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Abstract. The concepts of o-statistical convergence, statistical o-convergence and strong 0,-convergence
of single (ordinary) sequences have been introduced and studied in [M. Mursaleen, O.H.H. Edely, On the
invariant mean and statistical convergence, App. Math. Lett. 22, (2011), 1700-1704] which were obtained
by unifying the notions of density and invariant mean. In this paper, we extend these ideas from single
to double sequences. We also use the concept of statistical o-convergence of double sequences to prove a
Korovkin-type approximation theorem for functions of two variables and give an example to show that our
Korovkin-type approximation theorem is stronger than those proved earlier by other authors.

1. Introduction

The idea of statistical convergence was first introduced by Fast [11] and also independently by Buck [6]
and Schoenberg [33] for real and complex sequences.

A double sequence x = (xjk) of real numbers, 7,j € IN, the set of all positive integers, is said to be
convergent in the Pringsheim’s sense (or P—convergent) if for each € > 0 there exists N € IN such that
(x]-k - L| < € whenever j, k > N. We shall write this as

limx k= L
ik
where j and k tending to infinity independent of each other [30].

A double sequence x is bounded if there exists a positive number M such that |x]-k| < Mfor all j and k,
ie., if

Il = sup x| < oo
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Note that in contrast to the case for single sequences, a convergent double sequence need not to be bounded.
Let us denote by €2, the space of all bounded double sequences.

The concepts of double natural density and statistical convergence of double sequences were introduced
by Mursaleen and Edely [22]: Let K € IN X IN be a two-dimensional set of positive integers and let K(m1, 1)
be the numbers of (j, k) in K such that j < m and k < n. In case the sequence (K(m,n)/mn) has a limit in
Pringsheim’s sense then we say that K has a double natural density and is defined as

. K(m,n)
lim———=
mnmn

=02 (K).

A real double sequence x = (xjk) is said to be statistically convergent to the number L if for each € > 0, the
set

{(j,k),jSmandkSn:)xjk—q 26}

has double natural density zero. In this case we write st, —lim x = L and we denote the set of all statistically
convergent double sequences by st.

Let 0 be a one-to-one mapping from IN into itself. A continuous linear functional ¢ on the space ¢« of
all bounded sequences is called an invariant mean or a g-mean if and only if (i) ¢ (x) > 0 when the sequence

x = (xx) has x; > 0 for all k, (ii) ¢ (¢) = 1, wheree = (1,1,---), and (iii) ¢ (x) = ¢ ((xg(k))) for all x € {w.

The idea of o-convergence for single sequences was defined in [32] and for double sequences in [7]. A
double sequence x = (x jk) of real numbers is said to be o-convergent to a number L if and only if x € V7,
where

Vi = {x e’ lim7pgs(x) = L, uniformly in s, ;L = a—limx} ,
pa

P9
1
Tpgst (¥) = mzzxaf<s>,ak<t>

=0 k=0

and T—1,q,s,t(x) = Tp,—l,s,t(x) =1T_q,-15t(x) =0.
For o (k) = k+1, the set V7 is reduced to the set f, of almost convergent double sequences [21]. Note that
¢y C V5§ C,.

2. Main Results

The concepts of o-density of a subset of IN, and o-statistical convergence, statistical o-convergence and
strong o,-convergence (0 < v < o) of a single sequence have been recently introduced and examined by
Mursaleen and Edely in [23]. In this section, we introduce double analogues of these concepts and we also
prove some relations between our newly defined methods. There are many situations when we need to
study convergence problems for matrix sequences. These new concepts provide the tools to deal with these
types of convergence methods for double sequences which can be considered as matrix sequences. We also
apply the concept of statistical o-convergence of double sequences to prove a Korovkin-type approximation
theorem for functions of two variables.

Definition 2.1. A bounded double sequence x = (x]-k) is said to be strongly o-convergent to L if
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—_ Xyis) ok L| =0, uniformlyins,t.
E <p+1)<q+1>;;k20| oo =L = Y

and we write this as xjx — L [Vg ] (cf. [24]).

Definition 2.2. Lets,t >0, p,q > 1 be integers, K C N X Nand K; (s +1,s + p;t + 1,t + q) denote the cardinality
of the set

{o(s) < j < dP(s),a(t) <k < d(t) : (j, k) € K}.
If we write

N,, =n}/itn1<6(s+1,s+p;t+1,t+q)

and

NP4 =m;?xK0(s+1,s+p;t+1,t+q),
S,

N, - A
then 0,5(K) = limﬁ and 6,,5(K) = liml\;—q exist. These are called respectively lower and upper double o-density
pa PA

of the set K. If 85,(K) = 63,(K), then the common value 6 ,(K) is called the double o-density of the set K. For
o(i) = i + 1, double o-density is reduced to double uniform density (cf. [37]).

Definition 2.3. A double sequence x = (xjk) is said to be o-statistically convergent to L if for every € > 0 the

set K. = {(j, k)e NxIN: |xjk - L) > e} has double o-density zero, i.e. 635(Ke) = 0. In this case we write ¢ (0,)-
limx = L. That is

hmplq |{cr(s) <j<df(s), o) <k<dl(t): |x]-k - L| > e}\ =0, uniformly in s, t.

P

Definition 2.4. A double sequence x = (x]-k) is said to be statistically o-convergent to L if for every € > 0
hmL {p <mqg<n: |qust(x) L) > e}| =0, uniformly in s, t.

mn mn

In this case we write 65(0)-limx = L.

The extended form of the definition of [Vg ] is as follows.

Definition 2.5. A double sequence x = (xjk) is said to be strongly o,-convergent (0 < v < o0) to L if

— Xgi(s) o L| =0, uniformly in s, t
= <p+1)(q+1>25;| oo L formly

and we write this as x;x — L [Vg]v . Note that forv =1, [Vg]v ney = [Vg]

From definitions, we can note the following remarks for double sequences.
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Remark 2.6. (i) o-statistical convergence implies statistical convergence (and hence statistical o-convergence) and
0 (62)-lim x = str-lim x.
(ii) o-convergence implies statistical o-convergence but not o-statistical convergence.

Example 2.7. The double sequence z = (zjk) defined by

1, ifj=kodd,
zig =1 —1, if j=keven, (1)
0, j#k

is o-convergent to zero (for o (n) = n + 1) and hence statistically o-convergent to zero but it is neither statistically
convergent nor o-statistically convergent.

Now we prove the following relation between the concepts of o-statistical convergence and statistical
o-convergence for a double sequence.

Theorem 2.8. If a sequence x = (x]-k) is bounded and o -statistically convergent to L then it is statistically o-
convergent to L but not conversely.

Proof. Let x be bounded and o-statistically convergent to L, and
K(e) :={o(s) < j < 07(s),0(t) <k < 07() : |xjx — L| 2 €} . Then

aP(s) a(t)

q
me‘(s),ok(o L=l Z Z (x5~ 1)
- P o=t

1

pi

o X wey)

(jk)eK(e)

P
|qust(x) - L’
=1

IA

1
< — (sup |x]-k - L|]maxK(7 +Ls+pt+1,t+9)
Pa\ jx st
NPA
= —sup)xjk—L| — 0 asp,q — oo,
q  jk

which implies that limy, ; Tpgs¢(x) = L, uniformly in s, t. Thus x is o-convergent to L and hence statistically
o-convergent to L

For the converse, consider the double sequence z = (z]-k) defined by (1). It is statistically o-convergent but
not o-statistically convergent. This completes the proof of the theorem.

In the following result we establish the relation between o-statistical convergence and strong o,-
convergence by the same technique used in Theorem 4.1 of [22].

Theorem 2.9. (i) If 0 < v < oo and a double sequence x = (xjk) is strongly o,-convergent to L, then it is o
-statistically convergent to L.
(1) If x is bounded and o-statistically convergent to L then x is strongly o,-convergent to the L.
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Proof. (i) Let 0 <v < o0, xjx — L [Vg]v and K¢ := {(j, k) e NxN: |xjk - L| > e}. Then we have

1 & 1 L ;
p—qZZ| sy — L 2 - ZZ R

=1 k=1 =1 k=1

\%

—L|ZE

X o 5),0k (1)

aP(s) a(t)

= Y Y et
] =0(s)k=0(t)

|xj—L|ze

0
> ;—in(s+1,s+p;t+1,t+q).

Taking limit as p, g — oo (in any manner) on both sides of the last inequality, we obtain 0, ,(K¢) = 0, that is,
0(6p)-limx = L.

(ii) Let x be bounded, say M := ||x|| + L, and ¢ (02)-limx = L. Then for € > 0, we have 6, ,(K¢) = 0. So for all
s, t, we have

ab(s) o’(t) o (s) oi(t)

p 4
plqzz R Z Z e =L + Z Z e = L]

j=1 k=1 ] =0(s)k=0(t) ] =0(s)k=0(t)
(] k)eEKf (] k)eK‘
1
< €'+ —|sup |xjk —L| maxKé (s+1,s+p;t+1,t+4)
Pa\ jx st
< e+ Mpra,

pq

Letting p,q — oo on both sides of the last inequality, and using the fact that 6,,(K¢) = 0, we conclude that
Xjk — L [VE7 )

Corollary 2.10. ¢% No (67) C [Vg] cvs.

Theorem 2.11. A sequence x = (xjk) is statistically o-convergent to L if and only if there exists a set K = {(j, k)} €
IN X IN such that 6, (K) = 1 and o—lim(]-,k)eK xjx = L.

Proof. Let x be statistically o-convergent to L and define
K, (0) := {(j,k) ENXN: |t ()~ L| 2 %} (r=1,2,--),
and
M, (o) := {(],k) eNXN: |tjkst (x) —L| < %},(r =1,2,--+).
Since x is statistically o-convergent to L, it is obvious that 8, (K, (0)) = 0. Furthermore
M (6) DM;z(0) DD M;(0) D M1 () D -+ (2)

and

62(Mr(0'))=1 (7’21/2/"')' (3)
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Assume now that for (j,k) € M, (o), (x]-k) is not o-convergent to L, i.e. (t]-kst (x)) is not convergent to L
uniformly in s, t. Therefore there is € > 0 such that |t kst — L| > € for infinitely many terms. Let
M, (o) := {(],k) eNXIN: ‘t]-kst(x) —L| < e} and € > %,(r =1,2,---).
Then
62 (Me (0)) =0

and by (2) we obtain that M, (6) > M, (o). Hence 6, (M, (c)) = 0 which contradicts (3). Therefore for
(j k) € M, (0), (x]-k) is o-convergent to L.

Conversely suppose that there exists a subset K = {(j, k)} € NXN such that 6, (K) = 1 and a—lim( iK)ek Xjk = L,
i.e., for every € > 0 there exists a N € IN such that

|tjkst - L} <€
forall j,k > N and for all s, t. From the inclusion
Ke(@) = {( k) : Jtjsr () = L] 2 €} € NXIN = {(jivs1, knan), (s Kvaa) -}

we conclude that 6, (K¢ (0)) <1 -1 = 0. Hence x is statistically o-convergent to L.

Note that statistical case (for single sequences) of the above theorem has been proved by Salat [31].

3. Application to Korovokin-type approximation type theorem

Throughout this section, we shall let C(D) denote the space of all continuous real valued functions on
any compact subset of the real two dimensional space. Then C(D) is a Banach space with the norm ||.||.
defined by

Al = sup |f(xy)

(x,y eD

, (feC(D)).

Let L be a linear operator from C (D) into C (D). Then as usual, we say that L is positive linear operator
provided that f > 0 implies Lf > 0. Also, we denote the value of Lf at a point (x,y) by L (f(u,v);x,y) or

only L(f;x,y).
The classical Korovkin approximation theorem (see [15]) was extended from single sequences to double
sequences as follows [38].

Theorem 3.1. Let {L,,} be a double sequence of positive linear operators acting from C (D) into itself. Then for all
fecD),

il (- A =0
if and only if
tim [Ly () = fill, =0, i=0,1,2,3

where fo(x,y) =1, A, y) =x o (x,y) =y, (x,y) = >+ ¥~
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After the paper of Gadjiv and Orhan [12], there are several papers published on this theme by using
different type of summability methods (c.f. [1]-[5], [13], [14], [17]-[20], [25]-[29], [34]-[36]). One of the
approximation theorems is the following due to Dirik and Demirci [9] for functions of two variables by
using statistical convergence of double sequences.

Theorem 3.2. Let {Ly,;,} be a double sequence of positive linear operators acting from C (D) into itself. Then, for all
feCD),

sty — lim”L,,m (N —me =
if and only if
sty = Lim |[Ln (f) = £, =0, i=0,1,2,3

where fo(x, y) =1, i(x, ) =% L (%, y) =y, fr(x,y) =2 + Y~

In this section, we use the notion of statistical 0-convergence of double sequences to prove approximation
theorems for functions of two variables. The following is the 0, (0)-version of Theorem 3.1 and Theorem
3.2, which is followed by an example to show its importance. The case of statistical o-convergence for single
sequences is considered in [8].

Theorem 3.3. Let {L,;,} be a double sequence of positive linear operators acting from C (D) into itself and let

T Lo (f%,)) = VMlez%mwquy)mmﬁ“meCD)

62 (o) -lim [|Luny (f;2%,9) = fCx, ), = 0, ie. @
str-lim ||qum,, (Lo (F; %, 1)) — flx, y)”w =0, uniformlyinm,n

if and only if
62 (@) ~lim ||Low (f5 %, 1) - fitx, )| =0, i=0,1,2,3 (5)
where fo(x,y) =1, (v, y) =x (x,y) =y, fr(x,y) =2+~

Proof. Condition (5) follows immediately from condition (4) since each f; € C(D), (i=0,1,2,3). Let us
prove the converse. By the continuity of f on compact set D, we can write | f(x, y)| <M, where M = ” f Hm

Also since f € C(D), for every € > 0, there is a number 6 > 0 such that | f(u,0)— f(x, y)| <eforall (u,v) € D
satisfying |u — x| < 0 and |v - y) < 0. Hence we get

VmM—ﬂnﬂ<€+—%w—@+@—W} (6)
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Now, using the linearity and monotonicity of Ly,,, from (6) we obtain for any m, n € that

Lo (F;2,9) = F (5 9)| = Lo (f @, 0) = £ (¢, 9) 5%, 9) = £, y) Lo (foi %, ) = folx, )
< Ly ()f (Ll, Z)) - f(x/ y)

< Ly (e + 26—]\24 [0 =27 + 0= ],y

;X y) +M|Lmn (fO;x/ 1/) - fO(x/ ]/)|

+M |Lown (fo5 %, y) = fo ()|

<e+ (e +M+ % (E2 + FZ)) Lo (o5 %, ) = fo (%, )|
+%E Lo (fr5%,9) = fi (2, )] + %F Lo (F2:%,9) = o (x, )|

+25L2/I |Lmn (fsrx,y) = f3(x, y)|

where E := max x|, F := max |y| . Taking supremum over (x, y) € D we get

3
Lo (£, 9) = £ eyl <€+ B Y o (i) = fi (e )|
i=0

where

2M

B::max{e+M+?(E2+F2) M AM 4MF}.

/?/ ?E’(S_Z

Similarly, we have

3
”qumn (Lonn (5%, 1)) = f(x, }/)”oo <e+B Z Hqumn (Lo (fisx, v)) = fi(x, ]/)”Do .
i=0
Now for a given r > 0, choose € > 0 such that € < ¥ and define

D:= {(Pr q) € N*: ”qumn (Lonn (f; 2, ) — f(x, ]/)”Do 2 ”}
D; = {(p, 9) € N2 |[tpguon (Lo (fii %, ) = fi ()| = %}, i=0,1,2,3.

Then Dc | J7_, D; and so

3
62(D) < )6 (Dy).
i=0

Letting p,q — oo in the last inequality and using (5), we obtain (4). This completes the proof of theorem.

In the following example, we construct a double sequence of positive linear operators which satisfies
the conditions of Theorem 3.3 but does not satisfy the conditions of Theorem 3.1 and Theorem 3.2.

Example 3.4. Consider the sequence of Bernstein operators of two variables given by

- SF (LA o

7=0 k=0
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where 0 < x,y < 1and f € C(I2); 2 = [0,1] X [0,1]. Let Py, : C(1?) = C(I2) be defined by

Pmn(f;x/y) = (1+Zmn)an(f;x/y) (7)

where () is defined as in (1). Then, observe that

P (fO;x/ ]/) = (1 + Zmn)fO (X, y)
P (f15%,y) = (1 + Zn) f1 (x, y)
Piun (fZ;x/ y) =1+ Zmn)fZ (xr y)

P (f3;x/ y) = (1 + Zmn) (f3 (x, y) +

2 2

X —X -
LYY
m n

where fo(x,y) =1, A(x, ) =x, L(x,y) =y, f3(x,y) = x*> + y. Since 6, (0)-limz = 0 (for o (i) = i + 1), we obtain

02 (0) - lim || Py (fi; %, y) — filx, y)|| . = 0,i=10,1,2,3.

Hence by Theorem ??, we conclude that

82 (0) -1m || Py (f;x,y) = fx, y)||, =0

forany f € C (Iz). On the other hand, we get Py, (f;0,0) = (1 + zyuy) f(0,0) and hence

[P (32, 9) = £ 9|, = |Poun (£30,0) = £(0,0)| = zunn | £(0,0)].

So, we see that Theorem 3.1 and Theorem 3.2 do not work for our operators defined by (7), since (z,) is neither
P-convergent nor statistically convergent.
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