoupt and E. M. Stein [11] when « = §, and by Zh.-K. Li [9] for general o and

Let Pff"ﬁ)(x) be the Jacobi polynomial of degree n and order (a, ), @, p > —1, normalized so that Pgl’ﬁ )(1) =
("7"). These polynomials are orthogonal on the interval (=1,1) with respect to the measure dy,g(x) =
(1 —x)%(1 + x)Pdx.

()
Define Rﬁ,a'ﬁ)(x) = iz'@g;' and denote by L,(a,B),(1 < p < o) the space of functions f(x) for which

fllptapy = [ |FCOPdua(x)7 s finite.

For functions f € Li(a, ), its Fourier-Jacobi expansion is

f) ~ i fomewy PRI ), (1)
n=0

where
. 1
fon) = f FOR™ ()dpap(y)
-1

are the Fourier coefficients and

1
w;arﬁ) — {f [R;a'ﬁ)(y)]zd,ua,ﬁ(y)}_l ~ n2a+1'
-1
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An alternative way is to define Fourier-Jacobi expansion of a function f on (0, ) by (2).
£O)~ Y fma PR (cos0), 2)
n=0

where

fln) = fo F@REP (cosp)dpia (),

AP = [ IR cosg)Peaa ) ~ 1, ®
0
and correspondingly di,(0) = 2¢F+1sin22+18 cos%+12 0.
To the Fourier-Jacobi series of the form (2), its conjugate series is defined by

1 v » .
- Z nf (o PRED (cos6)sinG, (4)
n=1

fO)~ >

(see [11]). If we start with (1), and x = cos0, this would correspond to

- -1 = . il
) ~ 5 Y nfal PRV VT ©)
n=1

Denote by S,(f("g )( f,x) the n—th partial sum of (1), and by 52‘1’5 )( f,x) the n—th partial sum of (5). If

1 _1_1
a=B= ~5 the corresponding Fourier-Jacobi series becomes Fourier-Tchebycheff series, so by qu > 2)( f,x)

we denote the n-th partial sum of the Fourier-Tchebycheff series of f (see [4]).

This paper consists of three main parts. In the first part we give a review of results about the determi-
nation of a jump of functions of generalized bounded variation by their Fourier series. Determination of a
jump through generalized Fourier-Jacobi series is presented in the second part, where we also give a proof
of the corresponding (C, a) summability result for the Wiener’s classes V), from the review paper [12] (by
the author of this work Samra Sadikovi¢ - former surname Piri¢ and the coauthor Z. Sabanac). In the third
part we prove the equiconvergence theorem related to conjugate Fourier-Jacobi series and the differentiated
Fourier-Jacobi series and obtain a new way for determination of a jump by conjugate Fourier-Jacobi series.

2. Determination of a jump trough Fourier series

The problem of determination of jump discontinuities in piecewise smooth functions from their spectral
data is relevant in signal processing [6]. Locating the discontinuities of a function by means of its truncated
Fourier series, arises naturally from an attempt to overcome the Gibbs phenomenon, the poor approxima-
tive properties of the Fourier partial sums of a discontinuous function (i.e. the finite sum approximation of
the discontinuous function overshoots the function itself, at a discontinuity by about 18 percent).

If a function f is integrable on [—7t, 7t], then it has a Fourier series with respect to the trigonometric

system {1, cos nx, sinnx}> |, and we denote the n-th partial sum of the Fourier series of f by S,(x, f), i.e.

5,06, = 20

+ Z(uk( F)cos kx + by(f)sin kx), (6)
k=1
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where ai(f) = % fnf(t)cos kt dt and bi(f) = % fnf(t)sin kt dt

are the k—th Fourier coefficients of the function f.
By S,(x, f) we denote the n—th partial sum of the conjugate series, i.e.,

n

Sa(x, f) = Z(ak(f)sin kx — br(f)cos kx).

k=1

The identity determining the jumps of a function of bounded variation by means of its differentiated Fourier
partial sums has been known for a long time. Let f(x) be a function of bounded variation with period 27,
and S, (x, f) be the partial sum of order n of its Fourier series. By the classical theorem of Fejér [16] the identity

S.(xf) 1

WD) L iper o) fie-op @
holds at any pomt x. To characterize continous periodic functions of BV in terms of their Fourier coefficients,
Wiener [15] has introduced a concept of higher variation. A function f is said to be of bounded p-variation,
p = 1, on the segment [4, b] and to belong to the class V,[a, b] if

lim

n—o0

p(f)_ls_}lp Zlf(xz) finl} < oo

where I, = {a = xp < x1 < ... < x, = b} is an arbitrary partition of the segment [a, b]. Vgp( f) is the
p-variation of f on [a, b].
B. I. Golubov [7] has shown that identity (7) is valid for classes V), (1 < p < ), i.e. for r € Ny

e S.EIZHD(X,f) (
i 2l (2r+ 1) 1

(f(x+0) = f(x = 0)).

Problems of everywhere convergence of Fourier series for every change of variable have led D. Waterman
[14] to another type of generalization.

1
Let A = {A,} be a nondecreasing sequence of positive numbers such that Z T diverges and {I,} be a
sequence of nonoverlapping segments I, = [a,,, b,] C [4, b]. A function f is said to be ré)f A-bounded variation
by,
onl=[ablie feABVi fzw

called the A-variation of f on I. In the case A = {n}, one speaks of harmonic bounded variation (HBV).

< oo for every choice of {I,}. The supremum of these sums is

The class HBV contains all Wiener classes. M. Avdispahi¢ has shown in [3] that equation (7) holds for
any function f € HBV and that HBV is the limiting case for validity of the identity (7) in the scale of ABV
spaces.

The third interesting generalization of the Jordan variation was given by Z. A. Chanturiya [5]. The
modulus of variation of a bounded 27 periodic function f is the function v with domain the positive
integers, given by

vs(n) = sup Y 1f(b) — flaw)),

I %=1
where I, = {[ax, bx]; k = 1, ..., n} is an arbitrary partition of [0, 27t] into n nonoverlapping segments.
By [1], there exist the following inclusion relations between Wiener’s, Waterman’s and Chanturiya’s classes:

nBV VL cVn'lc (nP)BV,
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forO<a<p<l

Clearly, Fejér’s identity (7) is a statement about Cesaro summability of the sequence {kbycoskx —
kapsinkx}, ar = a(f) and by = br(f) being the k-th cosine and sine coefficient, respectively. As it is

well-known, a sequence s, is Cesaro or (C,1) summable to s if the sequence o, of its arithmetical means

. So+S1+...+5,
converges to s, i.e. o, = o T sn—
n

Analogously, the sequence s, is (C, &), @ > —1, summable to s if the sequence

o (n+a) Z (n -k+a- 1)Sk, -

converges to s.

Looking at Fejer’s theorem in this way, several mathematicians have extended it to more general summa-
bility methods. We note two results [2] which represent the extension to (C, &) summability, a > 0:

Theorem(A). If f € V,, p > 1 the sequence {kbi cos kx — kay sin kx} is (C, &) summable to
%(f(x +0) - f(x-0)) foranya > 1 — % and every x.

Corollary(B). If f € V[nf] ({nP}BV) for some 0 < B < 1, then the sequence {kby cos kx — kay sin kx} is summable to
%( f(x+0) — f(x = 0)) by any Cesaro method of order o > .

Theorem (A) and Corollary (B), are in some sense the most natural generalization of Fejér’s theorem. Indi-
cating the relationship between the order of Cesaro summability of the sequence {kby(f) cos kx —kax(f) sin kx}
and the “order of variation” of a function f, they complete the earlier picture whose elements were:

1) (C, ) summability for a > 0 and the class BV;

2) (C, @) summability for @ > 1 and whole class of regulated functions W( i.e. functions possessing the
one-sided limits at each point), which is the union of all ABV spaces;

3) (C, 1) summability for the class HBV.

As an application of Theorem (A) we point to the next result [2].

Corollary(C). If f € V,, p > 1, then the conjugate series S(f; x) is (C, a), o > —%, summable to

T fa+t) - flx—b)

; dt;
71 e—)O Ztgi

fl)=

whenever this limit exists.
The following theorem was proved by Ferenc Lukacs [10]. This well-known result determines the
generalized jumps of a periodic, Lebesgue integrable function f in terms of the partial sum of the conjugate

series to the Fourier series of f.

Theorem(D). Let f € L1(T) and x € T, where T := [, 7t). If there exist a number d,(f) such that

h
Tim = [ 1L+ ) - fox= 0] - d(ide =0, ©)
—0+ 0
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then

fim 22079 _ ——a(f. (10)

n—00 logn

By “log” we mean the natural logarithm.
It is clear that if the finite limit

d(f) = Bm G+ ) = f(x = b)]

exists, then condition (9) is also satisfied with the same d,(f). In particular, if a periodic function f is of
bounded variation over [, 7], then (10) is satisfied at every point x € T with

du(f) = fx+0) - f(x = 0).

