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A New Note on Generalized Absolute Cesaro Summability Factors
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Abstract. Quite recently, in [10], we have proved a theorem dealing with the generalized absolute Cesaro
summability factors of infinite series by using quasi monotone sequences and quasi power increasing
sequences. In this paper, we generalize this theorem for the more general summability method. This new
theorem also includes some new and known results.

1. Introduction

A positive sequence (b,) is said to be an almost increasing sequence if there exists a positive increasing
sequence (c,) and two positive constants M and N such that Mc, < b, < Nc, (see [3]). A sequence (d,) is
said to be 6-quasi monotone, if d, — 0, d, > 0 ultimately, and Ad,, > —0,, where Ad, = d, — d,+1 and 6=
(0n) is a sequence of positive numbers (see [4]). A positive sequence X = (X,,) is said to be a quasi-f-power
increasing sequence, if there exists a constant K = K(X, f) > 1 such that Kf, X, > f,X,, foralln > m > 1,
where f = {f.(0,7)} = {n°(logn)”, y 20,0 < 0 < 1}(see [16]). If we take =0, then we get a quasi-o-power
increasing sequence (see [15]). Let ) a, be a given infinite series. We denote by tff’ﬁ the nth Cesaro mean of
order (a, f), with a + > —1, of the sequence (na,,), that is (see [11])

1 n
af _ z —1 4P
b= Ai,uﬁ v=1 Aﬁ-vAvar @
where
A‘r)l”‘ﬁ - O(n‘“ﬁ), Ag+ﬁ =1 and Aﬁ;ﬁ =0 for n>0. (2)

Let (93”3 ) be a sequence defined by (see [5])

2?1, a=16>-1,

ap _
0," = tg,/s

maxj<p<n , O<a<1,p>-1.
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Let (¢,) be a sequence of complex numbers. The series }’ a, is said to be summable ¢ — | C,a, 8 |,, k > 1,
if ( see [6])

(e8]

Z —k | (Pn 0‘/3 |k (4)

n=1

In the special case when @, = n'"%, ¢ — | C,a, |, summability is the same as | C, a, 8 |, summability (see
[12]). Also, if we take ¢, = no+l-t ), then ¢ —| C, a, § |, summability reduces to | C, a, 8; 0 |, summability (see
[7]). If we take B = 0, then we have ