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Abstract. We propose the relaxation of Gevrey regularity condition by using sequences which depend on
two parameters, and define spaces of ultradifferentiable functions which contain Gevrey classes. Itis shown
that such a space is closed under superposition, and therefore inverse closed as well. Furthermore, we
study partial differential operators whose coefficients are less regular then Gevrey-type ultradifferentiable
functions. To that aim we introduce appropriate wave front sets and prove a theorem on propagation of
singularities. This extends related known results in the sense that assumptions on the regularity of the
coefficients are weakened.

1. Introduction

Gevrey classes serve as an important reservoir of functions related to different aspects of general theory of
linear partial differential operators such as hypoellipticity, local solvability and propagation of singularities,
since they describe regularities stronger than smoothness and weaker than analyticity [1,7, 14]. For example,
the Cauchy problem for weakly hyperbolic linear partial differential equations (PDEs) is well-posed for
certain values of the Gevrey index ¢, while it is ill-posed in the class of analytic functions, cf. [3, 21] and the
references given there.

Since the union of Gevrey classes is strictly contained in the class of smooth functions, it is of interest
to study intermediate spaces of smooth functions by introducing appropriate regularity conditions. This is
done in [18] by replacing Gevrey sequences {p!'},en, t > 1 with two-parameter dependent sequences of the
form M;” = p™",p € N, 7 >0, 0 > 1. The corresponding spaces of ultradifferentiable functions denoted by
&E15(U) extend Gevrey regularity, see Section 2 for the definition, and [18, 24, 25] for the main properties.

The spaces &, ,(U) can be used e.g. in situations when hypoellipticity of a PDE is better than C* but
worse than Gevrey hypoellipticity. In particular, the space &2 (U) is recently explicitly used in the study
of strictly hyperbolic equations to capture the regularity of the coefficients in the space variable (with low
regularity in time), which ensures that the corresponding Cauchy problem is well posed in appropriate
solution spaces. We refer to [4] for details.
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In this paper we give a further insight to the extended Gevrey regularity by proving superposition
theorem for &;;(U), Theorem 2.2, which immediately implies the inverse closedness property. In contrast
to the proof of inverse closedness of Carleman classes based on almost increasing property of defining
sequences (see [9, 22, 23]), here use a modified Faa di Bruno property of the sequence M;”, see Lemma
2.3. The proof of Theorem 2.2 holds even if 0 = 1 and 7 > 1, so that we recover the well known result of
superposition in Gevrey classes.

Then we proceed with microlocal analysis related to the extended Gevrey regularity by introducing
appropriate wave-front sets WE_;(1), u € ©’(U). In particular, in Theorem 3.1 we show that one can use a
single cut-off function for the definition of WF (1), u € O’(U), instead of admissible sequences of cut-off
functions which were used in [18]. We refer to [18] for a discussion on different types of wave-front sets
adjusted to the problem under consideration. For example, in time-frequency analysis it is convenient to
use wave front sets related to modulation spaces, see [15, 16] and the references given there.

Finally, we prove the propagation of singularities in the case when the coefficients a,(x) of the partial
differential operator P(x, D) = Y. < 2a(X)D belong to & ,(U), see Theorem 4.1. We recall that analytic
coefficients were treated in [6, Theorem 8.6.1], while [18, Theorem 1.1] treats constant coefficients. It turns
out that an additional information is needed in the study of operators with variable coefficients, since it is
not possible to use the commutativity properties which hold true when the coefficients are constants. To
overcome these difficulties in the proof of Theorem 4.1 we use the inverse closedness property, investigation
of summands in generalized Faa-di Bruno’s formula, and explicit construction of approximate solutions,
cf. Subsection 4.1.

We summarize the paper as follows. In Section 2 we discuss regularity conditions related to the sequences
of the form M},’" = p”"“, T>0,0>1,peN(c [17, 18]), and introduce the spaces of ultradifferentiable
functions &E;,(U). We prove the superposition theorem and inverse closedness in &;,(U) which will be
used in Section 4. In Section 3 we introduce wave front sets WE_ (1), u € 2’(U), in the context of extended
Gevrey regularity and explain enumeration, an important technical tool in our analysis. The main result
there is Theorem 3.1 which gives a convenient equivalent definition of the wave front set WF, ;(u). Finally,
in Section 4 we prove the propagation of singularities, Theorem 4.1. The proof is given in details since it
contains new nontrivial observations and facts in comparison with the proof of [18, Theorem 1.1].

1.1. Notation

Throughout the paper the notation is standard. For example, N,Z., R, denote the sets of nonnegative
integers, positive integers, and positive real numbers, respectively, and Lebesgue spaces over an open set
Q c R%are denoted by LF(Q), 1 < p < co. For x € R we put (x) = (1+|x?)/2. The integer parts (the floor and
the ceiling functions) of x € R, are denoted by | x| := max{m € N : m < x} and [x] :== min{m € N : m > x}.
For a multi-index a = (a3, . .., ay) € N? we write 9% = 9% ...9%, D% = (—i)™9%, and |a| = || + . . . |aval. Open
ball of radius r > 0 centered at xy € R? is denoted by B,(xp), and card A denotes the cardinal number of A.
The closure of the open set U in R is denoted by U. The Fourier transform of u € L'(R?) is normalized as

Frset(x) = TE) = f

u(x)e 2 gy = f u(x)e 7 dx, &eRY,
RY RY

and the convolution of f, g € LY(R?) is given by f*g(x) = fRd f(x—1)g9(y)dy. Both transforms can be extended
in different ways.

We denote by C*(K) the set of smooth functions on a regular compact set K, and D(U) and &(U) denote
test function spaces for the space of Schwartz distributions 9’ (U), and for the space of compactly supported
distributions &' (U), respectively.

We will use the Stirling formula: N! = NNe™N VZRNelngX/, for some 0 < Oy <1, N € Z,, and formulas for
multinomial coefficients:

m
|al __(lal\{lal = a1 lal —ay =+ —am—2\ _ Jal! _ Z lal =1
ar,ay, .. .0y a a A1 aplay! .. .ay! =i\ay, ..., 4 — 1,..a,)

1

where |a|=a; +a + -+ a,, ar € N, k < m.
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2. Classes &;5(U) and their superposition property

In this section we introduce test function spaces denoted by &, ,(U) via defining sequences of the form
M = p™’, p € N, depending on parameters 7 > 0 and ¢ > 1. The flexibility obtained by introducing the
two-parameter dependence enables the study of smooth functions which are less regular than the Gevrey
functions. When 7 > 1 and ¢ = 1, we recapture the Gevrey classes.

The spaces &;4(U) are recently introduced and studied in [17, 18, 24, 25]. Here we recall their basic
properties which are used in the rest of the paper, and collect new results in Subsection 2.1. We employ
Komatsu’s approach [10] to spaces of ultradifferentiable functions. Another widely used approach is that
of Braun, Meise, Taylor, Vogt and their collaborators, see e.g. [2] and the recent contribution [19]. These
two approaches are equivalent in many interesting situations, cf. [12] for more details.

Essential properties of the defining sequences are given in the following lemma. We refer to [17] for the
proof.

Lemma2.1. Let t > 0, 0 > 1and M,” = p", p € Z,, My’ = 1. Then there exists an increasing sequence of
positive numbers C,, q € N, and a constant C > 0 such that:

(M.1) (M) < MM p € Z,

(M2) M2, < O M2 "M, p,g €N,
(M2) My, < C'MY’, p,q €N,
) M’r,()‘ M’I,(T
’ p-1 p-1
PR <
(M.3) ,,Z:f M < 00. Moreover, M = Gpy ,pEN.

Let 7,h > 0, 0 > 1 and K cC R? a regular compact set. By &,,,(K) we denote the Banach space of
functions ¢ € C*(K) such that

190 (0)
6ls.., 0 = sup sup -2

o < 00l (2’1)
aeN? xeK hld MITI;\T

and obviously,
S0 (K) = Sy, (K), 0 <hi <hp, 0< 71 <15, 1 <01 <0,

where < denotes the strict and dense inclusion.

The set of functions from &, ,,,(K) with support contained in K is denoted by DX , . If U is an open set
R? and K cc U then we define families of spaces by introducing the following projective and inductive
limit topologies,

S{T,U](u) = m 11_1’)1’1 ST,O,h(K)/
Kccl h—oo

8(7,0)(u) = lln yﬁla'{,mh(K)/

Kccl h—0
D) (U) = lim Dy ) = lim (limy DT_,),
Kccu Kccl h—oo
D(Tﬂ)(u) = hgl ‘Dﬁ,d) = hi>n (yﬂlz){f,a,h)'
Kccu Kccl h—0

We will use abbreviated notation 7, ¢ for {7, ¢} or (7, o). The spaces E,4(U), Z)Ié[I and D, ,(U) are nuclear, cf.
[17].

If T >1and o = 1, then Ey1y(U) = Ei3(U) is the Gevrey class, and Dy 1(U) = Dy (U) is its subspace of
compactly supported functions in Eyj(U). If 0 < T < 1 then &.1(U) consists of quasianalytic functions. In
particular, D, 1(U) = {0} when 0 < 7 <1, and &y 1j(U) = Epy(U) is the space of analytic functions on U.
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The space &y1,2;(U) appears in [4] in the study of strictly hyperbolic equations to describe the regularity
of coefficients in the space variable (with low regularity in time), which is sufficient to ensure that the
corresponding Cauchy problem is well posed in appropriate solution spaces.

In the following Proposition, we capture the main embedding properties between the above introduced
families.

Proposition 2.1. [18] Let 01 > 1. Then for every o, > 01 and T > 0

h_n} Ero (U) — l&n Er, (U).

T—00 7—0%
Moreover, if 0 < 11 < Ty, then

8{T1,U}(u) — 8(’[2,0)(u) — S[Tz,ﬁl(u)/ o= 1/

and
h_l‘l’)l S{T,Ol(u) = 11_1’1)1 8(’[,0‘)(11)1
y_r(r;g[flg}(ll) = LIES(T,U)(U), o>1.

We conclude that

Exyn (U) = ] Eror () = Exyry (WD),

T>T0
for any 79 > 0 whenever 0, > 01 > 1, and in particular,

lim Ey(U) = Ero(U) = C7(U), T>0,0>1,

t—o0

so that the regularity in & ,(U) can be thought of as an extended Gevrey regularity.
Non-quasianalyticity condition (M.3)" provides the existence of partitions of unity in &, (U) which we
formulate in the next Lemma.

Lemma 2.2. Let T > 0 and o > 1. Then there exists a compactly supported function ¢ € &1 (U) such that
0<p<land [, pdx=1.

A compactly supported Gevrey function from &j(U) belongs to Dy)(U). However, in the proof of
Lemma 2.2 given in [17] we constructed a compactly supported function in Dy, (U) which does not belong
to Dyy(U), for any t > 1.

Note that the additional exponent ¢ which appears in the power of term / in (2.1) makes the definition
of Ep)(U) different from the definition of Carleman class Ct, cf. [6]. This difference is essential for many
calculations. For example, defining sequences for Carleman classes satisfy Komatsu’s condition (M.2)’
known as “stability under differential operators”, while M, do not satisfy (M.2)" for 7 > 0 and ¢ > 1.
However, we have the following “stability properties”.

IfP = Z a,(x)0" is a partial differential operator of order m witha, € E.,(U), thenP : &, ,(U) — E.-(U)
|ar|l<m
is a continuous linear map with respect to the topology of & ,(U). In particular, &;,(U) is closed under
pointwise multiplications and finite order differentiation, see [24, Theorem 2.1]. For operators of “infinite
order” continuity properties are slightly different.
Lett > 0,0 > 1, and leta, € Eq ) (U) (resp. a, € Er6y(U)) where U is an open set in R?. Then

[e9]

P(x,d) = Z ()"

la|=0
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is of class (7, 0) (resp. {t,0}) on U if for every K cC U there exists constant L > 0 such that for any & > 0
there exists A > 0 (resp. for every K cC U there exists 1 > 0 such that for any L > 0 there exists A > 0) such
that,

Ll

B B geBl” =
sup l0"a,(x)| < Ah 1Bl || 727 al’ ’

xeK

a,ﬁeNd.

If t > 1and o = 1, then P(x,9) of class (7,1) (resp. {t,1}) is Komatsu’s ultradifferentiable operator of
class (p!") (resp. {p!"}), see [11].

The following theorem gives the continuity properties of such differential operators on & ,(U), cf. [18,
Theorem 2.1] for the proof.

Theorem 2.1. Let P(x,0) be a differential operator of class (t, o) (resp. {t,0}). Then
P(x,d): Epo(U) — Erpor ,(U)
is a continuous linear mapping, and the same holds for

P(x,9):  lim Eo(U) — lim E,,(L).

T—00 T—00

2.1. Superposition in E;(U)

We prove in this subsection that the classes &;,(U), T > 0, ¢ > 1, are stable under superposition, and
conclude that they are inverse closed. We refer to [5, 8, 19] for related results. We emphasize here that the
inverse-closedness of &;,(U) plays an essential role in the proof our main result, Theorem 4.1.

Recall, an algebra A is inverse-closed in C*(U) if for any ¢ € A for which ¢(x) # 0 on U it follows that
@' € A. Itis proved in [23] that a Carleman class defined by a sequence M, is inverse closed in C*(U) if
there exists C > 0 such that

(—”) < C(—”) , p<g, and limM," =, 2.2)
p! q! peo

where the condition on the left hand side of (2.2) is equivalent to the statement that (M, / p!)/? is an almost
increasing sequence, cf. [9, 22, 23].
By the Stirling formula (M, /p!)!/? is an almost increasing sequence if and only if

M;/P M;/‘i
T < CT, p<q.

For example, Gevrey classes E7j(U), T > 1 are inverse-closed algebras.

MT,U 1 /p

Since (P_Z> pT”H‘l when M,/” = p#,7>0,0>1,and

pr T <q T, )M <p <y,

T,0

1/p . .
we conclude that (p—’;) is an almost increasing sequence and for any choice of indices k;,i = 1,..., j,and

k= Zle k;, we have

MTTU MY ki/k j MTTJ M
k—ﬁ‘ < Ck (k—’;) , so that H — < C"k—’j. 2.3)
! ! .| !
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In other words

Hka’ <ok Jk“‘” k= Zj‘kl

i=1

We will use Faé di Bruno formula as presented in [13]. Let us first fix the notation. A multiindex a € N*
is said to be decomposed into parts p1,...,ps € N? with multiplicities my, ..., ms € N, respectively, if

a=mpy +mpy + - +mgps, s<|al, (2.4)

where m; € {0,1,...,|al}, Ipil € {1,...,lal},i=1,...,s

If pi = (i, .-, pi,), 1 €1{1,...,8}, we put p; < p; when i < j, that is when there exists k € {1,...,d} such
thatp; =pj,l€{l,...,k-1},and p; < pj. Withm =m; +--- + ms we denote the total multiplicity and note
that m < |a|. Therefore any decomposition of a can be identified with the triple (s, p, m), and the set of all
decompositions of the form (2.4) is denoted by 7.

Let f: U — Cand g: V — U be smooth functions, where U, V are open in R and RY, respectively. The
generalized Faa di Bruno formula is given by

F(fan=al ), f" g)Hm, — )" (25)

(s,p,m)emn

A sequence M,, p € N of positive numbers satisfies the Fad di Bruno property if there exist a constant
C > O such that for every j € Z, and k; € Z, we have

j .
) Y ki )
M; | |Mk,. < CHim MZle,-‘
i=1

(2.6)
By [19, Lemma 2.2] if M, satisfies (M.2)" and if M,l,/ "is an almost increasing sequence, then M, satisfies

the Faa di Bruno property. Since M’ = p?’, T > 0,0 > 1, does not satisfy (M.2)’ we first prove a modified
version of the Faa di Bruno property.

Lemma 2.3. Let T > 0, 0 > 1 and let M,° = p™#, p € N. Then there exist a constant C > 0 such that for every
je€ZandkieZ,,i=1,...,j wehave

] g
] ki ko "k
[ =5 @7)

where Zle ki =k.

Proof. We follow the ideas from the proof of [19, Theorem 4.11.].
The assertion is trivial when j = k since then k; = 1 for all 1 < i < j and therefore

5
MT‘ j MTU MT(T MTO’ k M’I,O

H _k' 1!):15'

i=1

When j <k, weputl={i|1<i<j k>2}and ki =k —1,i € I. Note that

k= Zj:k, Zk+ Z ki=Zk,f+j—cardI=ZI€i+j, 2.8)

i=1 i€l igl, 1<i<j i€l i€l
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MY . , o
and since (?) is almost increasing, then (2.3) implies that

MY M©Y° M™
] ki kK k
i I1 oo <O 2.9)

i€l L

Moreover, from (M.2) and k; = k; + 1, i € I, we obtain

M M
b 2.10
' (2.10)

for some constant C; > 0.
By combining (2.8), (2.9) and (2.10) we obtain

T,0 g T,0 g T,0 T,0
M] / M;:U MI’J j—cardIM]' M;,o M] CkiﬂM;g.
1 << ) 1 < i 1
i 1= ! i || 1=l || 1,
[ k;! 1! [ k;! Y !
T,0 T,0
(kf.JM ; ‘ M
) ] i ko k
<C - — < G, ’
J! iel ki! k!

for some constant C, > 0 and the Lemma is proved. [

The main result of this section reads as follows.

Theorem 2.2. Let © > 0, 0 > 1, and let U and V be open sets in R and RY, respectively. If f € E.,(U) and
g € Ero(V)issuchthat g: V — U, then foge Ex(V).

Proof. Forsimplicity, we show thatif f € Ei;4)(U) and g € Ej151(V)issuchthatg: V — U, then fog € Eir5y(V).
We leave the (so-called Beurling) case f € E;4)(U) and g € E 1) (V) to the reader.

