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Abstract. In this paper, we introduce the concept of fuzzy soft filters and study some of their properties.
Also, we study the notion of convergence of fuzzy soft filters in fuzzy soft topological spaces. We prove
the existence of product fuzzy soft filters.

1. Introduction and Preliminaries

It is well known that the notion of filter on a set is a basic concept in topology and plays an important

role in it. The basic theory of filters can also be found in [18]. Some applications of filter convergence in

topological spaces can be found in [10]. The notion of fuzzy filter appeared for the first time in [12] by

Höhle and Šostak. However, similar notions with slight changes already appeared in [8, 9, 13]. One of

the recent directions is the study of generalized filters [4–5] and its applications. In [12], Höhle and Šostak

studied the convergence of fuzzy topological spaces using neighborhood systems of a point. The aim of

this paper, to introduce and study the concept of fuzzy soft filters and show some of its properties. Also,

studying the convergence of that fuzzy soft filter in fuzzy soft topological spaces. The existence of product

fuzzy soft filter is also proved.

Throughout this paper, X refers to an initial universe, E is the set of all parameters for X, IX is the set of

all fuzzy sets on X (where I = [0, 1]) and I0 = (0, 1], and for any α ∈ I0, α(x) = α for all x ∈ X, (̃X,E) denotes

the collection of all fuzzy soft sets on X. A fuzzy soft set fA ∈ (̃X,E) is called a fuzzy soft point if A = {e} ⊆ E

and fA(e) is a fuzzy point in X i.e. there exists x ∈ X such that fA(e)(x) = t, t ∈ I0 and fA(e)(y) = 0 ∀y , x, it is

denoted by et
x, and the set of all fuzzy soft points in X is denoted by Pt (̃X,E). Let fA, 1B ∈ (̃X,E). Then, fA

is said to be fuzzy soft quasi-coincident with 1B, denoted by fA q 1B if there exist e ∈ E and x ∈ X such that

fA(e)(x) + 1B(e)(x) > 1. If fA is not fuzzy soft quasi-coincident with 1B, then it is denoted by fA q̂ 1B. Most of

definitions and properties of fuzzy soft sets on a set X are found in [1, 2, 3, 6, 7, 11, 14, 16, 17].
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Definition 1.1. ([1]) A mapping τ : E→ I(̃X,E) is called a fuzzy soft topology on X if it satisfies the following
conditions for each e ∈ E:

(O1) τe(Φ̃) = τe(Ẽ) = 1,

(O2) τe( fA u 1B) ≥ τe( fA) ∧ τe(1B) for all fA, 1B ∈ (̃X,E),

(O3) τe(
⊔
j∈J

( fA j )) ≥
∧
j∈J
τe(( fA j )) for all ( fA j ) ∈ (̃X,E), j ∈ J.

(Note that: u andt in the definition is explained in [15]). The pair (X, τ) is called a fuzzy soft topological

space. The value τe( fA) is interpreted as the degree of openness of a fuzzy set fA with respect to that

parameter e ∈ E.

2. Fuzzy Soft Filters

Definition 2.1. A mapping F : E → I(̃X,E) is called a fuzzy soft filter on X if it satisfies, for all e ∈ E, the
following conditions:

(F1) Fe(Φ̃) = 0 and Fe(Ẽ) = 1,

(F2) Fe( fA u 1B) ≥ Fe( fA) ∧ Fe(1B) for all fA, 1B ∈ (̃X,E),

(F3) If fA v 1B, then Fe( fA) ≤ Fe(1B).

If F 1
E and F 2

E are fuzzy soft filters on X, then F 1
E is finer than F 2

E (or F 2
E is coarser than F 1

E ), denoted by

F
2

E v F
1

E if and only if F 2
e ( fA) ≤ F 1

e ( fA) for all e ∈ E, fA ∈ (̃X,E).

Let us define F ◦ as follows:

F
◦

E = { fA ∈ (̃X,E) : Fe( fA) > 0}.

The main properties of fuzzy soft filters are discussed in the following propositions:

Proposition 2.1. Let {F j
E j
, j ∈ J} be a family of fuzzy soft filters on a set X. Then, the mapping F = u j∈JF

j
E j

:

E→ I(̃X,E) defined, for each e ∈ E, fA ∈ (̃X,E), by:

Fe( fA) =
∧
j∈J

(F j)e( fA)

is a fuzzy soft filter on X.

Proof. (F1) Fe(Φ̃) =
∧
j∈J

(F j)e(Φ̃) = 0 and Fe(Ẽ) =
∧
j∈J

(F j)e(Ẽ) = 1.

(F2) For all fA, 1B ∈ (̃X,E), we have

Fe( fA) ∧ Fe(1B) =
∧
j∈J

(F j)e ( fA) ∧
∧
j∈J

(F j)e (1B)

≤

∧
j∈J

((F j)e ( fA) ∧ (F j)e (1B))

≤

∧
j∈J

(F j)e ( fA u 1B)

= Fe ( fA u 1B).
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(F3) If fA v 1B, then (F j)e( fA) ≤ (F j)e(1B) for each j ∈ J, e ∈ E, and therefore

Fe( fA) =
∧
j∈J

(F j)e ( fA) ≤
∧
j∈J

(F j)e (1B) = Fe (1A).

From a fuzzy soft filter F : E→ I(̃X,E), we can obtain a fuzzy soft topology τF on X as follows:

Proposition 2.2. Let FE be a fuzzy soft filter on X and a map τF : E→ I(̃X,E) defined by

(τF )e ( fA) =

{
Fe( fA) if fA , Φ̃,
1 if fA = Φ̃.

Then, (X, (τF )E) is a fuzzy soft topological space.

Proof. It is straightforward and thus, it is omitted.

Consider the mapping φ : X → Y between two sets, and the mapping ψ : E → F between two sets of

parameters.

Proposition 2.3. Let φψ : (̃X,E) → (̃Y,F) be a mapping and FE a fuzzy soft filter on X. Then, we can define the
mapping φψ(FE) : F→ I(̃Y,F) by

φψ(Fe) (1B) = Fe(φ−1
ψ (1B)), ∀e ∈ E, ∀1B ∈ (̃Y,F)

so that φψ(FE) is a fuzzy soft filter on Y.

Proof. (F1) φψ(Fe)(Φ̃) = 0 and φψ(Fe)(F̃) = 1.

(F2) For all fA, 1B ∈ (̃Y,F), we have

φψ(Fe) ( fA) ∧ φψ(Fe) (1B) = Fe(φ−1
ψ ( fA)) ∧ Fe(φ−1

ψ (1B))

≤ Fe (φ−1
ψ ( fA) u φ−1

ψ (1B))

= Fe (φ−1
ψ ( fA u 1B))

= φψ(Fe) ( fA u 1B).

(F3) If fA v 1B, then

φψ(Fe) ( fA) = Fe(φ−1
ψ ( fA)) ≤ Fe(φ−1

ψ (1B)) = φψ(Fe) (1B).

Let F 1
E and F 2

F be two fuzzy soft filters on X and Y respectively, and φψ : (̃X,E) → (̃Y,F) a mapping.

Then, φψ is said to be a fuzzy soft filter mapping if and only if

F
2
ψ(e)(1B) ≤ F 1

e (φ−1
ψ (1B)) ∀1B ∈ (̃Y,F), e ∈ E.

In this way, we obtain the category FSFIL with objects all the fuzzy soft filters (X,FE) and arrows all the

fuzzy soft filter mappings φψ as given above. Furthermore, if φψ : (X,F 1
E ) → (Y,F 2

F ) the fuzzy soft filter
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mapping is an arrow in FSFIL, then the same mapping φψ is also an arrow in FSTOP with objects all the

fuzzy topological spaces (X, τ) and arrows all the fuzzy continuous mappings and the diagram

(X,F 1
E )

��

// (X, (τF 1 )E)

��
(Y,F 2

F ) // (Y, (τF 2 )F)

is commutative.

Theorem 2.1. Let {F j
E , j ∈ J} be a family of fuzzy soft filters on X satisfying the following condition:

(C) If ( fA) j ∈ (F j
E)◦ for all j ∈ J, then we have u j∈J0 ( fA) j , Φ̃ for every finite subset J0 of J.

If we defined a mapping
⊔
j∈J
F

j : E→ I(̃X,E) as follows:

(
⊔
j∈J

(F j))e (1B) =


∨
{
∧
j∈J0

(F j)e((1B) j) : 1B = u j∈J0 (1B) j} if (1B) j ∈ (F j
E)◦, e ∈ E,

0 otherwise,

where the supremum
∨

is taken for every finite index subset J0 of J such that 1B = u j∈J0 (1B) j. Then
⊔
j∈J

(F j)E is the

coarsest fuzzy soft filter finer than (F j)E for each j ∈ J.

Proof. Firstly; we will show thatHE =
⊔
j∈J

(F j)E is a fuzzy soft filter on X.

(F1) It is clear thatHe(Φ̃) = 0 and He(Ẽ) = 1 for each e ∈ E.

(F2) For every finite index subsets K and L of J such that fA = ui∈K( fA)i and 1B = ul∈L(1B)l, we have

fA u 1B = (ui∈K( fA)i) u (ul∈L(1B)l).

Furthermore, for each m ∈ K ∩ L, put fA u 1B = um∈K∪L(hC)m, C = A ∩ B, where

(hC)m =


( fA)m if m ∈ K − (K ∩ L),

(1B)m if m ∈ L − (K ∩ L),

( fA)m u (1B)m if m ∈ (K ∩ L),

which means that

He( fA u 1B) ≥

∧
m∈K∩L

(F m
e )((hC)m)

≥

∧
i∈K

(F i
e )(( fA)i) ∧

∧
m∈L

(F l
e )((1B)l).

Then,He( fA u 1B) ≥ He( fA) ∧ He(1B).

(F3) Suppose that fA v 1B, by the definition of H , there exists a finite index set K with fA = ui∈K( fA)i

so that He( fA) ≥
∧
i∈K

(F i
e )(( fA)i). On the other hand, since 1B = fA t 1B = ui∈K(( fA)i t 1B), then we
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have He(1B) ≥
∧
i∈K

(F i
e )(( fA)i t 1B) ≥

∧
i∈K

(F i
e )(( fA)i). Thus, He(1B) ≥ He( fA). Now, we will show that

He( fA) ≥ F j
e ( fA) for each j ∈ J from the following:

If F j
e ( fA) = 0, then it is trivial.

If F j
e ( fA) > 0, then for fA = fA u Ẽ, we haveHe( fA) ≥ F j

e ( fA) ∧ F j
e (Ẽ) = F

j
e ( fA).

IfKE w F
j

E for each j ∈ J, we will show thatKE w HE. By the definition ofH , there exists a finite index

set K with fA = ui∈K( fA)i so thatHe( fA) ≥
∧
i∈K

(F i
e )(( fA)i). On the other hand, since KE w F

i
E for each i ∈ K,

then we haveKe( fA) ≥
∧
i∈K
Ke(( fA)i) ≥

∧
i∈K

(F i
e )(( fA)i). Hence,Ke( fA) ≥ He( fA).

Theorem 2.2. Letφψ : (̃X,E)→ (̃Y,F) be a mapping andF a fuzzy soft filter on Y. Then, we can define the mapping
φ−1
ψ (FF) : E→ I(̃X,E) for each k ∈ F by:

φ−1
ψ (Fk) ( fA) =

{ ∨
{Fk(1B) : fA = φ−1

ψ (1B)} if 1B , Φ̃,

0 if 1B = Φ̃.

so that φ−1
ψ (F ) is a fuzzy soft filter on X.

Proof. (F1) φ−1
ψ (Fk) (Φ̃) = 0 and φ−1

ψ (Fk) (Ẽ) = 1.

(F2) It is proved from that:

φ−1
ψ (Fk) ( fA) ∧ φ−1

ψ (Fk) (1B) = (
∨
{Fk(oD) : fA = φ−1

ψ (oD)}) ∧

(
∨
{Fk(hC) : 1B = φ−1

ψ (hC)})

=
∨
{Fk(oD) ∧ Fk(hC) : fA u 1B = φ−1

ψ (oD) u

φ−1
ψ (hC)}

≤

∨
{Fk(oD u (hC) : fA u 1B = φ−1

ψ (oD) u

φ−1
ψ (hC)}

≤ φ−1
ψ (Fk) ( fA u 1B).

(F3) If fA v 1B, then

φ−1
ψ (Fk) ( fA) = Fk(φψ( fA)) ≤ Fk(φψ(1B)) = φ−1

ψ (Fk) (1B).

Theorem 2.3. Let {F j
E j
, j ∈ J} be a family of fuzzy soft filters on X j, E j are parameter sets, and E =

∏
j∈J E j.

