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Abstract. We generalize the p — summing contractions maps. We found sufficient conditions for these
new type of maps, that ensure the existence and uniqueness of best proximity points in uniformly convex
Banach spaces. We apply the result for Kannan and Chatterjea type cyclic contractions and we obtain
sufficient conditions for these maps, that ensure the existence and uniqueness of best proximity points in
uniformly convex Banach spaces.

1. Introduction

A fundamental result in fixed point theory is the Banach Contraction Principle. One kind of a gener-
alization of the Banach Contraction Principle is the notion of cyclic maps [17]. Fixed point theory is an
important tool for solving equations Tx = x for mappings T defined on subsets of metric spaces or normed
spaces. Interesting application of cyclic maps to integro-differential equations is presented in [20]. Because
anon-self mapping T : A — B does not necessarily have a fixed point, one often attempts to find an element
x which is in some sense closest to Tx. Best proximity point theorems are relevant in this perspective.
The notion of a best proximity point is introduced in [11]. This definition is more general than the notion
of cyclic maps [17], in sense that if the sets intersect then every best proximity point is a fixed point. A
sufficient condition for the uniqueness of the best proximity points in uniformly convex Banach spaces is
given in [11] for 2 sets and in [15] for p sets.

The notion of p-summing maps was introduced in [22] and sufficient conditions are found so that these
maps to have fixed points and best proximity points. The p-summing maps are wider class of maps than the
classical contraction maps and cyclic contraction maps [22]. A disadvantage of the classical results about
best proximity points is that the conditions are so restrictive that the distances between the successive sets
are equal. The p-summing maps overcome this disadvantage [22]. A cyclic orbital Meir—Keeler contraction
was introduced in [14] and sufficient conditions are found for the existence of fixed points and best proximity
points for these type of maps. The results in [14] were generalized in [25] for p-summing cyclic orbital
Meir-Keeler contractions and later on in [16] another class of cyclic orbital Meir-Keeler contraction.

We generalize the notion of p — cyclic summing contraction maps in the sense of iterated contraction
introduced in [23]. We show that a large class of cyclic maps are p — cyclic summing iterated contractions. As
a consequence of the main result we obtain conditions sufficient that ensure the existence and uniqueness
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of best proximity points in uniformly convex Banach spaces for p — cyclic summing contraction, p — cyclic
summing Kannan contractions and p — cyclic summing Chatterjea contractions.

2. Preliminary Results

In this section we give some basic definitions and concepts which are useful and related to the best
proximity points. Let (X, p) be a metric space. Define a distance between two subset A, B C X by dist(A, B) =
inf{p(x,y) : x € A,y € B}.

Let {A;}!_, be nonempty subsets of a metric space (X, p). We use the convention A,,; = A; for every i € N.
Themap T : U_| A; — U/ Ajis called a cyclic map if T(A;) € T(Ai41) forevery i =1,2,...p. A point & € A;
is called a best proximity point of the cyclic map T in A; if p(§, TE) = dist(A;, Aiv1).

When we investigate a Banach space (X, || - ||) we will always consider the distance between the elements
to be generated by the norm || - ||.

Definition 2.1. ([9], p. 61) The norm ||-|| on a Banach space X is said to be uniformly convex if limy_eo ||X4 — Yl = 0
whenever ||x,|| = |ly.ll = 1, n € IN are such that lim,,, ||x, + yall = 2.

We will use the following two lemmas, proved in [11].

Lemma 2.2. ([11]) Let A be a nonempty closed, convex subset, and B be a nonempty, closed subset of a uniformly
convex Banach space. Let {x,} | and {z,} | be sequences in A and {y,} | be a sequence in B satisfying:

1) limy,se0 |24 — yall = dist(A, B);

2) for every € > O there exists No € IN, such that for all m > n > Ny, |lx, — yall < dist(A4, B) + ¢,

then for every € > 0, there exists N1 € IN, such that for all m > n > Ny, ||x, — z4l| < €.

Lemma 2.3. ([11]) Let A be a nonempty closed, convex subset, and B be a nonempty, closed subset of a uniformly
convex Banach space. Let {x,} | and {z,} ", be sequences in A and {y,},_, be a sequence in B satisfying:

1) im0 [l — yull = dist(A, B);

2) limy o0 |20 — yull = dist(A, B);

then limy, o ||x, — z,|| = 0.

Definition 2.4. ([9], p. 42) We say that the Banach space (X, || - ||) is strictly convex if x = y whenever x,y € X are
such that ||x|| = |lyll = 1 and ||x + y|| = 2.

Let us mention the well known fact, that any uniformly convex Banach space is strictly convex ([9],

p-61).

Lemma 2.5. ([25]) Let A, B be closed subsets of a strictly convex Banach space (X, || - |), such that dist(A, B) > 0
and let A be convex. If x,z € A and y € B be such that ||x — y|| = ||z — yl| = dist(A, B), then x = z.

3. Main Results

Let {Ai}f:1 be non empty subsets of the metric space (X,p) and T : Ule A — Ule A;. We will use the
notions P = ):f:l dist(A;, Ai;1) and
p-1
Sp01, X2, Xp) = Y LX) + Ly, 1), M)
j=1

where if x; € A;, then x;,x € Ay for every k = 1,2,...,p — 1. Just for simplicity of the notations we will
denote
Spu(X) = sp (T"x, T x, T"2x, ..., "} x)

forany x € U Ar.
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Definition 3.1. Let A;,i =1,2,...,p be subsets of a metric space (X, p). Amap T : Ule A — Ule A; will be
called a p — cyclic summing iterated contraction if it satisfies the following conditions:

1) T is a cyclic map;

2) there exists k € (0, 1), such that for any x € Ule A;

sp,1(x) < kspo(x) + (1 = k)P. ()
We use in the sequel an equivalent form of (2)
sp,1(x) = P < k(sp0(x) — P). 3
Definition 3.2. Let A;, i =1,2,...,p be nonempty subsets of a metric space (X, p), T be a cyclic map. We say that
T satisfies the proximal property if whenever hold lim,_,co X, = X € Ule A; and limy, e p(xy, Tx,) = dist(A;, Ai1)
it follows that p(x, Tx) = dist(A;, Ai+1).

The best proximity results need norm structure of the space. When we investigate a Banach space we
will always consider the distance between the elements to be generated by the norm.

Theorem 3.3. Let (X, || - ||) be a uniformly convex Banach space and A; € X, i = 1,2,...,p be closed, convex sets
and T : UleAi - UleAi be a p — cyclic summing iterated contraction.

Then for every x € Ay the sequence {TP"x}>  is convergent. If z = lim, o TP"x and T is continuous at z or T

satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € A;y1 is a best proximity point
of TinAjfori=1,2,...,p—1and TPz = z.

Theorem 3.4. Let (X, || - ||) be a reflexive Banach space and A; C X, i = 1,2,...,p are weakly closed sets and
T: UleAi - UleAi be a p — cyclic summing iterated contraction. If T is weakly continuous on Uf;lAz’ or T satisfies

the proximal property then for any k = 1,2, ...p there exists & € Ay, which is a best proximity point of T in Ax. In
the case when T is weakly continuous the point T°Ey € Agys is a best proximity point of T in Ags.

4. Auxiliary Results

Lemma 4.1. Let (X, p) be a metric space, A; € X,i=1,2,...,p be subsets and T : U!_| A; — U"_ A; be a p — cyclic
summing iterated contraction. Then sy, (x) — P < k"(sp0(x) — P).

Proof. By applying n—times (3) we get the inequality
spn(x) = P < k(spu-1(x) = P) < -+ < k"(sp0(x) = P).
0

Lemma 4.2. Let (X, p) be a metric space, A; € X, i =1,2,...p be subsets and T : U!_| A; — U!_ A; be a p — cyclic
summing iterated contraction. Then lim, e sp,,(x) = P.

Proof. By Lemma 4.1 we have the inequality
0< }ijgo(sp,n(x) -P)< 1}1_{210 K'(spo(x) = P) = 0.
Hence we get lim;, e 5p»(x) = P. O
Lemma 4.3. Let (X, || - ||) be a uniformly convex Banach space, A; C X, i = 1,2,...p be closed, convex sets and

T : UleA,- - UleAi be a p — cyclic summing iterated contraction. Then lim, e |TPr+ky — TPrHP+hy|| = 0,
k=0,1,2,...,p-1.
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Proof. By Lemma 4.2 we have that lim;, o 5ppu(x) = P and lim,,_,« Sy pnr1(x) = P. Consequently we get that
limy, e ||TP"x — TP 1x|| = dist(A1, Ap) and lim,, ., ||TP"* 1 x — TP"Px|| = dist(A1, Ay). According to Lemma 2.3
it follows that lim,,_,, ||TP"x — TP"*Px|| = 0.

The proof fork =1,2,...,p — 1is similar. [

The next Lemma is a generalization of a Lemma from [12].

Lemma 4.4. Let (X, p) be a metric space, A; C X, i =1,2,...p be subsets and T : U!_| A; — U!_ A; be a p — cyclic
summing iterated contraction. Then

1k
1—kP

Qn = sy, TPy, TP*2x, ..., TP*P~1) — P < 2 p(x, TPx) + k" (sp,0(x) — P). 4)

Proof. We will prove Lemma 4.4 by induction.
I) Let n = 1. Form Lemma 4.1 it follows that

Qi

sp(oc, TP x, TP*2x, ..., T# 1) - P
p(x, TP x) + p(TP1x, TP 2x) + - - - + p(T%#~2x, T 'x) + p(T%#~1x,x) — P
20(x, TPx) + sp,5(x) — P < 2p(x, TPx) + kP (sp,0(x) — P).

and therefore (4) holds true for n = 1.
IT) Let suppose that (4) holds true for n = m.
IIT) We will prove that (4) holds true for n = m + 1. Indeed

Qm+1 — sp(x, Tp(m+1)+1xl Tp(m+1)+2x, s, Tp(m+1)+p—1x) P
- p(x, Tp(m+1)+1x) + p(Tp(m+1)+1x, Tp(m+1)+2x) 4.
+p(TP(m+1)+P—2xl TP(m+1)+p—1x) + p(Tp(m+1)+p—1x, x)-P

< 2p(x, TPx) + sp(TPx, TP Dy, TPOmD32y - remttp=ly) — p
< 2p(x, TPx) + KP(sp(x, TPy, TP+2y, .., TP™*¥~1x) — P)
1k
< 2p(x, Tfx) (1 + T ) + kP (s, o(x) — P)
1-— kp(m+1)
= ZW p(x, TPx) + K"V (s, 0(x) — P).

O

Corollary 4.5. Let (X, p) be a metric space, A; C X,i=1,2,...p be subsets and T : U_| A; — U._ A; be a p — cyclic
summing iterated contraction. Then

plx, TP+ x) — dist(A1, Ap) < 2

o, T7%) 4 7(,0(6) = P, 5

1-k

Proof. From Lemma 4.4 we get

p(x, TP 1x) — dist(A1, Ay) < sp(x, TPy, TP*2x, .., TPP71) — P
12 ke
< 2 T p(x, TPx) + k" (sp,0(x) — P).

O

Lemma 4.6. Let (X, || - ||) be a uniformly convex Banach space, A; C X, i =1,2,...,p be closed, convex sets and
T: UleAi - UleA,- be a p — cyclic summing iterated contraction. Then

a) For every € > 0 there exists Ny € IN, such that for every m > n > Ny, ||T""x — TPy < dist(A1, As) + €.

b) For every ¢ > 0 there exists My € IN, such that for every m > n > My, ||TP"x — TP"*1x|| < dist(A1, A2) + ¢.



M. Petric, B. Zlatanov / Filomat 32:9 (2018), 3275-3287 3279

Proof. a) Putv = TP"x. Then TP"+1x = TP"="*1y From Corollary 4.5 we have that

Qum = [ITP"x = TP x|| — dist(A1, Az) = [lo — TP *1g|| — dist(A;, A)
1 — fplm=n)
< 22— lo-Trdll + KP=(s,,0(0) — P)
< il = TPl + R (s,0(0) - P)
2
= ol TP Px|| + kP (5p,pn(x) — P).

From Lemma 4.3 and Lemma 4.2 it follows that there exists Ny € IN, such that for every n > Ny hold ||T7"x —
TPPx|| < % and sy, (x) — P < 5. Consequently for every m > n > Ny, ||T""x — TPy — dist(Aq, Ay) < €.
b) Put v = TP"*1x. Then TP"x = TP"="=1y. From Corollary 4.5 we have that

Qua = TP = TP"x|| - dist(A1, Ag) = llo — TP 1o|| - dist(As, A2)
1— fpm=n-D (m—n—1)
< 2w|lv - TPZ)H + kP (Sp,O(v) — P)
2
< ol = TPoll+ 0 Dsp0(0) - P)
2
= T T RO (s, () - P,

From Lemma 4.3 and Lemma 4.2 it follows that there exists My € IN, such that foranyn > Mo, s, pn+1(x)—P < §
and ||TP"+1x — TPHP+1y|| < %. Consequently for every m > n > Mo, ||[TP"*1x — TP"x|| — dist(A1, Ay) < e. O

Lemma 4.7. Let (X, ||-||) be a uniformly convex Banach space, A; C X be closed, convex setsand T : Ul_| A; — Ul_ A;

be a p — cyclic summing iterated contraction. Then for every x € Ay the sequences {T"x}> | and {TP"*1x}*  are
Cauchy sequences.

Proof. By Lemma 4.2 we have that lim,,_, [|TP"x — TP"*1x|| = dist(A;, A;). From Lemma 4.6 b) we have that
for every ¢ > 0 there exists My € IN, so that for every m > n > M,

ITP"x — TP+ x| < dist(Ay, Az) + €.

According to Lemma 2.2 there exists Ny € IN, such that ||TP"x — TP"x]| < € holds for every m > n > Nj.

The proof that the sequence {T""*!x}*  is a Cauchy sequence is similar. [J

Lemma 4.8. Let (X, p) be a metric space, A; C X be subsets and T : U_ A; — Uf’zlA,- be a p — cyclic summing
iterated contraction. Then for every x € Ay the sequences {TP""*x}*  k=1,2,...,p are bounded sequences.

Proof. From Corollary 4.5 we have the inequality

2

n+1
plx, TP x) < -1

p(x, TPx) + (sp0(x) — P) + dist(A1, A3)

and consequently the sequence {TP"*1x}*  is bounded. By Lemma 4.2 we get lim,,_,c p(TF"*1x, TP"*2x) =

dist(A,, A3) and thus from the fact that the sequence {T””Jflx};‘l":1 is bounded it follows that the sequence
{TPr*2x)}* is bounded.

n=1
The proof that the sequences {TP"**x}* , k = 3,4,...,p are bounded sequences can be done in a similar
fashion. [

Lemma 4.9. Let (X, || - ||) be a reflexive Banach space, A; C X be nonempty weakly closed subsets and T : U_| A; —
U’;lAi be a p — cyclic summing iterated contraction. Then there exist &; € A; such that ||&; — &l = dist(A;, Aivr).
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Proof. Let dist(A;, Az) > 0. For an arbitrary x € A; we define the sequence x, = T 1x. By Lemma 4.8
the sequences {xn+l, ,, k = 1,2,...,p are bounded sequences. From the assumption that the sets A; are
weakly closed it follows that we can choose a subsequence of naturals {n ]-}]f”:l, such that the sequences
{xpn,»+k}}'11 are weakly convergent for every k = 1,2,...,p. Let us denote wlim; Xpnj+k = &. Then
W iMoo Xpni+k = Xpnj+ke1 = &k — Ev1 # 0. There exist bounded linear functionals fy € Sx, such that

Ji(€k = Ek1) = €k — Ek4all. From the inequalities

| fe(Ex = Eern)| < AN NER = Eraall = 11k = Eeall

and limjeo fe(Xpn;+k = Xpnj+ke1) = fi(€k = Eks1) = IEk — k1]l we obtain the inequality

1€k = Sl

lim]’—wo |fk(xpn/+k - xpnj+k+1)| < liInj—mo ||xpn/-+k - xpn]+k+1”
dist(Ag, Axs1)

and therefore ||&x — &xrqll = dist(Ax, Axs1). O

5. Proof of Main Result

Proof of Theorem 3.3. Let x € A be arbitrary chosen. From Lemma 4.7 it follows that {T""}" | is a Cauchy
sequence and therefore it is convergent. Let us denote z = lim,,_,.o T""x.

We will consider the two cases I) the map T is continuous at z and II) the map T satisfies the proximal
property separately.

I) By the continuity of the norm and the assumption that T is continuous at z we can write the equality

sp0(2) = P = lim (spo(T""x) = P) = 0. (6)

Thus ||z — Tz|| — dist(A1, A2) < spo(z) — P = 0 and consequently z € A; is a best proximity point of T in
Ay. From (6) we get that | T'z — T"'z|| — dist(Ajs1, Aiv2) < Spo(z) —P =0fori=1,2,...,p — 2 and therefore
Tiz € Ai4q is a best proximity point of T in Aj1.
II) If T satisfies the proximal property then from the equality
lim |[x,, — Txpull = im [T x — TPy = dist(A1, Ay)
n—oo n—oo
it follows the equality
llz — Tz|| = dist(A1, A2) @)
and consequently z € A; is a best proximity point of T in A;. By the continuity of the norm we get
lim ||z — xpy41ll = Lim [|T7"x - TPy = dist(A1, Ay). (8)
n—oo n—o0
From (7), (8) and the uniform convexity we get
Tz = lim Xpyy1 = lim TP
n—00 n—00
As T satisfies the proximal property then from the equality

1im (1 — Txpnell = Lim [[TP*1x = T7*2x]| = dist(Ag, As). ©)
n—o0 n—oo

it follows that ||Tz — T?z|| = dist(A,, A3) and consequently Tz € A is a best proximity point of T in As.
Proceeding in a similar fashion we get that T’z € A;;1 is a best proximity point of T in Ajq for i =
2,3,...,p—1L
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To finish the proof, let z be arbitrary best proximity point of T in A;, which is obtained as a limit of a

sequence {T#"x}> ,. From the inequality

ITPz — Tz|| - dist(A1, Az) < 5p1(2) = P < k(sp0(z) = P) = 0

we obtain that ||TPz — Tz|| = dist(A, A>). By Lemma 2.5 we get that TPz = z.

Proof of Theorem 3.4. Without loss of generality we can assume that dist(A;, A;) > 0. If not by P > 0 there
exists i, such that dist(A;, A;y+1) > 0 and we can enumerate the sets so that dist(A;, A) > 0.

Let dist(A;, A;) > 0. For an arbitrary x; € A; we define the sequence x, = T"'x;. By Lemma 4.8 the
sequences {X,u4k},, k =0,1,2,...,p — 1 are bounded sequences. From the assumption that the all the sets
Ar, k=1,2,...,p are weakly closed it follows that we can choose a subsequence of naturals {n j};il, such

(e8]
=
denote w lim; o Xy, 1k = Exs1-

1) Let T be weakly continuous on UZ:l Ayg. Then

that the sequences {x,,, 4k} k=0,1,...,p -1 are weakly convergent for every k = 0,1,...,p — 1. Let us

w lim Xpnj+k = W lim Txpn,+k—l = T&ks1-
]4)00

]A)DO
Consequently w limj_,oo(xpanrk_l - xp,,/+k) = & — Tég. There exists a bounded linear functional f; € Sx-, such
that fr(Ex — Téx) = lIEk — Tl From the inequalities
|fk(xpn/-+k—1 - Txpnj+k—1)| < ||fk||-||xpn]-+k—1 - Txpn,-%—k—l” = ||xpn/-+k—1 - Txpnﬁk—l”

and lim;_,c fk(xp,,/,+k_1 = Txpn;+k-1) = fi(&x — TE&k) = |I& — Tékll we obtain the inequality
lIEk — Tl

= limj—>oo |fk(xpnj+k—1 - Txpn,-+k—1)|
< limjﬁoo ||xpnj+k—1 - Txpn,+k—1” = diSt(Ak/ Ak+1)

and therefore || — T&k|| = dist(Ax, Ak+1). Thus & is a best proximity point of T in Ay.
We will prove that TE; is a best proximity point of T in Aj,q. There exists bounded linear functional
gk € Sx-, such that gp(T& — T?&) = ||TE — T?Ekll. From the inequalities

|96(Txpn ekt = T2 k)| < NGl 1T X, k1 — T2t
”Txpn,‘+k—1 - szpn,'+k—1”

and lim;co gk(TXpn k-1 — szp,,/+k_1) = gi(T&x — T2Ek) = [ITER — T?&)|| we obtain the inequality

ITE — T2 Mo |G(ToXpn +ko1 = T2Xpn k1)

< Moo [ITxpn k-1 = T2y 4111l = dist(Ags, Axs2)

and therefore || T& — T?&|| = dist(Ax, Axs1), i-e. T is a best proximity point of T in Ag4q.
It can be proved in a similar fashion that T°(&k4s) is a best proximity point of T in Ag.s.
2) Let T satisty the proximal property. From Lemma 4.4 we get

]h_{g ”xpnj+k—1 - T(xpnj+k—1)|| = ]11_)1’2’ ||xpnj+k—1 - xpn,'+k|| = diSt(Akr Ak+1)'
By the assumption that T satisfies the proximal property it follows that

Ik — Tékll = dist(Ag, Agsr)

and thus & is a best proximity point of T in A;.
We will prove that Ty is a best proximity point of T in Ag.q. From Lemma 4.4 we get

lim ||Txpnj+k—l - Tz(xpn/+k—1)” = lim ||xpn/+k - xpnj+k+1|| = dist(Akt1, Axs2)-
j—oo j—oo
By the assumption that T satisfies the proximal property it follows that
l€k+1 = Tl = dist(Axs1, Ar+2)

It can be proved in a similar fashion that T°(&k+s) is a best proximity point of T in Ag.s.
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6. Applications of Theorem 3.3

We would like to point out that the maps, which were investigated in [15, 21, 22] satisfy the proximal
property. Thus the original result in [15, 21, 22] are more general. Let us point out that the conditions of
Theorem 3.3 are not sufficient for uniqueness of the best proximity point, therefore the results in [15, 21, 22]
are stronger.

Theorem 6.1. (p—summing cyclic contraction [22]) Let (X, || - ||) be a uniformly convex Banach space and A; C X,
i=1,2,...,pbeclosed, convex sets, T : UleAi - UleAi be a cyclic map and there exists k € (0,1), such that

sp(Tx1, Txa, ..., Txp) < ksp(x1,x2,...,%p) + (1 = k)P (10)

foreveryx; € A;,i=1,2,...,p.

Then for every x € Ay the sequence {TF"x}> | is convergent. If z = limy o TP"x and T is continuous at z or T
satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € A1 is a best proximity point
of TinApafori=1,2,...,p—1and TPz = z.

Proof. If weputx; =x € Ay, x; = T1x,i=2,3,... ,p in (10) then T satisfies (2) and the proof follows from
Theorem 3.3 [

Corollary 6.2. (Cyclic type contraction, [15]) Let (X, || - |l) be a uniformly convex Banach space and A; C X,
i=1,2,...,pbeclosed, convex sets, T : UleAi - UleAi be a cyclic map and there exists k € (0, 1), such that

ITx; — Txpall < kllx; — x|l + (1 = k)dist(A;, Aivr), (11)

foreveryx; € A;,i=1,2,...,p.

Then for every x € Ay the sequence {TF"x} | is convergent. If z = limy o TP"x and T is continuous at z or T
satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € A1 is a best proximity point
of TinAjfori=1,2,...,p—1and TPz = z.

Theorem 6.3. (p — cyclic Kannan summing iterated contraction [21]) Let (X, || - |[) be a uniformly convex Banach
space and A; C X, i = 1,2,...,p be closed, convex sets, T : U,_ A; — U'_ A; be a cyclic map and there exists
k € (0,1/4), such that for every x; € A;, i =1,2,...,p

4
5,(Tx1, Txy, ..., Tx,) < ZkZ ITx; — xill + (1 = 2Kk)P. 12)
i=1
Then for every x € Ay the sequence {TF"x}> | is convergent. If z = limy o TP"x and T is continuous at z or T
satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € A1 is a best proximity point
of TinAjafori=1,2,...,p—1and TPz = z.

Proof. Let us choose an arbitrary x € A; and let us put x; = T""!x, i € N. From (12) we get the inequality

ITx = T?x|| + || T?x — T3x|| + - - - ||TP"'x — TPx|| + ||TPx — Tx||

Sp,1 (x)
(13)

IA

p-1
ZkZ (T x — T + (1 — 2K)P.
k=0

From (13) and the inequality
P <||Tx = T2l + [T = Tx|| + - + |T"""x — x]| + || TPx — Tx]|
we obtain the inequality

(1 = 2K)5,1 (x) 2k (ITx = x|| = ||TPx — Tx|l) + (1 — 2k)P

2k (||Tx — x|| = ||TPx — Tx|| + P) + (1 — 4k)P (14)
2ksp0(x) + (1 — 4k)P.

INIAIA
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From (14) we get

1 -4k

TP (15)

2k
Sp,l(x) < msp,o(x) +

From k € (0,1/4) it follows that ﬁ{ € (0,1) and if we put a = %{ then (15) can be written as s,1(x) <

asyo(x) + (1 — a)P. Therefore T satisfies (2) and we can apply Theorem 3.3. [J
We can weaken the assumption that k € (0, 1/4) in the next result.

Theorem 6.4. (p — cyclic Kannan summing iterated contraction ) Let (X, || - ||) be a uniformly convex Banach space
and A; C X,i=1,2,...,p be closed, convex sets, T : UleAi - UleA,- be a cyclic map and there exists k € (0,1/2),
such that for every x; € A;

P
5,(Tx1, Txy, ..., Tx,) < ZkZ ITx: — xill + (1 = 2k)P (16)
i=1
and for every x € UleAi
llx = Tx|| + || TP~ x — TPx|| < || TP~ x — x| + || TPx — Tx]|. (17)

Then for every x € Ay the sequence {TF"x}> | is convergent. If z = limy o TP"x and T is continuous at z or T

satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € A1 is a best proximity point
of TinApafori=1,2,...,p—1and TPz = z.

Proof. Let us choose an arbitrary x € A; and let us put x; = T'"'x, i € N. From (16) we get the inequality

p-1
sp1(x) < ZkZ IT*x — T 1x] + (1 = 2K)P. (18)
k=0

From (18) and (17) we obtain the inequality

p-2
(1-K)s,1(x) < kZ 1T = T Uxl| + ke (Jlx = Txll + 177~ x = TPx|| = | TPx = Txl]) + (1 — 2k)P
. (19)
< k Z T — T x| + ITP " x — x|l | + (1 = 2k)P = ksp(x) + (1 — 2k)P.

i=0
From (19) we get

-2k

P (20)

k
sp1(x) < msp,O(x) +
From k € (0,1/2) it follows that ﬁ € (0,1) and if we put a = ﬁ then (20) can be written as s,1(x) <
aspo(x) + (1 — a)P. Therefore T satisfies (2) and we can apply Theorem 3.3. []

Corollary 6.5. (Kannan type p—cyclic contraction [21]) Let (X, ||-1|) be a uniformly convex Banach space and A; C X,
i=1,2,...,p be closed, convex sets, T : UleAi - UleA,- be a cyclic map and there exists k € (0,1/4), such that for
everyx; € A, i=1,2,...,p

ITx; = Txiall < k(ITx; = xill + ITxi1 = Xiall) + (1 = 2k)dist(Ai, Aia). (21)

Then for every x € Ay the sequence {TP"x}>  is convergent. If z = lim, o TP"x and T is continuous at z or T

satisfies the proximal property, then z € Ay is a best proximity point of T in A;, Tz € A;s1 is a best proximity point
of TinApfori=1,2,...,p—1and TPz = z
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Theorem 6.6. (3 — cyclic Chatterjea summing iterated contraction) Let (X, || - ||) be a uniformly convex Banach space
and Aq,A;, Az C X be closed, convex sets, T : Uf’zlA,- - Uf’zlAi be a cyclic map, there exists k € (0,1/2), such that
foreveryx; € A;,i=1,2,3

s3(Tx1, Txp, Tx3) < k(lTx1 = x2fl + ITx1 = x3ll) + k(| Tx2 — x4l + [|Tx2 — x3]) 22)
+k(ITx3 — x1|l + ITx3 — x2]l) + (1 = 2k)P.

Then for every x € Ay the sequence {TF"x}> | is convergent. If z = limy o TP"x and T is continuous at z or T
satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € Aiy1 is a best proximity point

of TinAjfori=1,2,...,p—1and TPz = z
Proof. Let us choose an arbitrary x € A; and let us put x, = Tx and x3 = T%x. From (22) we get the inequality

s3(Tx, T?x, T3x) ITx — T?x|| + ||T?x — T3x|| + || T®x — Tx||

< K(ITx = T2x]] + [ T2x — xll) + T — x| + % — Txll) + (1 — 2k)P (23)

From (23) we obtain the inequality

Qs = (1=K (IITx = Tx|| + IT% — T°]| + | T°x — Tx])
< (Il = T2xl| + I T% — x|l = IT2x = T3x||) + (1 - 2K)P (24)
< k(llx — T2x|| + ||x = Tx|| + ||Tx - T2x||) + (1 - 2k)P.
From (24) we get
s3(Tx, T?x, T?x) < s3(x, Tx, T%x) + ! _4kP (25)
e T T A 1-2k

From k € (0,1/2) it follows that % € (0,1) and if we put @ = 7 then (25) can be written as s3(Tx, T?x, T%x) <

as3(x, Tx, T>x) + (1 — a)P. Therefore T satisfies (2) and we can apply Theorem 3.3. O

Corollary 6.7. (3 —cyclic Chatterjea contraction) Let (X, ||||) be a uniformly convex Banach space and A1, A, A3 C X
be closed, convex sets, T : Ui3:1A,« - U?ZlAi be a cyclic map, there exists k € (0,1/2), such that for every x; € A,,
i=1,2,3

ITx; = Txinll < k(ITx; = Xiall + | Txi01 = xill) + (1 = 2k)dist(A;, Aigr). (26)

Then for every x € Ay the sequence {TP"x}>  is convergent. If z = lim, o TP"x and T is continuous at z or T
satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € Ayy1 is a best proximity point
of TinApfori=1,2,...,p—1and TPz = z.

Theorem 6.8. (Chatterjea Type cyclic contraction) Let (X, || - ||) be a uniformly convex Banach space and A; C X,
i=1,2,...,pbeclosed, convex sets, T : UleAi - UleAi be a cyclic map and there exists k € (0,1/2), such that

p
$p(Tx1, Ty, ., Top) <K Y (1T = xicall + 1T = pall) = (1 = 2P (27)
i=1

for every x; € A;, i =1,2,3, where we use the convention xo = X, and xp+1 = x1, and for every x € A;,i=1,2,3
ITPx — x|| + ||TP~'x = Tx|| < ||ITP'x — x|| + || TPx — Tx||. (28)

Then for every x € A; the sequence {TP"x}>  is convergent. If z = lim, o TP"x and T is continuous at z or T

satisfies the proximal property, then z € Ay is a best proximity point of T in A1, T'z € Ayy1 is a best proximity point
of TinApfori=1,2,...,p—1and TPz = z
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Proof. Let us choose an arbitrary x € A; and let us put x; = T""'x, i € N. From (27) we get the inequality

p
spa(0) = Y T = T+ [T~ T
i=2

IA

4
[Z IT%x = T 2x|| + || TPx — x|| + | TP "% — Tx||)+(1 2k)P

b (29)
[ZIIT’ L — Tix|| + ||TPx - Txll]
i=2

IA
=T

[ ||T’ Ly — T2x|| + || TPx — x]| + || TP x — Tpx||]+(1 2k)P
=2

From (29) and (28) we obtain the inequality
(1 =k)sp1(x) < ksppo(x) + (1 — 2k)P. (30)
From (30) we get

2k
lk

From k € (0,1/2) it follows that %{ € (0,1) and if we put a = ﬁ then (31) can be written as s,1(x) <
asyo(x) + (1 — a)P. Therefore T satisfies (2) and we can apply Theorem 3.3. [J

k
Sp1(0) < T80 + 1)

7. Applications of Theorem 3.4
The next results are proved in a similar fashion as like as it is done in the previous section.

Theorem 7.1. (p—summing cyclic contraction [22]) Let (X, ||-||) be a reflexive Banach spaceand A; ¢ X,i=1,2,...,p
are weakly closed sets, T : U_ | A; — U!_ A; be a cyclic map and there exists k € (0,1), such that

sp(Tx1, Txz, ..., Txp) < ksp(x1,x2,...,%p) + (1 = k)P (32)

forevery x; € Aj, i =1,2,...,p. Let there holds one of the following T is weakly continuous on UleAi or T satisfies
the proximal property. Then there exists & € Ay, which is a best proximity point of T in Ay. In the case when T is
weakly continuous the point T°Ey € Agss 15 a best proximity point of T in Agss.

Corollary 7.2. (Cyclic type contraction) Let (X, || - ||) be a reflexive Banach space and A; c X, i =1,2,...,p are
weakly closed sets, T : Uf_lA,- - Uf_lA,- be a cyclic map and there exists k € (0,1), such that for every x; € A;,
i=1,2,...,p B B

ITx; = Txipall < Kllx; — xiall + (1 = k)dist(A;, Air). (33)

Let there holds one of the following T is weakly continuous on U._ A; or T satisfies the proximal property. Then
there exists & € Ay, which is a best proximity point of T in Ay. In the case when T is weakly continuous the point
T°&x € Akqs is a best proximity point of T in Agys.

For p = 1 in Corollary 7.2 we get the results from [1].