Let K cC V and h > 0 be fixed so that g € &E;,,(K). Put I = {g(x), x € K} and note that I is a compact set,
I cc U. Therefore f € &y, (I) for some hy > 0. By the Fad di Bruno formula (2.5), for any x € K we have
the following estimate

" . T 11
19°(f © ()| < lal! ) F,Zm) TARICE)] H ot (511979

S

1 o o m! m™
< Al |a|!§ (e | |hmklﬂk')
mq!...mg! m!

1

S

(e

) @1

k=1

S S
for some A > 0, and the second sum being taken over all decompositions |a| = Z my|pk| where m = Z M,
k=1 k=1
me €{0,1,...lal}, Ipel €1{1,...,lal}, k=1,...,sand s < |al.
By Lemma 2.3 we have

o S

T lpkl® Tlal?
(B < e (2.12)

m! 1 pil! la|!

Moreover,

S S
-1
m?+ Y midpel” < lal” + 12" Y midpel = 2lal®
k=1 k=1
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wherefrom

S
h;na H hmk‘l’k‘ﬂ < Clm“#-Z}(:l mk‘ka < Ci\ﬂd‘j/ (213)
k=1

where C; = max{h, h1}. From (2.12), (2.13) and (2.11) we conclude that there is a constant C; > 0 such that

o m!

!

It remains to estimate Z - Without loss of generality we may assume that s = |a| (for s < |a

1 1
1-...Mg.
we may put my = 0, for s < k < |a|). Since |px| € {1, ..., |al}, we can write

ol ]

jal = Y midpel = Y ko,
k=1 k=1

lal , ;.. Hence, we conclude that the summation in (2.14) can be taken over all (my, ..., ms) € N°,

wherem =} ;7

2] o]

s = |a, such that |a| = Z kmy and m = Z my. Therefore,
k=1 k=1
Z m! — omi+2my++ajmg -1 _ pla-1
7
mq!...mg!

and the proof is completed. O

As an immediate consequence of Theorem 2.2, we conclude the following:
Corollary 2.1. Let U C R? be open. Classes E.,(U), T > 0, 0 > 1, are inverse-closed in C*(U).

We refer to [25] for a direct proof of Corollary 2.1.
Note that the proof of Theorem 2.2 holds even if ¢ = 1 and 7 > 1, so that we recover the well known
superposition property of Gevrey classes (see [5, 8, 9, 19]).

3. Wave front sets related to &, ,(U)

Lett>0,0>1,Q C K cc UCRY, where Q and U are open in R¥.
Let u € 9 (U). We studied in [17] the nature of regularity related to the condition

AN

T N €N, & € RO\{0}. (3.1)

un(E)l < A

where {uyn}nen is bounded sequence in &' (U) such that uy = 1 in Q and A, h are some positive constants.

Note that (3.1) can be replaced by another condition when instead of N we use another positive,
increasing sequence ay such thatay — oo, N — oco. This change of variables called enumeration, “speeds up”
or “slows down” the decay estimates of single members of the corresponding sequences, without changing
the asymptotic behavior of the whole sequence when N — oo. After applying the enumeration N — ay we
can write again uy instead of u,,, since we are only interested in the asymptotic behavior.

For example, Stirling’s formula and enumeration N — N? applied to (3.1) give an equivalent estimate
of the form

N7 \7TN?

i (E)] < Ay W N eN, & e R1\{0}, (3.2)
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for some constants A1, > 0. We refer to [18] for more details on enumeration.

Wave-front sets WFy; (1) (see Remark 3.2 for WF(;4) (1)) are introduced in [18] in the study of local
regularity in .5 (U) . Together with enumeration we used sequences of cutoff functions in a similar way
as it is done in [6] in the context of analytic wave front set WE,4. We recall the definition of WEF, 4;(1).

Definition 3.1. Letu € O'(U), 7 > 0,0 > 1, and (xo, &) € UXRA\(0}. Then (xo, &) ¢ WEFy. (1) if there exists an
open neighborhood Q of x¢, a conic neighborhood T of g and a bounded sequence {un}nen in & (U) such that uy = u
on Q and (3.1) holds for all £ € T and for some constants A, h > 0.

Let u € O’(U). Then, immediately follows that WF, ,(«) is a closed subset of U x R?\{0}. Note that for
t>0and o >1

WF{T/G}(L[) - WF[M}(u) =WF4(u), ue D/(U),

where WF4 (1) denoted the analytic wave front set of a distribution u € O'(U), cf. [6].

Next, we prove that in the definition of WF, (1) a bounded sequence of cut-off functions {un}nen C
&'(U) can be replaced by a single function from Dy, 5,(U). First, we give an example of ¢ € Dy, 5(U) such
that ¢ = 1 on particular open sets.

Example 3.1. Let xo € RY, 1> 0,0 > 1, and let d = Z
p=1
there exists 1 € Z)ﬁ‘”;;x”) such that f Y(x)dx = 1. If x denotes the characteristic function of

1
W- By Lemma 2.2 and [6, Theorem 1.4.2],
p+1))

{y € R'|lx =yl <d/2, x € Bap(xo)},
then ¢ = x =1 =1 on an open neighborhood Q) of By2(xo). In particular, if U is an open set such that

inf{lx — yl : x € U, y € Bgja(xo0)} > d,
then ¢ € Dy (U).

Remark 3.1. In the sequel we will use the following Paley-Wiener type estimates. If u € & (U), then [u(&)| <
C(EWM, & € RY, for some constant C > 0.
Similarly, if ¢ € Z)ﬁ o where K is a compact set in RY, then

IP(E)] < AR a1 (&), a e N, & e RY, 3.3)
for some constants A, h > 0.

Theorem 3.1. Let u € O'(U), > 0,0 > 1, and let (xo, &) € U x RI\{0}. Then (xo, &) ¢ WEF () (1) if and only if
there exists a conic neighborhood Ty of &o, a compact set K cC U and ¢ € Dﬁ o) Such that ¢ = 1 on a neighborhood
of xo, and such that

_ hN"NTN"
lpu(&)| < AW, NeN, ey, (3.4)

for some A, h > 0.

Proof. The necessity is trivial, since if there is a ¢ € Dﬁ’g}, K cc U, ¢ =1 on a neighborhood Q of xy and
such that (3.4) holds in a conic neighborhood I'y of &, then putting uy = ¢u, for every N € N, it follows
that (xo, £0) € WEF76(10).
Now assume that (xo, &) ¢ WFjr (1), i.e. that there exists an open neighborhood Q of xj, a conic
neighborhood I of £y and a bounded sequence {un}nen in &' (U) such that uy = 1 on Q and such that
. N AJTNC
lun (&)l < AW/ NeN, el (3.5)
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Choose ¢ € Z)f;i’y}, Ky, cc Q, ¢ =1 on some neighborhood of x, and choose a conic neighborhood I'y of
&o with the closure contained in I'. Let € > 0 be chosen so that £ — 7 € I' when & € Iy and 1] < €|&].
Since ¢pu = Quy,

pu(&) = ( f” o L s Jomiun(E—mdn=h+hL, el

In order to estimate I1, we use that|n| < ¢|&|implies [E—1] > [E|—|n] > (1—¢)I&]. By (3.5) and @('m < B(npy™*!
for some B > 0, we have

—_ - hN" TN°
|11|=| f Pmun(& —n)dn|S f lpMIA=——rdn
Inl<elé] Inl<elé] 1€ =l
BNT NTN? f N NTN?
<AB——M “lgn < A= , &€l NeN, (3.6
(A= of) Je'V ST g e b (36)

for some constants Ay, ; > 0. For the last estimate we have used (1 — &)™ < (1 - &)™ when o > 1.
To estimate I, we use that || > ¢|&] implies | — 1l <[] + |7l < (1 + 1/¢€)Inl. For a given N € N, we put
|a| = N + M +d + 1. Then, by (3.3) there exist constants A, # > 0 such that

= G -

Ah(N+M+d+1)”(N +M+d+ 1)7(N+M+d+1)"
<

- (elehN

: f (y™M71C(E = npyMdn
Inlzel
AN N

< —m feTy,NeN, (3.7)

where iy = max{h, i*"'}, A1 = A max({1, ¥ Mrd+D)),
In the last inequality we used

lal” + IBI° <l + BI” <27 H(al” + |BI°),  «, BN,

and (M.2)" property of M” = p™".
Thus (3.4) follows and the theorem is proved. [

Remark 3.2. In the Beurling case, for u € D'(U), T > 0, 0 > 1, and (x9,&) € U x R\{0} we have that
(%0, &0) &€ WE()(u) if there exists open neighborhood C of xo, a conic neighborhood I of £y and a bounded sequence
{un}nen in E'(U) such that uy = u on Q and such that for every h > 0 there exists A > 0 such that

AN

[ (&) SAW' NeN, &eTl.

Note that Theorem 3.1 can be formulated for the Beurling case as well with ¢ € Df(

+0) Stich that (3.4) holds for every
h > 0 and for some A = A(h) > 0. More precisely, for any h > 0 we can choose ¢ € DX c, Where Cy = min{h,hza%l}
and obtain ¢ € Z)ﬁ o) With the desired properties.

Thus, the results concerning WF 5 (1) are analogous to those for WF, (1), and we will consider only the later
wave-front sets in the sequel.

We end this section by an auxiliary result which will be used in the proof of Theorem 4.1.
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Lemma 3.1. Letu € O'(U), 7 > 0,0 > 1, Q c K cc U, where U and ) are open. If F is a closed cone such that
WEr0)(u) N (KX F) = 0and ¢ € DY\, ¢ =10n Q, then for some A,h >0,
N AJTN®
lEN- 7
Proof. Let (xo, &o) € KX F, and set rg := ry, ¢, > 0. Furthermore, let ¢ € Dy y(By, (x0)), m CQCK.

Since (xo, £o) € WF 14 (1), by Theorem 3.1 there exists ¢ € Dy, 51(U), P = 1 on Q, and a conical neighbor-
hood T of &y, such that

pu()l < A NeN,EcF. (3.8)

N9 NTTN?

gy

puE)l < A NeN, EeT, 3.9)

for some A, h > 0.
Let I'y be an open conical neighborhood of &y with the closure contained in I'. We write

Ou(E) = SYpu(E —n)dn =1 +1,, To,
pu(&) = ( f“ Lt f |>s|.£|)¢(n)l’bu(é mdn=h+L, &eT

and arguing in a similar way as in the proof of Theorem 3.1, we obtain (3.8) for (x, &) € By,(xo) X I'o.
In order to extend the result to K X F, we use the same idea as in the proof of [6, Lemma 8.4.4]. Since the
intersection of F with the unit sphere is a compact set, there exists a finite number n of balls B, , (x¢), such

rx g

= ﬂB%Q (%), & €.

Moreover, since K is compact set, it can be covered by a finite number m of balls B , k < m. Since
M” = p™" satisfies (M.1) and (M.3)’, then there exist non-negative functions ¢y € D r,ol(Brxk) k < n, such

that F C Ui, T Note that (3.8) remains true if ¢ is chosen so that supp ¢ C B

that Y, ¢x = 1 on a neighborhood of K (cf. [10, Lemma 5.1.]).
k=1
To conclude the proof, we note that if ¢ € D{Kw} then ¢y € Dyr(B, ) and therefore (3.8) holds if ¢ is
replaced by ¢¢r. Since ), ¢ = ¢, the proof is finished. [
k=1

4. The propagation of singularities

To set the stage we recall the notion of the characteristic set of an operator and the main property of its
principal symbol, cf. [20].

If P(x,D) = ¥ j<m da(x)D? is a differential operator of order m on U and a, € C*(U), |a| < m, then its
characteristic variety at x € U is given by

Charz(P) = {(¥, &) € U x RY\{0} | P, (X, &) = 0},

and its characteristic set on U is given by

Char(P) = U Charx(P).

xel

Here P,,(x, &) = Z a,(X)EY € C(U x R*\{0}) is the principal symbol of P(x, D).
la|l=m
By the homogeneity of the principal symbol, it follows that Char(P) is a closed conical subset of UxR?\{0}.
If (x9, £o) ¢ Char(P), then there exists an open neighborhood Q) of xy and a conical neighborhood I' of &
such that P,,(x, &) # 0, x € Q and & € I'. Moreover, since the principal symbol is homogeneous we have

PMx =) = = IPu Ol 2C xeQgeT,

<] IEI’"
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so that for any compact set K cC Q there are constants 0 < C; < C; such that
Gilel™ < IPu(x, I < Cfél", xeK el

Next we extend [18, Theorem 1.1] to operators with variable coefficients. We recall that in [6, Theorem
8.6.1] operators with real analytic coefficients are observed, while in Theorem 4.1 we allow extended Gevrey
regular coefficients. In particular, by the inspection of the proof, we conclude that Theorem 4.1 remains
true evenif 0 = 1 and 7 > 1, that is, if the coefficients are Gevrey regular. We refer to [21, Corollary 3.4.14.]
for a related result in the context of pseudo-differential operators.

Theorem 4.1. Lett > 0,0 > 1, u € O’(U) and let P(x, D) = Z a,(x)D* be partial differential operator of order m
la|l<m

such that a,(x) € Eirqy(U), la| < m. Then

WE 10,6/ (f) © WFgo116)(11) € WE01(f) U Char(P(x, D)), (4.1
where P(x, Dyu = f in O'(U). In particular,

WFpe(f) € WEFg (1) € WE oo(f) U Char(P(x, D)), (4.2)
where WFo,eo (1) = Ugs1 Meso Wz (1)-

Proof. The pseudolocal property WFpo-1,51(f) € WFpo-1, (1) is already proved in [24], see also [18], so it
remains to prove the second inclusion in (4.1).

Assume that (xg, o) € WF(¢5)(f) U Char(P(x, D)). Then, there exists a compact set K containing xo and a
closed cone I' containing &y such that Py,(x, &) # 0 when (x, £) € K x I' and such that

(KX T) N (WF(eq)(f) U Char(P(x, D)) = 0.

Let¢ € D{KM} such that ¢ = 1 on some neighborhood of xy. By Theorem 3.1 it is enough to prove that

hNg Nza—l TN°

—gv— f€LNeN

pu() < A

We divide the proof in several steps.
Step 1. Note that the Paley-Wiener type estimate (see Remark 3.1) implies

N pu(E)] < AN TNTHNNETNTIM < ARNNZTNY N €N,

where A, > 0 do not depend on N, and the last inequality follows from M2°~1TN°~1 In N < M2°~17N° after
taking the exponentials. This gives the desired estimate when || < N*" ™" £ T,

Step 2. It remains to estimate I@(E)I when & €T, |&] > N¥"'™N"" and for N € N large enough. We refer
to Subsection 4.1 for the calculations which lead to

) —ix-&
P(x) = ezx»cipT(x, D) (Pe o) wn(x, é)) +en(x, &), xeKEeT, (4.3)
where
N-m
(e, &) = Y )RRy, ... Rid)(x, ), (4.4)
ke Ge=0
N
(@)=Y, Y, RiR;. . .Rip)x8), (45)

keky Sg=N-m+1
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Sk=j1+jo+ -+ jic€ll,...,m},1<i<k and we put
K ={keN|0<mk<N-mj, (4.6)
and
K, ={ke N|N —m < mk < NJ. 4.7)

Functions R; in (4.4) and (4.5) can be written as

Ri(x, &) = Z Caj(x, DY, (4.8)

lal<j
for suitable functions c,, j(x, &) which are homogeneous of order —j (with respect to &) and such that
IDPcyix, &) < [E[TARP |, BeN‘ xeK EeT

for some A, h > 0 and for all |a| < j, see Subsections 4.1 and 4.2.
From (4.3) it follows that
o _ —ix& T e—ix-éwN(x’ é)
Pu(é) = fu(x)eN(x, Ee ™ edx + fu(x)P (x, D) (—Pm(x, 9 dx
L —ix-&
= fu(x)eN(x, E)e ™ *odx + fP(x, D)u(x) (LN(X'&

o, &) )dx, (4.9)

x € K, £ €T, and in the next steps we estimate terms on the right hand side of (4.9).

Remark 4.1. Since the number of summands in wn(x, &) and ex(x, &) is the same as in the case when R; have constant
coefficients we refer to [18, Subsection 4.1] where it is shown that the upper bound for the number of summands is
of the form A - CN for suitable constants A,C > 0. In fact, from [18, Subsection 4.1] it follows that the number of

summands in
LN/D)Ye |

ex( &)=Y Y. (RjR;...Ri@)x$)
k€T Sp=[(N/?)1/0 |-m+1

is bounded by A - CX\N/O"") and the calculations remain the same after replacing [ (N/%)!/°] by N.

Step 3. Note that the operators R;, 1 < j < m, given in (4.8) do not commute. For that reason we
must use different arguments than those given in [18] where the operators with constant coefficients were
studied. The estimates of Df(R j1---Rj.@) from Subsection 4.3 (cf. (4.29)) imply

[(u(x),en(x, E)e™4) < A Z ID%(en(x, £)e )|

lal<M
N .
=AY IDXY. Y (RyRj,.. Ri)(x, )
lol<M keK> Sx=N-m+1
. C NN+ My
< AEMEM NN (N + MYT WM = Ay (|5|N—sz / (4.10)

x € K, £ €T, for suitable constants A1,/ > 0, and N € N large enough. After enumeration N - N +m + M
we conclude that (4.10) is equivalent to

h(N+m+N)u (N +m+ m)’r(N+m+2M)“

&N

xeKEeT,

Ku(x), en(x, E)e )]

IA

1
N7 NJTN?
YN

g

A
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for some A, > 0 where for the last inequality we used (M.2)" of the sequence M,” = p™". This is the estimate
for the first term on the righthand side of (4.9).

Step 4. It remains to estimate the second term on the righthand side of (4.9) for [¢] > N2 N Gince
(x0,€0) ¢ WF(10)(f), by Lemma 3.1, there exists a compact set K cC U such that ¢ € Dy;(U), ¥ = 1on a
neighborhood of K, and a conical neighborhood V of & such thatI' ¢ V and
N £JTN®

FHm <A N —

neV,NeN, (4.11)
for some A, h > 0. In the sequel we write v = ¢ f. Since wn f = wyv in D' (U), we have

wN(x/ é)

<f(')e_ig'rwN('r 5)/Pm('/ ‘5)) = ﬂ—w(v(x) Pm(x, 5) )(é)
% &
- [ e - (R i = 1+ 1,
where

h= [ FEE - nFe (R, g,

Inl<elé] Pyu(x, &)
b= [ FEE - Fe Dy, 6y an,

Inl>elé] Py(x, &)

and 0 < ¢ < 11is chosen so that & —n € V when & €T, |&] > N¥™ ™" and || < ¢[&|.
To finish the proof we estimate I; and I, in Step 5 and Step 6, respectively.
Step 5. Let ji,..., jx € {1,...,m]} be fixed. Since the coefficients of P,,(-, &) are in C*(U), and P,,(x, &) # 0
R;jRj,...R; (-, &)
Pm('/ é)

homogeneous of order —m — ;. Hence, by Paley-Wiener type estimates it follows that there exist a constant
C > 0, such that

when x € K and & € T, it follows that

belongs to C*(K) when & € I', and moreover it is

Rflsz s R]'k@(xr &)
Pl =50

A

Jn ol < ClErmE
Cmy™1', neR’,

IN

when & €T, |&| > N¥N,
This estimate, and the estimate for number of terms in (4.4) (see remark 4.1) imply that there exist
constants A, C > 0 such that

wn(x, &) N Ri,R;,...R;d(x, &)
ﬂ—))](P—:(x,é)ﬂ < kezklgkz_‘o 7:"_"1( ] ]Pm(x’]cg)

ACN(ny™1, (4.12)

Jn,9)

IA
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Since |n] < €|lé] = 1€ — 1| = (1 — €)|&], by using (4.11) and (4.12), we obtain the desired estimate for I;:

wn(x, &)
= f FE)e = DliF- old
1 Inl<elé] @ = WliFsn (e (0 Nl
N TN N, &)
- 4 Fo ,E)ld
f|<flg| & — 77|N| 7(Pm(x, 3) (n, &ldn
JNe NTNY
< A———= CN¢py-4-14
(1 —e)leny fRd mn n
RN NN o
< A11|£—|N' éEF,|£|>N2WTN )

for some constants Aq, h; > 0.
Step 6. It remains to estimate [,. We note that | — 1| < (1 + 1/¢)In| when 1] > ¢€|é]. The Paley-Wiener
type estimate for v = ¢ f € & (U) implies that | (v)(n)] < C{(mM, for some constant M, C > 0. Therefore

wn(x, &)

L < F F i ,E)d
s [ eIz D
[F () (1, €)]
< & - M/ \N+d+1
Jo e S

Supnel{d <n>N+M+d+1 |¢x—>q(%)(n, é)l
(N

CN+1

when & €T, |&] > NN
To finish the proof, it remains to show that & € T, |&] > N2~ ™" implies that there exist constants
P %
A,h > 0 such that

sup(r])N+M+d+1 |7_~x_”]( wN(x' 5)

02N, &) < ARV NN, 413
1]€Rd Pm(x/ E) )(n ) ( )

for a sufficiently large N € N, and then we use this estimate to bound |I5|.
Arguing in the similar way as in the proof of [18, Theorem 1.1], it is sufficient to prove

up [D¥( %ﬂ ANNETN . BeNT Ifl=N+M+d+1, (4.14)

xEK

for some constants A, > 0, when & €T, |&] > N*'™"" Recall (see Subsection 4.2),

sup ’DV <G,y e N9 E €T,

1
xeK m(x/ é)

for some constant C > 0. Moreover, from (4.29) (see Subsection 4.3), it follows that

N-m
sup D wy(x, &) < AN YT YIS (S + )Y

xeK ke, Gr=0

for some constants A, > 0, when £ € T.
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Hence, for x € Kand & €T, |&] > N¥" ™" we obtain

wN(x/ 5) ﬁ — 1 4
) —

k¥ y<p

N-m
LY, Y (et e

y<B keK; =0

N-m
AR Y YN (ﬁ )|c€|6k(ek + |Bl)EHAY, 4.15)

y<B kek; S=0

IA

IA

for some Ay, >0, € N, || = N + M +d + 1, where we used (M.1) property of the sequence M, = p.
Since &, < N —m, it follows that N > & and therefore

o-1

|£| > Nzu—lTNu—l > ekzu—l,rsk
Now, (M.2) property of M;” = p™" implies

e I (gk+|ﬁ|)r(6k+lﬁ\)“
|75 (S + |l S T

20*11{5}(" Zu—l,[l o
B S e

IN

=0

20711
Sk K

C6k0+|ﬁ|J(N +M+d+ 1)2“'1T(N+M+d+1)‘I < Cfl\]“NT’_lTN", (416)
for some constant C; > 0 where the last inequality follows from (M.2)’ property of M,”. Using the estimate
for number of terms in wy, by (4.15) and (4.16), the estimate (4.14) follows.

By the similar arguments as in the proof of [18, Theorem 1.1], (4.13) follows from (4.14) since

wN(xlé)) CK

mEuPP G g) <K

Therefore,

hNJ NZG—ITNO

Ll < Am—
2 IEN

(4.17)

for suitable constants A, > 0 and N sufficiently large, and the theorem is proved. [

4.1. Representing (Z);(E) by an approximate solution

In this subsection we derive (4.3), (4.4) and (4.5).
Let PT(x,D) = Z ba(x)D?, by(x) € Eir6)(U) be the transpose of P(x, D). If v(x, &) is the solution of the

|a]l<m
equation

e™PT(x, Dyv(x, &) = p(x), xeK €T, (4.18)

then

—

Pu(é) = fu(x)cp(x)e_ix":dx:fu(x)PT(x,D)v(x,é)dx, EeT,
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e *w(x, &)

Similarly as in [6] and [17], we may assume that v(x, £) = Prx, &)

the left hand side of (4.18) becomes

. —ixé e i s
e pT(x, D)(%) = e ||Z<‘ ﬁZ‘ (g)ba(x)D“ﬁ (e™)DF (';:1 ((3;,55)))

la|l<m B<a y<p

(I-—R(x,&))w(x, &), xeKeT,

where
R(x, &) =Y Ri(x,&), Ri(x,&) =) cajlx, D,
j=1 <]
for suitable functions c, j(x, £) which are homogeneous of order —j and