Let X =
∏

j∈J X j be the product space, π j : X → X j, ψ j : E → E j are the projection maps for each j ∈ J and

(πψ) j : (̃X,E)→ ˜(X j,E j). Then, we can define a mapping F : E→ I(̃X,E) by:

Fe( fA) =


∨
{
∧
j∈K

(F j)e((1B) j) : fA = u j∈K((π−1
ψ ) j(1B) j)} if (1B) j ∈ (F j

E j
)◦, e ∈ E,

0 otherwise,

where the supremum
∨

is taken for every finite index subset K of J such that fA = u j∈K(π−1
ψ ) j((1B) j). Then

(1) For fA ∈ (̃X,E), we have Fe( fA) =
∨
j∈J

(π−1
ψ ) j(F

j
e j

) ( fA).
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(2) F is the coarsest fuzzy soft filter on X for which each projection map (πψ) j : (̃X,E) → ˜(X j,E j) is a fuzzy soft
filter mapping.

(3) A map κψ : (Y,HF) → (X,FE) is a fuzzy soft filter map if and only if for each j ∈ J, we have (πψ) j ◦ κψ :
(Y,HF)→ (X j,F

j
E j

) is a fuzzy soft filter map.

Proof. (1) From Theorem 2.2, each (π−1
ψ ) j(F

j
E j

) is a fuzzy soft filter on X j. Firstly, we will show that∨
j∈J

(π−1
ψ ) j(F

j
E j

) exists, that is, it satisfies the condition (C) of Theorem 2.1.

(C) If ( fA) j ∈ (π−1
ψ ) j(F

j
E j

)◦ for all j ∈ J, there exists (1B) j ∈ (̃Y,F) with ( fA) j = (π−1
ψ ) j((1B) j) such that

(F j)e j ((1B) j) > 0. It implies that (1B) j , Φ̃, that is, there exists x j ∈ X j with (1B) j(x j) > 0. For every finite

index subset K of J, put

x =

 π−1
i (xi) if xi ∈ Xi for each i ∈ K,

π−1
j (x j) if x j ∈ X j for each j ∈ J − K.

Then, we have∧
j∈K

( fe) j(x) =
∧
j∈K

(π−1
ψ ) j(1ψ(e)) j(x) =

∧
j∈K

(1ψ(e)) j(x j) > 0.

We will show that F =
∨
j∈J

(π−1
ψ ) j(F j). By the definition of FEi , there exists a finite index set K ⊆ J with

fA = ui∈K(π−1
ψ )i((1B)i) such that Fe( fA) ≥

∧
i∈K

(F i
ψ(e))((1ψ(e))i), putting ( fA)i = (π−1

ψ )i((1B)i) for each i ∈ K, then,

for

fA = ui∈K( fA)i = ui∈K(π−1
ψ )i(F i

ψ(e))((1B)i),

we have
∨
j∈J

(π−1
ψ ) j(F j)e j (1B) ≥

∧
i∈K

(π−1
ψ )i(F i)ei (( fA)i). Hence,

∨
j∈J

(π−1
ψ ) j(F j)E j w FE.

For every finite index set L ⊆ J with hC = ul∈L( fA)l, we have
∨
j∈J

(π−1
ψ ) j(F j)e j (hC) ≥

∧
l∈L

(π−1
ψ )l(F l)el (( fA)l),

and there exists (1B)l ∈
˜(Xl,El) with ( fA)l = (π−1

ψ )l((1B)l) such that
∧
l∈L

(π−1
ψ )l(F l)el (( fA)l) ≥

∧
l∈L

(F l)ψ(e)((1B)l). On

the other hand, for hC = ul∈L( fA)l = ul∈L(π−1
ψ )l((1B)l), Fe(hC) ≥

∧
l∈L

(F l)ψ(e)((1B)l). Then (π−1
ψ ) j(F j)E j v FE, and

thus, (π−1
ψ ) j(F j)E j = FE.

(2) From (1) above, Theorem 2.1 and Theorem 2.2, we get that FE is a fuzzy soft filter on X. For each

j ∈ J, and (1B) j ∈ ˜(X j,E j), and by the definition of FE, we then have Fe((π−1
ψ ) j((1B) j)) ≥ F

j
ψ(e)((1B) j). Hence,

(πψ) j : (X,FE)→ (X j,FE j ) is a fuzzy soft filter mapping.

Let (πψ) j : (X,GE) → (X j,FE j ) is a fuzzy soft filter mapping for each j ∈ J, that is, Ge((π−1
ψ )i((1B) j)) ≥

F
j
ψ(e)((1B) j) for all finite index set K with fA = ui∈K(π−1

ψ )i((1B)i), and thus,

Ge( fA) ≥
∧
i∈K

Ge((π−1
ψ )i((1B)i)) ≥

∧
i∈K

(F i
ψ(e))((1B) j)),

which implies that Ge( fA) ≥ Fe( fA) for each fA ∈ (̃X,E).

(3) Necessity of the composition condition is clear since the composition of fuzzy soft filter mappings is

a fuzzy soft filter mapping. Conversely, suppose κψ : (Y,HF)→ (X,FE) is just a fuzzy soft map. For every

finite index set K with fA = ui∈K(π−1
ψ )i((1B)i). Since for each j ∈ J, we have ((πψ) j ◦ κψ) : (Y,HF) → (X j,F

j
E j

)
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is a fuzzy soft filter map, and F j
ψ(e)((1B) j) ≤ He(κ−1

ψ ((π−1
ψ ) j((1B) j))). It follows that He(κ−1

ψ ((π−1
ψ )i((1B)i))) ≥

Fψ(e)((1B)i). Hence, we have

He((κ−1
ψ )( fA)) ≥

∧
i∈K

He((κ−1
ψ )((π−1

ψ )i((1B)i))) ≥
∧
i∈K

(F i
ψ(e))((1B)i).

It implies He((κ−1
ψ )( fA)) ≥ Fe( fA) for all fA ∈ (̃X,E). Hence, κψ : (Y,HF) → (X,FE) is a fuzzy soft filter

map.

Definition 2.2. Let {F j
E j
, j ∈ J} be a family of fuzzy soft filters on X j, j ∈ J, and X =

∏
j∈J X j, E =

∏
j∈J E j are

product sets, π j : X→ X j, ψ j : E→ E j are the projection mappings. The product of fuzzy soft filters is the
coarsest fuzzy soft filter on X for which all (πψ) j : (X,FE)→ (X j,F

j
E j

), j ∈ J are fuzzy soft filter mappings.

3. Fuzzy Soft Quasi-Coincident Neighborhood Spaces

In this section, we introduce the notion of fuzzy soft quasi-coincident neighborhood spaces.

Definition 3.1. A fuzzy soft quasi-coincident neighborhood system on X is a set Q = {Qet
x

: et
x ∈ Pt (̃X,E)}

of maps Qet
x

: E→ I(̃X,E) such that for each fA, 1B ∈ (̃X,E), we have

(N1) Qet
x

is fuzzy soft filter on X,

(N2) (Qet
x
)e ( fA) > 0 implies that et

x q fA,

(N3) (Qet
x
)e ( fA) =

∨
et

x q 1B, 1Bv fA
[
∧

et
y q 1B

(Qet
y
)e (1B)].

The pair (X,QE) is called a fuzzy soft quasi-coincident neighborhood space. (Qet
x
)e ( fA) can be interpreted

as the degree to which fA is a quasi-coincident neighborhood of et
x.

An N-map between fuzzy soft quasi-coincident neighborhood spaces (X,Q1
E) and (Y,Q2

F) is a map φψ :
(X,Q1

E)→ (Y,Q2
F) such that

(Q1
et

x
)e (φ−1

ψ ( fA)) ≥ (Q2
ψ(e)t

φ(x)
)ψ(e) ( fA)

for all fA ∈ (̃Y,F), e ∈ E and for all et
x ∈ Pt (̃X,E).

Theorem 3.1. Let (X, τE) be a fuzzy soft topological space and et
x ∈ Pt (̃X,E). Define a map Qτ

et
x

: E→ I(̃X,E) as:

(Qτet
x
)e ( fA) =

{ ∨
{τe(1B) : et

x q 1B, 1B v fA} if et
x q fA,

0 if et
x q̂ fA.

Then,

(1) Qτ = {Qτ
et

x
: et

x ∈ Pt (̃X,E)} is a fuzzy soft quasi-coincident neighborhood system on X,

(2) If t < s for t, s ∈ I, then (Qτ
et

x
)e ( fA) ≤ (Qτes

x
)e ( fA).

Proof. To prove (1), we need to prove all conditions (N1) - (N3).

Firstly, we prove (N1). (F1) and (F3) are easily proved.

For (F2), suppose there exist fA, 1B ∈ (̃X,E) such that

(Qτet
x
)e ( fA u 1B) 6≥ (Qτet

x
)e ( fA) ∧ (Qτet

x
)e (1B).
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By the definition of (Qτ
et

x
)e ( fA), there exists ( fA)1 ∈ (̃X,E) with et

x q ( fA)1, ( fA)1 v fA such that

(Qτet
x
)e ( fA u 1B) 6≥ τe(( fA)1) ∧ (Qτet

x
)e (1B).

Again by the definition of (Qτ
et

x
)e (1B), there exists (1B)1 ∈ (̃X,E) with et

x q (1B)1, (1B)1 v 1B such that

(Qτet
x
)e ( fA u 1B) 6≥ τe(( fA)1) ∧ τe((1B)1).

Since et
x q (( fA)1 u (1B)1), (( fA)1 u (1B)1) v fA u 1B, we have

(Qτet
x
)e ( fA u 1B) ≥ τe(( fA)1 u (1B)1) ≥ τe(( fA)1) ∧ τe((1B)1).

It is a contradiction. Hence, (F2) holds and thus, Qet
x

is a fuzzy soft filter on X.

For (N2), it is easy from the definition.

Now (N3), for all fA ∈ (̃X,E) with et
x q 1B, 1B v fA, we have

τe(1B) ≤
∧
{Q

τ
es

y
(1B) : es

y q 1B} ≤ (Qτet
x
)e (1B) ≤ (Qτet

x
)e ( fA).

Therefore,

(Qτet
x
)e ( fA) =

∨
et

x q 1B, 1Bv fA

τe(1B)

≤

∨
et

x q 1B, 1Bv fA

[
∧

es
y q 1B

(Qτes
y
)e (1B)]

≤ (Qτet
x
)e ( fA).

This means that (Qτ
et

x
)e ( fA) =

∨
et

x q 1B, 1Bv fA
[
∧

es
y q 1B

(Qτes
y
)e (1B)]. Hence, (1) is fulfilled.

Now (2), for t < s with t, s ∈ I and fA ∈ (̃X,E) since

{1B ∈ (̃X,E) : et
x q 1B, 1B v fA} v {hC ∈ (̃X,E) : es

x q hC, hC v fA},

then we have (Qτ
et

x
)e ( fA) ≤ (Qτes

x
)e ( fA).

Theorem 3.2. Let Q = {Qet
x

: et
x ∈ Pt (̃X,E)} be a family of Qet

x
: E→ I(̃X,E) satisfying (N1) and (N2) of Definition

3.1. We define a map τQ : E→ I(̃X,E) as follows:

(τQ)e ( fA) =

{ ∧
{(Qet

x
)e ( fA) : et

x q fA} if fA , Φ̃,
1 if fA = Φ̃.

Then, we have the following properties:

(1) (τQ)E is a fuzzy soft topology on X,

(2) If QE is a fuzzy soft quasi-coincident neighborhood system on X, then
Q
τQ

et
x

= Qet
x

for all et
x ∈ Pt (̃X,E),

(3) If Q1
E and Q2

E are fuzzy soft quasi-coincident neighborhood systems on X such that (τQ
1
)E = (τQ

2
)E then

Q
1
E = Q2

E.
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Proof. To prove (1), we need to prove all conditions (O1)–(O3).

(O1) is trivial.

(O2) For fA, 1B ∈ (̃X,E) we have

(τQ)e ( fA u 1B) =
∧
{(Qet

x
)e ( fA u 1B) : et

x q ( fA u 1B)}

≥

∧
{(Qet

x
)e ( fA) ∧ (Qet

x
)e (1B) : et

x q ( fA u 1B)}

= (
∧
{(Qet

x
)e ( fA) : et

x q ( fA u 1B)}) ∧

(
∧
{(Qet

x
)e (1B) : et

x q ( fA u 1B)})

≥ (
∧
{(Qet

x
)e ( fA) : et

x q ( fA)}) ∧

(
∧
{(Qet

x
)e (1B) : et

x q (1B)})

= (τQ)e ( fA) ∧ (τQ)e (1B).

(O3) Since (Qet
x
)e (
⊔
j∈J

(1B j )) ≥
∧
j∈J

(Qet
x
)e ((1B j )), then

(τQ)e (
⊔
j∈J

(1B j )) =
∧
{(Qet

x
)e (
⊔
j∈J

(1B j )) : et
x q (
⊔
j∈J

(1B j ))}

≥

∧
{

∧
j∈J

(Qet
x
)e ((1B j )) : et

x q ((1B j ))}

=
∧
j∈J

{

∧
(Qet

x
)e ((1B j )) : et

x q ((1B j ))}

=
∧
j∈J

(τQ)e ((1B j )).

Hence, (τQ)E is a fuzzy soft topology on X.

For (2), it is proved by (N3) so that

(Qτ
Q

et
x

)e ( fA) =
∨

et
x q 1B, 1Bv fA

(τQ)e (1B)

=
∨

et
x q 1B, 1Bv fA

∧
{(Qes

y )e (1B) : es
y q 1B}

= (Qet
x
)e ( fA).

For (3), since (τQ
1
)E = (τQ

2
)E, then for fA ∈ (̃X,E) and et

x ∈ Pt (̃X,E), we have

(Q1
et

x
)e ( fA) =

∨
et

x q 1B, 1Bv fA

∧
{(Q1

es
y
)e (1B) : es

y q 1B}

=
∨

et
x q 1B, 1Bv fA

(τQ
1
)e (1B)

=
∨

et
x q 1B, 1Bv fA

(τQ
2
)e (1B)

=
∨

et
x q 1B, 1Bv fA

∧
{(Q2

es
y
)e (1B) : es

y q 1B}

= (Q2
et

x
)e ( fA).
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Hence, Q1
E = Q2

E.

Theorem 3.3. Let (X, τE) be a fuzzy soft topological space andQτE a fuzzy soft quasi-coincident neighborhood system
on (X, τE). Then, τE = (τQ

τ
)E.

Proof. Since

(Qτet
x
)e ( fA) =

∨
et

x q 1B, 1Bv fA

τe(1B) ≥ τe( fA)

for all e ∈ E, et
x q fA, then we have∧

et
x q fA

(Qet
x
)e ( fA) ≥ τe( fA).

So, τE v (τQ
τ
)E.

Conversely, suppose that there exists fA ∈ (̃X,E), e ∈ E such that

τe( fA) 6≥ (τQ
τ
)e( fA).

For each et
x ∈ Pt (̃X,E) with et

x q fA. If et
x q (1B)et

x
, (1B)et

x
v fA, then fA =

⊔
et

x q fA
(1B)et

x
. That is,

τe( fA) = τe(
⊔

et
x q fA

(1B)et
x
) ≥

∧
et

x q fA

τe ((1B)et
x
),

which means that∧
et

x q fA

τe ((1B)et
x
) 6≥ τQ

τ

e ( fA) =
∧

et
x q fA

(Qτet
x
)e ( fA).

Hence, there exists (1B)et
x
) with et

x q (1B)et
x
, (1B)et

x
v fA such that

τe((1B)et
x
) 6≥

∧
et

x q fA

(Qτet
x
)e ( fA).

It is a contradiction. Thus, τE w (τQ
τ
)E.

Theorem 3.4. Let (X,Q1
E) and (Y,Q2

F) be two fuzzy soft quasi-coincident neighborhood spaces. A mapping φψ :
(X,Q1

E)→ (Y,Q2
F) is N-map iff φψ : (X, τQ

1

E )→ (Y, τQ
2

F ) is fuzzy soft continuous.

Proof. Since for all fA ∈ (̃Y,F), et
x ∈ Pt (̃X,E)

et
x q φ−1

ψ ( fA) iff (φψ(et
x) = ψ(e)t

φ(x)) q fA and

{ψ(e)t
y ∈ Pt (̃Y,F) : ψ(e)t

y q fA} w {ψ(e)t
φ(x) ∈ Pt (̃Y,F) : et

x ∈ Pt (̃X,E), ψ(e)t
φ(x) q fA}.

Then, we have

τQ
2

ψ(e)( fA) =
∧
{(Q2

ψ(e)t
y
)ψ(e)( fA) : ψ(e)t

y q fA}

≤

∧
{(Q2

ψ(e)t
φ(x)

)ψ(e)( fA) : ψ(e)t
φ(x) q fA}

≤

∧
{(Q1

et
x
)e(φ−1

ψ ( fA)) : et
x q φ−1

ψ ( fA)}

= τQ
1

e (φ−1
ψ ( fA)).
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Thus, φψ : (X, τQ
1

E )→ (Y, τQ
2

F ) is fuzzy soft continuous.

Conversely, since for all fA ∈ (̃Y,F), τQ
2

ψ(e)( fA) ≤ τQ
1

e (φ−1
ψ ( fA)), Q1

E = Qτ
Q

1

E and Q2
F = Qτ

Q
2

F , then we have

((Q2)ψ(e)t
φ(x)

)ψ(e) ( fA) =
∨
{τQ

2

ψ(e)(1B) : ψ(e)t
φ(x) q 1B, 1B v fA}

≤

∨
{τQ

2

ψ(e)(1B) : et
x q φ−1

ψ (1B), φ−1
ψ (1B) v φ−1

ψ ( fA)}

≤

∨
{τQ

1

e (φ−1
ψ (1B)) : et

x q φ−1
ψ (1B), φ−1

ψ (1B) v φ−1
ψ ( fA)}

≤ (Q1
et

x
)e(φ−1

ψ ( fA)).

