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Abstract. In this paper, we introduce the concept of fuzzy soft filters and study some of their properties.
Also, we study the notion of convergence of fuzzy soft filters in fuzzy soft topological spaces. We prove
the existence of product fuzzy soft filters.

1. Introduction and Preliminaries

It is well known that the notion of filter on a set is a basic concept in topology and plays an important
role in it. The basic theory of filters can also be found in [18]. Some applications of filter convergence in
topological spaces can be found in [10]. The notion of fuzzy filter appeared for the first time in [12] by
Hohle and Sostak. However, similar notions with slight changes already appeared in [8, 9, 13]. One of
the recent directions is the study of generalized filters [4-5] and its applications. In [12], Hohle and Sostak
studied the convergence of fuzzy topological spaces using neighborhood systems of a point. The aim of
this paper, to introduce and study the concept of fuzzy soft filters and show some of its properties. Also,
studying the convergence of that fuzzy soft filter in fuzzy soft topological spaces. The existence of product
fuzzy soft filter is also proved.

Throughout this paper, X refers to an initial universe, E is the set of all parameters for X, X is the set of
all fuzzy sets on X (where I = [0,1]) and Iy = (0,1], and for any a € Iy, a(x) = a forall x € X, (/}-(71-5/) denotes
the collection of all fuzzy soft sets on X. A fuzzy softset f4 € (/)ZI-S/) is called a fuzzy soft pointif A = {¢} C E
and fa(e) is a fuzzy point in X i.e. there exists x € X such that fa(e)(x) = ¢, t € Iy and fa(e)(y) = 0 Vy # x, itis
denoted by ¢!, and the set of all fuzzy soft points in X is denoted by P; (/}_(,\E/). Let fa, 98 € (/}_(,\E/). Then, fa
is said to be fuzzy soft quasi-coincident with gp, denoted by f4 g gg if there exist e € E and x € X such that
fa(e)(x) + gp(e)(x) > 1. If f4 is not fuzzy soft quasi-coincident with g3, then it is denoted by f4 4 g5. Most of
definitions and properties of fuzzy soft sets on a set X are found in [1, 2, 3, 6, 7, 11, 14, 16, 17].
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Definition 1.1. ([1]) A mappingt:E — [ XE) is called a fuzzy soft topology on X if it satisfies the following
conditions for each e € E:

(O1) 7o(®) = 7(E) =1,

(02) Te(faMg8) > Te(fa) A Te(gp) forall fa, g5 € (XE),

(©3) wlLU(fa)) = ATe((fa) forall(fy) e XD, jeJ.
j€ j€

(Note that: M and U in the definition is explained in [15]). The pair (X, 7) is called a fuzzy soft topological
space. The value 7.(fs) is interpreted as the degree of openness of a fuzzy set f4 with respect to that

parameter e € E.

2. Fuzzy Soft Filters

Definition 2.1. A mapping ¥ : E — 1XB)

following conditions:

(F1) F(®) =0 and F.(E)=1,

(F2) FolfaMgs) = Felfa) A Folgs) forall fa, gs € (XE),
(F3) If fa C g, then Fo(fa) < Fe(gs)-

is called a fuzzy soft filter on X if it satisfies, for all e € E, the

If 7} and 7 are fuzzy soft filters on X, then ! is finer than 72 (or 7 is coarser than ¥}), denoted by
F2C 7} ifand only if F2(fa) < FM(fa) foralle € E, fa € (X, E).