IDPey,j(x, &) < [ETARP B, Be N, xeK el

ﬁ a=-pryy 1 -y
Lot

2779

, for some w(:, &) € C*(K), so that

(4.19)

(4.20)

for some A,h > 0 and for all |a| < j. We refer to Subsection 4.2 for the calculus which shows how (4.19)

implies (4.20).
Therefore (4.18) can be rewritten in the following convenient form:
(I = R(x, )w(x, &) = p(x) xeK eT.

which gives rise to approximate solutions as follows.
Note that the order of operator R, k € N, is mk. We compute

Y RE-RY RF = ) RE-) R

keka ke kekKq ke
- Lo L werpe
ke {keN | m<mk<N} ket

where K is given by (4.6) and in the last equality we used
Kin{keN|m<mk <N}y={keN|m<mk<N-—m}.

Moreover, since the operators R;, 1 < j < m, do not commute we can write

N-m
Y RE= Y1) RiR,.R,

kekK keKi S¢=0
and
N
k _ . R. .
Y RE=Y Y RiR;..R;
ke¥, kek, Sg=N-m+1
where 6k=j1 +j2+"'+jkrji€ {1,...,m},1 <i<k
Now,

(=R, )Y Rip) = () R =R Y RYo) = (1= Y RYo() = () - ), Rép(x),

kek ke keki ke
and if we put wy = Yex, R¥¢ and en = Yiex, ¢ we conclude that
(I =Rwn(x, &) = p(x) —en(x, &), NeN,xeKEel,
with wy and ey given by (4.4) and (4.5) respectively. Now (4.3) follows from (4.19).

k E(I(z

(4.21)

(4.22)
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4.2. Estimates for c,j(x, &)

We show in this subsection that (4.19) implies (4.20). An essential argument in this part of the proof is
the inverse-closedness property presented in Theorem 2.1.
Recall,

NI D Prigclo,
D5, e) = ;,y—]; s oyt L 7l Pt a), (423)

for @ € N, where sum is taken over all decompositions (s, p, j) of the form

a=jip1+ jopa + -+ fsps,

with j = Z ji€{0,1,... lal}, pi € N¢, lpile{l,... lal} forie{l,...,s},s <l|al. (see Subsection 2.1)

Since the coefficients of P,,(x, &) belong to & 51(U), it follows that

sup |DPP,(x, &) < AP

xeK

P (&, (4.24)

for some A, h > 0. Moreover, (K X I') N Char(P) = 0 implies that

sup [P (x, &)l > C'lE[™. (4.25)

xeK

Hence, by (4.23), (4.24) and (4.25), we obtain

S

o 1 ! 1 X Ji
(5 ea) < '““(Z j1!...js!IPm(x,é)|f+1'g(ﬁlmpm(x'a')

|E]™ ! : "
t Z‘ |EP DL sl IPo(x, S H(P AR )

(s,p,j)en
& At

IA

for some Ay, h; > 0, where the last inequality follows by calculation from the proof of Theorem 2.1.

In particular, we have proved that € Ejrom(K) for some 1 > 0 and for every & € I. From the

1
Pm('/ é)

algebra property of extended Gevrey classes it follows that b,(-)d” € Eirow)(K) for some b’ > 0,

1
where |y| < |a| < m and b,(x) are the coefficients of PT(x, D).
These estimates, together with (4.19) give (4.20).

4.3. Estimates for DP(Rj,...Rj,¢)
In this subsection we follow the idea presented in [6, Lemmas 8.6.2 and 8.6.3]. As in Subsection 4.1 we
put
€k=j1+'--+jk, N-m< S <N,
for k € N such that mk < N, and let |f] < M.
Recall that Rj(x, &) = Z Ca,j(x,£)D?, and note that by the successive applications of the Leibniz rule,

lal<j
DF(Rj,...R;,$) can be written as a sum of terms of the form

(D¢ay s (5, D Cay (3, €)) .. (DV e, (6, DV (E)).
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Put a; = |yi] so that

ag+- - +ag = S+ B, (4.26)

ay < 1l, (4.27)
and

<Y ji+lpl, 1<i<k (4.28)

From (4.20) it follows that

|DV* lca, ]l(x g)l < |£| ]Aha’ 1a ,11/ )/i—l € Nd/x € K/é € r/

for some constants A, > 0 and for all |aj| < j;,i=1,..., k.
Sk + I8l

). In the sequel
aog, ...,

Observe that the number of multiindices yy, ..., yx with the property (4.26) is (

we write Z when the sum is taken over all multiindices yy, ..., yx which satisfies (4.26)-(4.28).
Since ¢ € D{’ra for x € Kand & € T, we estimate

S
;R < Y[ HID””% 15 91)- D790
-G ©k+|ﬁ| al :1 ax’ o Tag’
= T2 O[T (e
< |E|M_NA%+1hNGZ(a?k+|‘B|) H ;1
oo ]
<

- 4 S | | Tay
" Z(gof f,ik)(Hai_l )

i=1
for some Ay, 1y > 0. By the almost increasing property of My” = p" it follows that

k+1
110'

P! e
Haz zll < CPot~ +’1k—'(a0 +. +ak)r(ao+ +ax)
i1 (ao + +a )

— CGH\NW(e .+ |ﬁ|)7(ok+|ﬁ|)a

for some C > 0, wherefrom

k+1
6k+|ﬁ|) @, ol -l g Skt Iﬁl) S+ 18)°
) < Aor ke~ LK TP ooy e(EitB)
Z(ao,...,ak(g ) < Lz ol a D
= CEHH(S + |g])TEHIB)” Z 1
tl()+"'+ﬂk=sk+|ﬁ|
< V(N + M)T(N+M)"(t’k +}'f" - 1) < CV(N + My’

for suitable C; > 0.
Hence, we conclude that there exist constants A,k > 0 such that

|(DPR;,...R;,p)(x, &) < A" NN (N + M)+ (4.29)

x € K, £ € I, which gives the desired estimate.
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