3. Cesaro summability and determination of a jump through generalized Fourier-Jacobi series
We say that a function w is a generalized Jacobi weight and write w € GJ, if
w(t) = k(L = (L + 1P|t — 21t — 2™,
heC[-1,1], h(t) > 0(t| < 1), wh;t;[-1,1)t " € L[0,1],
-l<x<..<xm<1, a,B,61,..,0m > -1

By o(w) = (P,(w; x)),., we denote the system of algebraic polynomials P,(w; x) = y(w)x"+ lower degree
terms with positive leading coefficients y,(w), which are orthonormal on [-1, 1] with respect to the weight
weGJ,ie.,

1
f Py(w; t)Py(w; tyw(t)dt = Opypy-
-1

Such polynomials are called the generalized Jacobi polynomials.
If fw € L[-1,1], w € GJ, then the n-th partial sum of the Fourier series of f with respect to the system o(w)

n—1 1 1
is given by S,(w; f;x) = Z ar(w; f)Pr(w; x) = f FOKy(w; x; yw(t)dt, where ar(w; f) = f FO)Pr(w; Hyw(t)dt
k=0 -1 -1
is the k-th Fourier coefficient of the function f and
n—1
Ky(w; ;) = ) Pi(w; 9)Pi(w; 1)
k=0

is the Dirichlet kernel of the system o(w).
For a given weight w € GJ it is assumed that xy = -1 and xp;+1 = 1. In addition,

A;e) =[x, + & x41 — €]

for a fixed ¢ € (0, ), v=1,2,..,M.

When h(t) =1, |{| < 1,and M = 0 (i.e. a weight does not have singularities strictly inside of the segment
(-1,1)), w € GJ is called a Jacobi weight, and in this case we use the commonly accepted notation "(a, )"

instead of “w” throughout. For example, we write S,(f"’g )( f,x) instead of S,(w; f;x), and so on.

The following theorem establishes an identity which determines the jumps of a bounded function by
means of its differentiated partial sums of generalized Fourier-Jacobi series [8].
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Theorem(E). Let r € Ny, w € GJ, and suppose ABV is the class of functions of A-bounded variation
determined by the sequence A = (A);2 ;. Then the identity
Sulw; fx0) (1A -
lim ) = (f(x+0) - f(x—0)) (11)

n—oco Q2r+1)m

is valid for every f € ABV and each fixed x € (-1,1), x # x1, ..., xp, if ABV € HBV. If, in addition, the
weight w € GJ satisfies the following conditions:

1 1
az-3, pz-3, 61 20,..,0m >0, wh;Ht 1 Int e L1([0,1]), (12)

then condition ABV C HBV is necessary for the validity of identity (11) for every f € ABV and each fixed
xe(-1,1), x#x1,...,.xp as well.

In [12], we established the corresponding (C, @) summability result for the Wiener’s classes V), in the
case of Fourier-Jacobi series.

Theorem(F). Let f be a function of bounded p-variation, i.e. f € V,, p > 1, such that
1
fw € LY([-1,1]),w € GJ. Then the sequence (a,(w; f)P,(w; x)) is (C,a), a > 1 — ;; summable to

1-x2)3
ﬁ(f(x +0) — f(x—0)) for every x € (-1,1), x # xy,..., xp, where a,(w; f)P,(w; x) is the n-th term of

the differentiated Fourier-Jacobi series of f.

Proof. We use the uniform equiconvergence of Fourier-Tchebycheff series and Fourier series with re-
spect to the system of generalized Jacobi polynomials for an arbitrary function f € HBV and a fixed
e€(0,™5>), v=0,1,2,...,M,

1S(a: £3) = > (f, lctasn = o1, (13)
proved by G. Kvernadze [8, (63)]. By the triangle inequality we get

lan(e0; £)Pu(e; ) = a2 (PP @)llerapssy = o). (14)
11 _1_1y 1
So, it is enough to show that the sequence (a,& > 2)( f)Pf1 272) (x)), f € V,is (C,a) summable, a > 1 - ;;,
(-

to T(f(x +0) — f(x = 0)) for each fixed x € (-1,1), x # xq,..., Xm.

From an obvious identity [13]

STE(f,) = 549, 0),
where x = cos 6, one has

a;_%’_%)(f)Pfq_%’_%)(x) = a,(g) cos n6 + by,(g) sinno. (15)
Differentiating the identity (15) we obtain
a7 (AP () = —(1 = x2)~H (nbu(g) cos 16 — nay(g) sin n6).
By Theorem (A) and taking into account that f(x+) = g(6F), 0 € [0, t], we derive (C, a) summability of
11 _1_1y 1
the sequence (@ 2 %)(f)P,g 2 (), a>1- ,

Finally, the result follows from the equiconvergence formula (14). O
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Consesequently, the corresponding (C, @) summability result holds for the Waterman'’s classes {nf}BV
and the Chanturiya’s classes V[nf]ifa > 8,0 < < 1.

Corollary(G). If f belongs to {nf}BV or V[nf], 0 < B < 1, then the claim of Theorem (F) is valid for (C, a),
a>p.
Using the equiconvergence formula [8, (63)] i.e.
1S4 (a0; £3%) = S P (F, letan = o(D),
for every fixed ¢ € (0, (xy+1 —x,)/2),v = 0,1,..., M, G. Kvernadze in [8] obtained an identity determining the
jumps of a piecewise continuous function of bounded harmonic variation by means of its Fourier-Jacobi

partial sums. In particular,

Theorem(H). Let r € Ny, @ > -1, > —1, and f € HBV. Then the identity

o (S;arﬁ)(f, x))27+1 _ (_1)7(1 _ xZ)—r—%
n—c0 n2r+t 2r+n

(f(x+0) = f(x-0))

is valid for each fixed x € (-1, 1).

4. Main results
Theorem 4.1. Let o > -1, > =1, and f € HBV. IfSﬁ,a’ﬁ)(f, x) denotes the n-th partial sum of the Fourier-Jacobi

series and §f1“’ﬁ ( f, x) denotes the n-th partial sum of conjugate Fourier-Jacobi series, then for -1 <x <1,

siP(f0)  ged
i [S7ER) S0P )

[t n logn Vi-a2

Proof. Differentiating the expression for the n-th partial sum

SO0 = Y ARl PR )

k=0

and using [13, 4.21.7.] i.e.
d «, 1 a+1,
- [P = Statpt PP (),

we get [S"(f,2)] = Ti, fR)w] wp 2 R )
(Dtﬂ)
() _

S T Y M)

= Yio fw, p 2 (PW(»

aﬁ)
Py ()
a+1,6+1)
aﬁ)(k+a+ﬁ+1)P( 1ﬁl(x)_

(a+1 p+1) ( )

(@)
zk ok +a+ B+ 1) f(Rwy W
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As P,(f:l’ﬁﬂ)(l) = ( it T ), we have

k+a
Py k-1 )k
(@.p) T o (k+a) a+1
p 1
(1) J
(a+1,+1) 1)
(@.p) k-1
So Pk“ﬁ (1) = — % and we get
a+1
(a+1,6+1) (a+1,+1)
P () _ P00 k RO+LA+D

(@,p) T @A) 0y o+ 1 k—
P (1) P, 1)
Now, we have

(@p) k-(kta+p+1) o (@p (a+lﬁ+l)
[sw (s, x >]—Z s [ R,

According to (4)

(0‘/3)(]: x) = Zk f(k)waﬁ) (11"'1.3"'1)( )‘,1 2=

1 y 1 £ a,i alr 1
= a3 L trar et pr Dk e R @ V-2
k=1

+p+1

Using Abel’s summation formula we get

8P (f, %) 1 5@h)
TVile n+a+ﬁ+1[ (F] +

n—-1 1 .
* ;;h+a+ﬁ+1 k+a+ﬁ+J[(wqxﬂ

= e el

n+a+ﬁ+1

1 a,
Z(k+a+ﬁ+1)(k+a+ﬁ+2)[ ﬁ)(fx)]

So, we have

_§](10¢,/3)(f, X) _ 1 [S(aﬁ f, X)]

V1 — 22 n+a+pf+1
nzll 1 (Sl((a,ﬂ)(f’ x)) i .
kﬂk+a+ﬁ+2k+a+ﬁ+1 nVl—x2

V1 — x22:k+a+ﬁ+2

2752

(16)
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where d = f(x + 0) — f(x — 0), as from Theorem (H) for » = 0 we have
(8P ) d
lim = . (17)
e n V1 —x2
Dividing (16) by log n (by "log” we mean the natural logarithm) we get
g("‘/ﬁ) 7 (49 4
I V2 B 1 [50P(f, )] +
logn\/l—xz lognn+a+p+1
_ (ap) !
1 ”21‘ 1 (sP(f, %) 4 |,
logn = k+a+f+2k+a+p+1 g1y
1 d i 1
logn 1T =32 & k+a+p+2
d
Now, subtracting ——— from both sides of the last equality, we have
8 N quality,
B e (f, %) B d__ 1 1 [S(a,ﬁ)( f x)]’ N
logn V1 -2 aVi—x2 lognn+a+p+1L17"
1 i 1 (s7¢=) e |,
logn — k+a+B+2 k+a+p+1 1-2
1 n-1
+ a Z ! -1].
nV1—x2|logn &= k+a+p+2
n-1 1
Letting n — oo, having in mind (17) and kZ:; 1 logn, we get
3@p) ;
fim [~ S0 d ]:o. (18)
ol lognVl-x2  wVl-x2

Finally, adding (17) and (18) proves the result. [

Corollary 4.2. Let o > =1, > =1 and f € HBV. Then the identity

o SV fl+0) = fe-0)
n—co  logn T

is valid for each fixed x € (-1, 1).
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