Let us define #° as follows:
e = lfae (XE) : Fulfa) > O}
The main properties of fuzzy soft filters are discussed in the following propositions:

Proposition 2.1. Let {Tg/, j € J} be a family of fuzzy soft filters on a set X. Then, the mapping F = N je]TEjj :
E — [XB) defined, for eache € E, fs € (X E), by:
Fofa) = N\ FDelfa)
jel
is a fuzzy soft filter on X.
Proof. (F1) Fo(®) = A(F)e(®) = 0 and Fo(E) = A(F)(E) = 1.
j€l j€l

—~—

(F2) For all f4,gp € (X, E), we have

Fofa) A Felgn) = NFD(f) A N\ (g8)

jel i€l

< N @De(fa) A Fe(g8)
i€l

< /\(Tj)e (fa 1 g8)
jel

= F(fa 1 gp).
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(F3) If fa C gg, then (F7).(fa) < (F/).(gp) for each j € ], e € E, and therefore

Fe(fa) = /\(¢j)e (fa) < /\(¢j)e (98) = Fe(ga)

jel jel

From a fuzzy soft filter ¥ : E — I®E), we can obtain a fuzzy soft topology t# on X as follows:

Proposition 2.2. Let Fr be a fuzzy soft filter on X and a map ¢ : E — IXE) defined by

@i = { 790 R Rz

Then, (X, (t#)E) is a fuzzy soft topological space.
Proof. 1t is straightforward and thus, it is omitted. [

Consider the mapping ¢ : X — Y between two sets, and the mapping ¢ : E — F between two sets of

parameters.

Proposition 2.3. Let ¢y : (XE) > (Y,D) bea mapping and Fg a fuzzy soft filter on X. Then, we can define the
mapping ¢y(Fe) : F — I¥D by

$y(F) (9) = Fe(@y'(g8)), Ve € E, Vgp € (LF)
so that ¢y(F) is a fuzzy soft filter on Y.

Proof. (F1) (pw(ﬁ)(ﬁ)) =0 and (pw(ﬁ)(ﬁ) =1.
(F2) For all fa, g5 € (Y,r\FJ), we have

Pyp(Fe) (fa) A Qy(Fe) (g8) = ﬁ(cf);l(fA)) A ﬂ(¢@l(93))

< F @7 N 670
R ACRLED)
= ¢y(Fe) (fa 1 gp).
(F3) If fo C gp, then
Gu(F) (F2) = Feld (fa)) < Fuld7 g8)) = bul(F) (gn)-

O

Let 7} and F7 be two fuzzy soft filters on X and Y respectively, and ¢y, : (fXTI_E/) - (Y,r\FJ) a mapping.
Then, ¢y is said to be a fuzzy soft filter mapping if and only if

Foop) < FA@, () Vgs € (VF), e E.

In this way, we obtain the category FSFIL with objects all the fuzzy soft filters (X, ¥¢) and arrows all the
fuzzy soft filter mappings ¢, as given above. Furthermore, if ¢y : (X, ?g) - (Y, ?}2) the fuzzy soft filter
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mapping is an arrow in FSFIL, then the same mapping ¢y, is also an arrow in FSTOP with objects all the

fuzzy topological spaces (X, 7) and arrows all the fuzzy continuous mappings and the diagram

X F7)

(X, (T#1)E)

Y, F7)

(Y, (t#2)r)
is commutative.
Theorem 2.1. Let {7’Ej, j € ]} be a family of fuzzy soft filters on X satisfying the following condition:
©) If(fa)j € (Tg)"for all j € ], then we have Mjey,(fa); # @ for every finite subset Jo of J.
If we defined a mapping Hfj . E — [XE) as follows:
je

Jj€lo

| @s) =

{ VIA FNe(g8))) : 95 = Niep(g)} if (g8)j € (F)°, e € E,
jel

otherwise,
where the supremum \/ is taken for every finite index subset Jo of | such that gg = Nicy,(g);. Then | |(F/)E is the
jel

coarsest fuzzy soft filter finer than (F1)g for each j € J.

Proof. Firstly; we will show that Hg = | |(F/) is a fuzzy soft filter on X.
i€l
(F1) It is clear that H,(®) =0 and H,(E) =1 for eache € E.

