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Abstract. Our aim in this paper is to consider some new characterizations for the boundedness of the
integral-type operator T,C, acting from BMOA(VMOA) into Bloch-type spaces and give a brief expression
for its essential norm.

1. Introduction

The set of positive integers without the element zero is denoted by IN. Let ID be the unit disk in the
complex plane C, H(ID) be the space of holomorphic functions on ID and S(ID) be the set of holomorphic

self-maps of D. For f € H(DD) with Taylor expansion f(z) = a;Z', the Ceséro operator acting on f is

i=0

CIf1@) = i [% Z ak] .

There are many papers studied the operator C[.] acting on various spaces of analytic functions including
the Hardy space [20] and Bloch space [12, 25]. Now the extended Cesaro operator T, is defined by

me=ﬁﬂwmm

acting on function f € H(ID). When g(z) = z or g(z) = log (1172) , Ty is the integral operator or the Cesaro
operator, respectively.

For ¢ € S(ID), the composition operator C,, is defined as Cy(f) = f o ¢, f € H(D). The study of
composition operators is a fairly active field. For general references on the theory of composition operators,
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see the two books [6] and [22]. In this paper, we consider the integral-type operator

T,Co(NE) = fo (f o )7 (DT, f € H(D), ¢ € S(D).

We refer the interested readers to the paper [16] to know more about the operator.
The weighted Banach spaces of analytic functions is defined by

Hx:ﬂfeH@»:WWH:mgO—MWW@H<w}

endowed with the norm ||.l,,. For a weight v the associated weight 7(z) is defined by

72) = (supllf@): feHSIfl, <11) , zeD.

For the standard weights v,, it is well known that its associated weight is 7,(z) = v,(z). We also need the

-1
weight v} = (log 1_%2'2) satisfying O1o5 = Ulog, t00. We refer the interested readers to [14, P39]. Moreover,
a weight v is called radial if v(z) = v(|z]), z € D.

For 0 < @ < 00, an f € H(ID) is said to be in the Bloch-type space 8%, if

I flle = sup(l — 27)*If(z)] < oo,
zeD
endowed with the norm

1fllge = 1£ O] + 1| flla-

Then the Bloch space 8 consists of analytic functions f on ID such that

£l == sup(1 = |z1*)| f' ()| < o0.

zeD

For 1 < p < oo, let H? be the classical Hardy space consisting of all functions f € H(ID) such that

27
i\ 40
11 = sup f e o < oo.
0 Tt

re(0,1)
The space BMOA consists of all functions f € H? such that

Il =supllf o Ly = f(@)llm2 < oo,

aceD

a—z

where L;(z) = {= for z € D. The corresponding f — ||f]l. is a seminorm and ||f|lzmoa = [f(0)[ + [|f|l. yields
a Banach space structure on BMOA. As we all know the set of all bounded analytic functions space H* is
properly contained in BMOA, which is in turn a proper subset of 8. That is,

H® c BMOA c 8.

In fact, ||fllg < |Ifllsmoa- Thus the inclusion of BMOA into B is continuous. Furthermore, ||flls < ||f|l~ and
Ifll. < 2llflle for f € H*, where ||f|l denotes the supremum norm of f. Moreover, if f € BMOA, then

1+ |z 1+ |z
1-1z| 1-1z|

The closed subspace VMOA consists of those f € BMOA such that |l}m1 IIf oL, — f(@)llgz= = 0. For more
information on the spaces BMOA, VMOA and 8, we suggest [1, 2, 10].

£ < FO) + 5 log T2l < Lf(O)] + 5 log T fllswon )
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Very recently, there are many papers about the operators on the space BMOA, such as [5], which gives
the new characterization for the boundedness of weighted composition operator Wy, : H* — BMOA as
follows:

Theorem A Let ¢ € H(ID) and ¢ € S(ID). The following statements are equivalent:

(a) The operator Wy, : H* — BMOA is bounded.

(b) M:= sup [[¢¢"llpmoa < 0.
neINU{0}
(c) Y € BMOA and sup [(@)|lILy@) © ¢ © Lallgz < 0.
aeD
In particular, it has been shown in [24] that C,, is compact on BMOA if and only if the single condition

lim ||¢"|| = 0 holds. And it has been proved in [15] that this condition is equivalent with lim sup ||L,||2 = 0.
n—00 lp(z)|—=1
In arecent paper [9], it complements the above results by proving estimates for the essential norm ||Cyll,, svoa
as following;:

Theorem B For ¢ € S(ID), we have [|Cy|le,smoa < lim sup [|¢"|].

n—oo

Recently, there have been an increasing interest in new characterizations for the boundedness and
compactness of operators, one can refer to [3, 4, 7, 8, 14, 17, 18, 23]. Based on the above results, we continue
to investigate the new characterizations for the integral-type operator T,C,, acting from BMOA(VMOA) to
$*. The organization of the paper is as follows: section 2 devotes to some lemmas. The boundedness and
the estimates for the essential norm of the operator T,C,, acting from BMOA(VMOA) to 8% are given in
section 3.

Throughout the remainder of this paper, C will denote a positive constant, the exact value of which will
vary from one appearance to the next. The notations A < B, A < B, A > B mean that there maybe different
positive constants C such that B/C < A< CB, A<CB, A>CB.

2. Some Lemmas

We will make extensive use of the following lemma when proving our main theorems. This lemma is
due to Montes-Rodriguez [21, Theorem 2.1] and Hyvérinen, et al. [13, Theorem 2.4]. For u € H(DD) and
¢ € S(D), the weighted composition operator is defined as uCy(f)(z) = u(z)f(¢p(z)), f € H(ID). Then we
have

Lemma 1. Let v and w be radial, non-increasing weights tending to zero at the boundary of ID. Then
() the weighted composition operator uC, maps H;® into Hy, if and only if

I T TG
n>0 ”Zn”V zelD ﬂ((P(Z))

with norm comparable to the above supremum.

ii ; " lleo p
(@) [[uColle i —pz = lim sup IIZ’HVI = lim sup
n—oo

lpz)l—1

w(@)|u(z)|
p(2) *

Lemma 2. [14, Lemma 2.1] lim (log n)l|z"||,,,, = 1.
n—oo

The following lemma is an easy result from (1).
Lemma 3. For f € BMOA,
2
<log —— .
)] < log 7— mE Il fllBMoa

The following lemma for compactness follows similarly from [6, Proposition 3.11].

Lemma 4. The operator T;,C, : BMOA — 8% (uC, : BMOA — Hy’) is compact if and only if T,C, : BMOA —
B* (uCy : BMOA — H}?) is bounded and ||T,Cy, fullg: — 0 (I[uCyp fully, — 0), as n — oo, for any bounded sequence
{fulnew in BMOA converging to zero uniformly on compact subsets of D.
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3. Main Results

3.1. Boundedness
In this part, we give a new characterization for the boundedness of T,C,, : BMOA(VMOA) — B°.

Theorem 1. For a > 0, ¢ € S(ID) and g € H(ID). Then the following statements are equivalent:
(a) T,Cy : BMOA — B* is bounded.
(b) T,Cyp : VMOA — B is bounded.
(€)

suplog(n + Dllg'¢"lly, < sup(l - [z£)lg’ ()| log ———
n=>0 zeD 1- ( )l

In each case the norm ||T,Cy|| comparable to (2).

Proof. (a)=(b). This implication is obvious.
(b)=(c). For w € D, define the function

fuw(z) = log

1- (p(w)z.
It is well known that || f,|l. < ||log 1—32“* < C<oand f, € VMOA. Since T,C, f,(0) = 0, thus

”Tgcq)waBﬂ sup(1 - |Z|2)a|(TgC<pfw),(z)|
zeD

(1 = [wP)*| fulp(@))g’ (@)

(1 - [wP)*lg’ ()| log wa.

v

From (4) we obtain
sup(1 - [2P)'1g’(2)| log ——— < 0
zeD 1- |(P(Z)|2

By Lemma 1 (i) and above inequality it follows that 5'C,, : H;? ' — H;? is bounded. Then by Lemma 2 and
Lemma 1 (i), it follows that

log(n + Dllg " 080+ 1) | g il
sup log(n v, =< sup————logn o
8 7 ay logn8MI®
< suplogullg’ ¢"ll,
n>0
g’ " llv,

X

e =T

=< 1- @ I
szlel]]};( 1219 (2)] 8 T IoE oz <

(c)= (a). For every f € BMOA, T,C,f(0) = 0, by Lemma 3 we have that
ITyCo fll5» sup(1 — 1211 f(p(2))7 )]

zeD

< sup(l - [2°)%g’ (2)l log = | ( )|2||f||BMOA

zeD
< ©Q.

From which it follows the boundedness of T,C,, : BMOA — 8“. This completes the proof. [
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3.2. Essential norm

The essential norm of a continuous linear operator T is the distance from T to the compact operators K,
that is, ||Tlo = inf{||T — K]|| : Kis compact }. Notice that ||T||. = 0 if and only if T is compact, so estimates on
IT]. lead to conditions for T to be compact. There are lots of papers concerning this topic, the interested
readers can refer to [7, 11, 13, 14, 19, 26, 27].

In this part, we estimate the essential norms of the integral-type operator T,C,, acting from BMOA(VMOA)
to 8. Since (T,C,f) = g'f o ¢, then

ITyCollesmoa—s: < lg'Cyllesmor—hs - 5)

The following lemma characterizes the essential norms of the weighted composition operator uC, from
BMOA to H;?.

Lemma 5. Let 0 < & < oo, the weighted composition operator g'C, : BMOA — H)? is bounded. Then

19’ Colle.pmoa—ng, =< limsup(logn)llg’@"ly,-
n—oo
Proof. The upper estimate. Let (f,)q.en be a bounded sequence in BMOA, then it has a subsequence denoting
by (fu,)kenw Which converges uniformly on compact subsets of ID. We can assume, without loss of generality,
that (f,)nenw converges to zero uniformly on compact subsets of ID. Fix 0 < 6 < 1 and let (#;)nen be an
increasing sequence in (0, 1) converging to 1. We can easily obtain that 4'C;, ,, is a compact operator by the
boundedness of 4'C, and Lemma 4. Thus

||!7,Cq0||e,BMOA—>HSZ < ”glc(p_glcrm(p||BMOA—>H;o
= sup sup (1-[2P)lg@If(@@) = frupE)

z€D ||fllamoa<1

< sup  sup (1-1zP)7 @If (@) = frmp()) 6)
lp(2)1<0 || fllamoa<1
+ sup sup (1-EP)I9@If(9R) - f(rmp@). 7)

()26 llfllmoa<1
Casei |p(z)] < 6. since f € B, when f € BMOA, thus |f’(z)| < 1_+Z|2”f”BMOA‘

1

If(p2) = frmp@)] < lp@)IIf' (tp(2))ldt
< ||f||BMOAf |(P(Z)| It(p(z)lz
< fllswon '(”l( 1' 2O,
Since 221~ & then we have

I-lp@)| ~ 1-07

sup |f(p(2) — f(rmp2)| < —(1 Tim)-
[IfllBmoa<1
Furthermore, ||g’Cy,(1)lly, is finite by the boundness of g'C, : BMOA — H;?. Thus
sup sup (1-[zP)17 @If(9@) - frup@)

\(/7(2)|<5 IfllBmoa<1

< (1 —7m) sup (1-1z%)*7 2)|
lp(z)|<6

< ia— g Co(Dl

> 1 — 6 Ym g (Y [
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From which it follows that (6) tends to zero as m — co.
Caseii |p(z)| = 6. Given f € BMOA with ||fllpmoa < 1,

1

1f (@) = frmp@) lp@IIf (tp(2))ldt

IA

Tm

1
()
< — -t

L T tifllswos

to
f mdﬁl(p(z)l)

1-lp@2)|
log 1- 7’m|§0(z)|
< logr— Lar

Therefore

lim sup [f(p(2)) - f(rmp(2))| < log %

" flloa<1 1-lp@I’
and letting 6 — 1, from (7) it follows that
2
"Collesmor—ne < limsup(1 — |z1*)%g ()| log ———. 8
||g (ﬂ“ BMOA H\a |(p(z)|_})( ) g( ) g 1 _ |(P(Z)|2 ( )

The lower estimate. Let (z,),en be a sequence in ID such that |p(z,)] = 1 as n — co. Define the sequence

2\ 2 )
1 (2) = (lo —) loc——| , ze D. )
f ST o &1- @(z0)z
Then f, € VMOA and sup || fullpmoa < ©0. Moreover, (f,)nen converges to zero unifromly on compact subsets
nelN

of D as n — oo. Then for every compact operator T by Lemma 4 it follows that

9’ Collepmor—nz, = limsupll(g'Cy = T)fully,

n—oo

> limsup|lg’Cy fully,

n—oo

= limsupsup(l — |z|2)“|{]'(2)||fn(§0(2))|

n—oo  zelD

> limsup(l — |z,/*)%|g’ @)l fu(@(zn))|

n—oo

2
= limsup(l - |z»)Y9 (2)| log ————. 10
msup(t Pl () 1o 5 (10)

Combining (8) and (10) it follows that

2
, e = li 1-— 2\a| 4/ 1 —_—
19’ Colle,pmor—nz, = limsup(1 — [z17)*|g’(z)| log 1-lp@)P

lp(z)|—-1

Further by Lemma 1 (ii) and Lemma 2,

19’ Colle smoa—nz, = limsup(log m)llg’ "Il -

n—o0

This completes the proof. [
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Theorem 2. For a >0, ¢ € S(ID) and g € H(D). If T,C, : BMOA — 8% is bounded, then

¢, VMOA—s: < limsup(logn)llg’ ¢"|l,,.

n—oo

”TgC(p”e,BMOA—»B“ = ”Tgctpl

Proof. Tt is obvious that [|T,Collesmoa—8: = [ITyCoplle,ymon—se-
By (5) we obtain that ||T;Cylle,smoa-8: < 19’ Colle,smoa—H,

‘o

. Further by Lemma 5, we have that
ITyCoplle,smoa—s= < limsup(logn)llg’ "I, (11)
n—o0o

On the other hand, let (z,),en be a sequence in ID such that |¢p(z,)] — 1 as n — oco. Take the function
sequence defined in (9). Then we have

ITyColleymon—g: = limsup||TyCo fullge
. 2\ o/ 2
2 Jim sup(l ~ feuf")"lg (20l log T

2
= limsup(l - |z1*)*|¢’ (z)| log —
oIor ST

lim sup(log n)llg’@"ly,- (12)

n—oo

Combining (11) and (12) we obtain that

X

limsup(logn)lg’@"ll,, = [IT;Cyllesmor—s

n—oo
> ||ITyCoplle,ymoa—se
> limsup(logn)llg’¢"lls,.
n—oo

From the above we obtain the desired results. This completes the proof. [

The following corollary is an immediate consequence of Theorem 2.

Corollary 1. For a > 0, ¢ € S(D) and g € H(D). If T,C, : BMOA — 8% is bounded, then the following are
equivalent:
(i) T,Cy : BMOA — B* is compact.
(it) T,Cy : VMOA — B* is compact.
(iii) lim sup(log n)llg’ @" Iy, = 0.
(iv) lim sup(1 — |z1*)%|g’ (z)! log Hpﬁ =0.
lp(z)—1
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