Theorem 7.3. (p—cyclic Kannan summing iterated contraction) Let (X, ||-1|) be a reflexive Banach space and A; C X,
i=1,2,...,pareweakly closed sets, T : UleAi — UleAi be a cyclic map and there exists k € (0,1/4), such that

4
5,(Tx1, Txy, ..., Tx,) < ZkZ ITx; — xill + (1 = 2k)P (34)

i=1
for every x; € A, i =1,2,...,p. Let there holds one of the following T is weakly continuous on U._ A; or T satisfies

the proximal property. Then there exists & € Ay, which is a best proximity point of T in Ay. In the case when T is
weakly continuous the point T°Ey € Ax.s is a best proximity point of T in Agys.
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Theorem 7.4. (p —cyclic Kannan summing iterated contraction ) Let (X, ||-]|) be a reflexive Banach space and A; C X,
i=1,2,...,pare weakly closed sets, T : U,_| A; — U'_ A; be a cyclic map and there exists k € (0,1/2), such that

p
sp(Tx1, Txy, ..., Tx,) < ZkZ ITx; — xill + (1 = 2k)P (35)
i=1

foreveryx; € A, i=1,2,...,pand
llx = Tx|| + |ITP'x = TPx|| < ||TP % — x|| + || TPx — Tx]| (36)

for every x € U!_ A;. Let there holds one of the following T is weakly continuous on U._ A; or T satisfies the proximal
property. Then there exists & € Ay, which is a best proximity point of T in Ax. In the case when T is weakly
continuous the point T°Ey € Ays is a best proximity point of T in Agys.

Corollary 7.5. (Kannan type p — cyclic contraction [21]) Let (X,|| - |) be a reflexive Banach space and A; C X,
i=1,2,...,pare weakly closed sets, T : UleA,- - UleAi be a cyclic map and there exists k € (0,1/4), such that

ITx; = Txinll < k(ITx; = xill + ITxi41 = xiall) + (1 = 2k)dist(Ai, Aira), (37)

forevery x; € A;, i =1,2,...,p. Let there holds one of the following T is weakly continuous on UleAi or T satisfies
the proximal property. Then there exists & € Ay, which is a best proximity point of T in Ay. In the case when T is
weakly continuous the point T°Ey € Agss is a best proximity point of T in Ags.

Theorem 7.6. (3 — cyclic Chatterjea summing iterated contraction) Let (X, || - ||) be a reflexive Banach space and
AicX,i=1,2,...,pare weakly closed sets, T : UleAi - ULA,- be a cyclic map and there exists k € (0, 1), such
that for every x; € A;,i=1,2,3

s3(Tx1, Txp, Txz) < k(IITxy = x| + 1Ty — x3]l) + k(T2 — 11| + [[Tx2 — x3]])

k(ITxs — x1ll + [ Txs — 2a])) (1 — 2K)P. 38)

Let there holds one of the following T is weakly continuous on U._ A; or T satisfies the proximal property. Then
there exists & € Ay, which is a best proximity point of T in Ax. In the case when T is weakly continuous the point
T*Ex € Agass 15 a best proximity point of T in Ags.

Corollary 7.7. (3 —cyclic Chatterjea contraction) Let (X, || - ||) be a reflexive Banach spaceand A; ¢ X,i=1,2,...,p
are weakly closed sets, T : UleAi - U’;lA,« be a cyclic map and there exists k € (0,1), such that
ITx; — Txiall < k(I Tx; — xisall + [Txi1 — xill) + (1 — 2k)dist(A;, Aiva), (39)

for every x; € A;, i =1,2,3. Let there holds one of the following T is weakly continuous on UleAi or T satisfies the
proximal property. Then there exists & € Ay, which is a best proximity point of T in Ay. In the case when T is weakly
continuous the point T*Ey € Ays is a best proximity point of T in Apys.

Theorem 7.8. (Chatterjea Type cyclic contraction) Let (X, ||-||) be a reflexive Banach spaceand A; € X,i=1,2,...,p
are weakly closed sets, T : U_| A; — U!_ A; be a cyclic map and there exists k € (0,1), such that

/4
SpldX1, 41X, ..., 1Xp) < Xi — Xi-1 Xi — Xi+1ll) — (L — 7
(Tx1, T Txy) <k ) (T I+ T ) — (1 —-2kP (40)
i=1

for every x; € A;, i =1,2,3, where we use the convention xo = x, and xp+1 = x1, and for every x € A;,i=1,2,3
|ITPx — x| + | TP "' — Tax|| < ||ITP"'x — x| + || TPx — Tx]|. (41)

Let there holds one of the following T is weakly continuous on U._ A; or T satisfies the proximal property. Then
there exists & € Ay, which is a best proximity point of T in Ax. In the case when T is weakly continuous the point
T*Ex € Agss 15 a best proximity point of T in Ags.

We would like to finish with an open question. Is it possible to generalize the results about best proximity
points in reflexive Banach spaces for other type of maps such as the investigated in [2-5, 18]?
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