(F2) For every finite index subsets K and L of ] such that fa = Miex(fa); and gg = Mier.(g8)1;, we have
fanigs = (Miex(fa)) M (Mier(g8)1)-

Furthermore, for eachm € KNL, put faMNgs = Muexur(hc)m, C=AN B, where

(fA)m if meK- (K N L)/
(hc)m = 4 (gB)m if meL-(KNL),
(fa)m M1 (gB)m if me(KNL),

which means that

Hofangs) = N\ FGw)
meKNL
> N\ FENE) A N\ FDgsn.

54 meL
Then, H.(fa M gs) = He(fa) A He(gs)-
(F3) Suppose that f4 C g3, by the definition of H, there exists a finite index set K with f4 = Miex(fa)i
so that H.(f4) = A (F))((fa)). On the other hand, since gz = f4 U gp = Miex((fa)i U g5), then we
ieK
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have He(gs) > A (F)(fa)iugs) = A (FH((fa))- Thus, H(gs) > He(fa). Now, we will show that
ieK ieK

H(fa) = ﬂj (fa) for each j € ] from the following;:
If FJ(f4) = 0, then it is trivial.
If F/(f4) > 0, then for f4 = f4 M E, we have Ho(fa) = F/ (fa) A FLE) = F (fa).
If Keg 3 TEj for each j € ], we will show that K¢ 3 Hg. By the definition of H, there exists a finite index
set K with fa = Miex(fa)i so that H.(fa) = />< (FH((fa):)- On the other hand, since K¢ 2 Té for eachi € K,
ie

then we have K.(fa) > /}( Ke((fa)i) = />< (F((fa)i). Hence, Ko(fa) = He(fa). O

Theorem 2.2. Let ¢y : (X,E) — (Y, F) be a mapping and F a fuzzy soft filter on Y. Then, we can define the mapping
9%1(7}) : E — I%P for each k € F by:

. ViTFi(gn) : fa = ¢ (gp)} if gp # D,
¢¢1<ﬁ)<fA>={0 R iy

so that ¢;1(7:) is a fuzzy soft filter on X.

Proof. (F1) (p;(ﬂ) (® =0 and <P1;1(7‘-k) (E)=1.
(F2) It is proved from that:

63 (FD (f) A3 (F) (g5) = (\/IFulon) : fa = ¢ (0p))) A
(\/1Fitr0) : g5 = ¢ (o))

= \/{Filop) A Fillic) : faT1 s = ¢ (op) 1
¢y (he)}

\/{Filop M (he) : 411 g = ¢ (0p) 1
¢y (o))

3! (F) (fa 11 g).

IA

IA

(F3) If fo C gp, then

03 (Fx) (fa) = Fuldu(fa)) < Fuldulgn)) = &' (Fx) (95)-

O

Theorem 2.3. Let {féj, j € ]} be a family of fuzzy soft filters on X;, E; are parameter sets, and E = ] E;.
Let X = [1je; X; be the product space, ; : X — X;, ¢; : E — E;j are the projection maps for each j € | and
(1ty); (/}-(,\E/) - (}’(-j,\E/]-). Then, we can define a mapping ¥ : E — 823 by:
VIA (Fe(@s))) : fa = Miex(()i(g))) if (9w); € (F])°, e € E,
0

otherwise,

where the supremum \/ is taken for every finite index subset K of | such that fa =11 jeK(Tc;l) i((g8);). Then

(1) For fa € (), we have Folfa) = V(77 ()
JE
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(2) F is the coarsest fuzzy soft filter on X for which each projection map (my); : (X E) — (}?;E/ j) is a fuzzy soft
filter mapping.

() Amap xy : (Y,Hp) — (X, FE) is a fuzzy soft filter map if and only if for each j € |, we have (r1y); o Ky :
(Y, Hr) — (X, 7—',:1/_) is a fuzzy soft filter map.

Proof. (1) From Theorem 2.2, each (n;l) ]-(Téj) is a fuzzy soft filter on X;. Firstly, we will show that
\/(n;) ]-(7:Ejf) exists, that is, it satisfies the condition (C) of Theorem 2.1.
j€J
(©) If (fa); € (m);(FL) for all j € ], there exists (95); € (Y,F) with (fa); = (;1);((¢3);) such that
(F7)e;((g8);) > 0. It implies that (g3); # D, that is, there exists x; € X; with (g5);(x;) > 0. For every finite
index subset K of |, put
| m'(w)  ifxi € X; foreach i€ K,
- 7'(]71(96]‘) if xj € X; foreach je]-K
Then, we have
AE@ = A0 = \Gow)ix) > 0.
jeK jeK jeK
We will show that F = V(nfyl) J(F7). By the definition of ¥, there exists a finite index set K C | with
jeT

fa = Miek(ri((gp);) such that Fe(fa) A (F i) (@)D, putting (fa)i = (,)i((g5);) for each i € K, then,
for

fa = Niex(fa)i = Miek (0, )i F ) (95)0),
we have V1)) (9n) 2 G (). Hence, V1) (e, 3 7.
je ic j€
For every finite index set L C | with hc = Mer(fa);, we have \/(Tc;)]-(?‘j)ej(hc) > /\(T(;l)l(/cl)g/((f/l)l)/
j€J leL

and there exists (75); € (X;, Ef) with (fa); = (711;1)1((93)1) such that 1/\ (n;)l(?_l)e;((fA)I) > 1/\ (FDye((g8))- On
el el
the other hand, for ic = Mier(fa) = Mier (1, )i((g8)1), Felic) = l/\(T’)lp(@((gB)z)- Then (1,");(¥ /), € F, and
€L

thus, (nl‘yl)]-(?'i)Ej = Fr.

(2) From (1) above, Theorem 2.1 and Theorem 2.2, we get that ¢ is a fuzzy soft filter on X. For each
j €J,and (g8); € (X, E)), and by the definition of 7, we then have Fel(;Hi(g8))) = T (95)))- Hence,
(my)j : (X, FE) = (Xj, FE,) is a fuzzy soft filter mapping.

Let (1y); : (X, GE) — (X, ;) is a fuzzy soft filter mapping for each j € ], that is, QE((nil)i((gB)j)) >
?é(e)((gg)]‘) for all finite index set K with f4 = ﬂigk(ﬂil)i((gB)i), and thus,

Gelf) = /\ Gl(mNil(g8))) = [\ (F i) ((9),),
ieK ieK
which implies that G.(fa) > F.(fa) for each f4 € (S(TE/).
(3) Necessity of the composition condition is clear since the composition of fuzzy soft filter mappings is
a fuzzy soft filter mapping. Conversely, suppose ky, : (Y, Hr) — (X, Fr) is just a fuzzy soft map. For every
finite index set K with f4 = I‘IieK(nl’#l)i((gB)i). Since for each j € ], we have ((1ty); o xy) : (Y, Hr) — (X;, 7—;)
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is a fuzzy soft filter map, and Ti(e)((gs)j) < ﬂe(Kll((n;)j((gB)j))) It follows that 7{8(1{;1((“;1)14((93)1,))) >
Fue((g8)i)- Hence, we have

HAD) 2\ HLGGH @m0 =\ F L) (@)
ieK ieK
It implies We((K;)(fA)) > Fe(fa) for all f4 € (/)?E/). Hence, «y : (Y, Hr) — (X, FE) is a fuzzy soft filter
map. O

Definition 2.2. Let {77Ej/_, j € ]} be a family of fuzzy soft filters on X, j € J,and X = H]E] Xj, E= HjE] E;are
product sets, 7t;: X — X, 1; : E — E; are the projection mappings. The product of fuzzy soft filters is the
coarsest fuzzy soft filter on X for which all (rty); : (X, Fg) — (X, ﬂj), j € ] are fuzzy soft filter mappings.

3. Fuzzy Soft Quasi-Coincident Neighborhood Spaces

In this section, we introduce the notion of fuzzy soft quasi-coincident neighborhood spaces.
Definition 3.1. A fuzzy soft quasi-coincident neighborhood system on X isaset Q = {Q : e € P; (X E)}
of maps Q, : E — I*F) such that for each f4, g5 € (X E), we have
(N1) @ is fuzzy soft filter on X,
(N2) (Q)e(fa) > 0 implies that e g fa,
(N3) @) (fa) =V [ A (@Qe(gp)]

¢k q 98, g5Cfa €, q 98

The pair (X, Q) is called a fuzzy soft quasi-coincident neighborhood space. (Q). (fa) can be interpreted
as the degree to which fy is a quasi-coincident neighborhood of ¢t.

An N-map between fuzzy soft quasi-coincident neighborhood spaces (X, Q}) and (Y, Q?) is a map ¢y :
(X, Q1) — (Y, @) such that

(Qgtx)e (qﬁ;l(fA)) 2 (QIZP(@Q,(X))W) (fA)
forall f4 € (Y,E), e € Eand forall el e P.(X E).
Theorem 3.1. Let (X, tg) be a fuzzy soft topological space and ¢!, € Pi(X,E). Defineamap Q, : E — IXE) gs;

@) () = { (\)/{Te(gB) €. q 98, 98 C fa) ii 2 Zﬁ
Then,
1) @ = {Q:i el e Pt(ﬁ)} is a fuzzy soft quasi-coincident neighborhood system on X,
(2) Ift <sfort,s €1, then (Q))e (fa) < (Q)e (fa)-

Proof. To prove (1), we need to prove all conditions (N1) - (N3).
Firstly, we prove (N1). (F1) and (F3) are easily proved.
For (F2), suppose there exist fa, gp € (/)?I-S/) such that

(in)e (fangs) % (Q:rr)e (fa) A (Q;Y)e (g8)-
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By the definition of (Q ). (f), there exists (fa): € (X,E) with e g (fa)1, (fa)1 T fa such that
(@)e (faT1g8) £ Te(fa)1) A (Q)e (g8)-
Again by the definition of (Q,). (7s), there exists (5)1 € (X,E) with et q (95)1, (981 C g5 such that
(@)e (faTg8) £ Te(fa)) A Te((gBN)-
Since e}, q ((fa)1 M (g8)1), ((fa)1 M (g8)1) E fa M gp, we have
@) (faNgs) 2 we((far M (g8)) = Te((fa)1) A Te((g8))-

It is a contradiction. Hence, (F2) holds and thus, Q, is a fuzzy soft filter on X.
For (N2), it is easy from the definition.
Now (N3), for all f4 € (X,E) with ¢ q gs, gs C fa, we have

w(ge) < /\IQ 98) : € q98) < (@ (95) < (@) (fa).
Therefore,

(@) (2)

\/ (s

el q g8, gCfa

VoA @)

et q g8, 98Efa €y q 98

< @) (fa)

This means that (Q:, )e (fa) = \ [ A (Q). (g8)]. Hence, (1) is fulfilled.
! ¢ qgs geCfa e ags

—~—

Now (2), for t < swith t,s € I and f4 € (X, E) since

IA

tgpe CE):et qgp g8 C fa) Clhc € (CE): € qhe, he T fal,
then we have (Q'). (fa) < (Q:i)e (fa). O

Theorem 3.2. LetQ = {Q,
3.1. We define a map 12 : E — I*P) gs follows:

t . t i ¢
(e (fa) = { Pl U eal) LATE

Then, we have the following properties:
(1) (tD¢ is a fuzzy soft topology on X,

(2) If Qg is a fuzzy soft quasi-coincident neighborhood system on X, then
QY = Q forallé, € P(XE),

3332

. ¢l e Py(X,E)) be a family of Q. : E — IXE) satisfying (N1) and (N2) of Definition

(3) If QL. and Q% are fuzzy soft quasi-coincident neighborhood systems on X such that (@) = (9 then

Q=@
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Proof. To prove (1), we need to prove all conditions (O1)—(O3).

(O1) is trivial.

(02) For f4, g5 € (X,E) we have

(e (fa M gs) /\{(Qe;)e (fanigs) : €. q(fangs)
@) (f2) A (@e)e (g8) = €9 (fa M g0))
= (/\@u) (fa) : € q(farignh) A
(/\{@y)e (98) = €9 (fangn)
(@ (fa) = € q(fh) A
(/\@x). 95) : ¢ 9 (g0))
= (@ (fa) A (@D (90)-

(O3) Since (Qy)e (%(gsj)) 2 ]/e\] (Q)e ((98,)), then

I\

IV

{
{
{
{

(9 <|_]|<gsf>) = Al@y. <|_]|<gBj>> el (L}l(%»)}
j€ j€ j€
> Al A}(ae;» ((98,) : € q((gs)))
j€
= A}{ A\ @) ((98)) = ¢ q((g5)
je
=A@ (g5).
j€J

Hence, (t9)¢ is a fuzzy soft topology on X.
For (2), it is proved by (N3) so that

@) =\ @
el q g8, gCfa
=V Al@. 6w : ¢ qgs)
€ q g8, 9sEfa
= (Qei)e (fA)
For (3), since (Tal)E = (TQZ)E, then for f4 € (ﬁ) and ¢! € Pt(ﬁ), we have
@) (g =\ A\l@)e@p) : € q)

et q g8, gBEfa

=/ e

el q g8, gBCfa

=/ @

e\ q g8, 98Efa

- \/ A{(Qg)e(gg):e;m}

et q g8, gBEfa

= (@) (fa):
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Hence, Q% = Qé. O
Theorem 3.3. Let (X, Tg) be a fuzzy soft topological space and Q. a fuzzy soft quasi-coincident neighborhood system
on (X, tg). Then, 1z = (19)g.
Proof. Since
@) () =\ s = )
e 4 98, gpEfa
foralle € E, ¢, g f4, then we have
N @u)e (f2) = Telfa).
4 fa
So, ¢ C (19)E.

Conversely, suppose that there exists f4 € (X,E), e € E such that

te(fa) # (@)e(fa).

For each ¢! € Py(X,E) with ¢, g fa. If e\ q (g5)s, (98)s T fa then fa = || (gs)s. Thatis,
e q fa

w(fa) = w(| | o) = )\ 7 (@s)e),

e q fa e q fa

which means that

N @) # 7 () = /\ (@) (fa).

e q fa e q fa

Hence, there exists (g3).;) with e} q (95).:, (98)e. T fa such that

w(gn)g) 2 [\ (@ (fa)

e q fa
It is a contradiction. Thus, 7z 2 (t9). O

Theorem 3.4. Let (X,Q}) and (Y, Q%) be two fuzzy soft quasi-coincident neighborhood spaces. A mapping ¢y
(X, QL) — (Y, Q) is N-map iff ¢y : (X, T?l) - (Y, ng) is fuzzy soft continuous.

Proof. Since for all f4 € (Y,r\FJ), el e Pt(/}_(TE/)
e q oyl (fa) i (Py(@) = P(©)y,) g fa and
fw(e), € PCE) : pe)y, q fa} 3 (el € PVE) : & € PXE), ey q fal-
Then, we have
o) = @ va(fa) = 9@} q fa)
IN@ iy s (f) + $y 9 fa)
@31 () = ek q b3 ()
w2 (5! (fa)).

IA
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Thus, ¢y : (X, T?l) - (Y, T?Z) is fuzzy soft continuous.
Conversely, since for all f4 € (/TF), fc(j;)( fa) < T?p ((p;}( fa)), Q}s = anl and Q% = Q;Qz, then we have

(@)yer Do (fa) = \/{T(jfe)(gs) : llf(e)ﬁp(x) q 98,98 E fa)

o)

< \/1e%y0s) ¢ ¢ a7 (98), 05 (98) £ &3 (f)
<\ @7 (gs)) © ¢ a3 (gm), 671 (gm) € 07 (fa))
<

(Qi; )e ((Pl_pl (fA))
O

Corollary 3.1. Let (X, 1) and (X, %) be two fuzzy topological spaces. A map ¢y : (X, 11) — (Y, 12) is fuzzy soft
continuous iff ¢y : (X, Qg) - (Y, Q}Z) is an N-map.

4. Fuzzy Soft Filter Convergence

Definition 4.1. Let (X, tg) be a fuzzy soft topological space, ¥ a fuzzy soft filter, fa,gp € (X,E) and
et e Py(X E).

(1) ¢! is called a fuzzy soft cluster point of ¢, denoted by Fr > e if for every g5 € Q)7 and f4 € (Fr)°,
we have f4 Mgp # ©.

(2) e, is called a fuzzy soft limit point of ¥, denoted by Fr »> e} if (Q:)r C Fr.

We denote

cls,, (Fr) = |_|{ef( e P(XE) : el is a fuzzy soft cluster point of F¢},

lim,,(F¢) = I_I{ef( e P,(XE) : el is a fuzzy soft limit point of Fr}.

Theorem 4.1. Let (X, Tg) be a fuzzy soft topological space and Fg, G are two fuzzy soft filters on X such that Fg is
coarser than Gg. Then the following properties hold.

(1) Fgo el = Frpw el

(2) lim,(Fg) T cls., (Fr).

() FEw e, &S Cel = Frw el
(4) Fproel, s Cel = Frro el
cls. (FE).
lim., (Fg).

6) Few e © e

I

6) Fr e o e

I

(7) Fe > e, = Ge el
(8) lim,(F£) C lim,.(Gk).
(9) Ge el = Fp el

(10) clse.(Ge) T clse(FE)-
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Proof. (1) Forevery gp € (Qu); and fa € (Fi)°, since (@ )r E Fr, wehave gp € (F¢)°. Hence, F(faMgs) > 0.
It implies that f4 M gp # .

(2) From (1), it is clear.

(3) Since ¢} C e}, by Theorem 3.1 (2), (Q:)e E (Q.)e. For every gp € (Qz);, we have gz € (Q,);. Since
F. ~ e, for each fa € (Fr)°, fa M gp # ®. Hence, F, ~ ¢.

(4) Since F, > e}, we have (Q:)r T Fr. Since ¢; C e}, by Theorem 3.1 (2), (Qx)r C (Q)r. Hence,
(Qs)e C (Q)e E Fo. Thus, F, > ¢5.

(5) If ;. T cls..(Fr), for every g € (@)} by the definition of (Q, )k, there exists hic € (X,E) such that
ey g hc,he T gp and (@ )e(g8) = T(hc) > 0. This implies that hic q cls, (F7).

By the definition of cls,, (), there exists a fuzzy soft cluster point e, € Pt(fﬁ) of ¥ such that e, q hc
implies that hic q cls.,(F.). Thus, e; g hc,hc T g and (Qe:).(g8) = Te(hc) > 0. Hence, g5 € (Q:)7 and ¢; is a
fuzzy soft cluster point of ¥r. Hence, for each fa € (F£)°, faTl g # ®. Therefore, Fr ~> é..

The converse is clear.

(6) It is similar to (5).

(7) It is easily proved from (Qy ). E . E G..

(8) From (7), it is clear.

(9) For each gp € (Qeg)cé and f4 € (Fg)° since ¢ C Gg, we have f4 € (G,);. Since G ~» e, fangs # .
That is, F, ~» el.

(10) From (9), itis clear. O
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