Corollary 3.1. Let (X, τ1
E) and (Y, τ2

F) be two fuzzy topological spaces. A map φψ : (X, τ1
E)→ (Y, τ2

F) is fuzzy soft
continuous iff φψ : (X,Qτ1

E )→ (Y,Qτ2

F ) is an N-map.

4. Fuzzy Soft Filter Convergence

Definition 4.1. Let (X, τE) be a fuzzy soft topological space, FE a fuzzy soft filter, fA, 1B ∈ (̃X,E) and
et

x ∈ Pt (̃X,E).

(1) et
x is called a fuzzy soft cluster point of FE, denoted by FE et

x if for every 1B ∈ (Qet
x
)◦E and fA ∈ (FE)◦,

we have fA u 1B , Φ̃.

(2) et
x is called a fuzzy soft limit point of FE, denoted by FE� et

x if (Qet
x
)E v FE.

We denote

clsτE (FE) =
⊔
{et

x ∈ Pt (̃X,E) : et
x is a fuzzy soft cluster point of FE},

limτE (FE) =
⊔
{et

x ∈ Pt (̃X,E) : et
x is a fuzzy soft limit point of FE}.

Theorem 4.1. Let (X, τE) be a fuzzy soft topological space and FE,GE are two fuzzy soft filters on X such that FE is
coarser than GE. Then the following properties hold.

(1) FE� et
x ⇒ FE et

x.

(2) limτE (FE) v clsτE (FE).

(3) FE et
x, es

x v et
x ⇒ FE es

x.

(4) FE� et
x, es

x v et
x ⇒ FE� es

x.

(5) FE et
x ⇔ et

x v clsτE (FE).

(6) FE� et
x ⇔ et

x v limτE (FE).

(7) FE� et
x ⇒ GE� et

x.

(8) limτE (FE) v limτE (GE).

(9) GE et
x ⇒ FE et

x.

(10) clsτE (GE) v clsτE (FE).
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Proof. (1) For every 1B ∈ (Qet
x
)◦E and fA ∈ (FE)◦, since (Qet

x
)E v FE, we have 1B ∈ (FE)◦. Hence,Fe( fAu1B) > 0.

It implies that fA u 1B , Φ̃.

(2) From (1), it is clear.

(3) Since es
x v et

x, by Theorem 3.1 (2), (Qes
x )E v (Qet

x
)E. For every 1B ∈ (Qes

x )◦E, we have 1B ∈ (Qet
x
)◦E. Since

Fe et
x, for each fA ∈ (FE)◦, fA u 1B , Φ̃. Hence, Fe es

x.

(4) Since Fe � et
x, we have (Qet

x
)E v FE. Since es

x v et
x, by Theorem 3.1 (2), (Qes

x )E v (Qet
x
)E. Hence,

(Qes
x )e v (Qet

x
)e v Fe. Thus, Fe� es

x.

(5) If et
x v clsτE (FE), for every 1B ∈ (Qet

x
)◦E by the definition of (Qet

x
)E, there exists hC ∈ (̃X,E) such that

et
x q hC, hC v 1B and (Qet

x
)e(1B) ≥ τe(hC) > 0. This implies that hC q clsτe (Fe).

By the definition of clsτe (Fe), there exists a fuzzy soft cluster point et
x ∈ Pt (̃X,E) of FE such that et

x q hC

implies that hC q clsτe (Fe). Thus, es
x q hC, hC v 1B and (Qes

x )e(1B) ≥ τe(hC) > 0. Hence, 1B ∈ (Qes
x )◦E and es

x is a

fuzzy soft cluster point of FE. Hence, for each fA ∈ (FE)◦, fA u 1B , Φ̃. Therefore, FE et
x.

The converse is clear.

(6) It is similar to (5).

(7) It is easily proved from (Qet
x
)e v Fe v Ge.

(8) From (7), it is clear.

(9) For each 1B ∈ (Qet
x
)◦E and fA ∈ (FE)◦ since FE v GE, we have fA ∈ (Ge)◦E. Since Ge  et

x, fA u 1B , Φ̃.

That is, Fe et
x.

(10) From (9), it is clear.
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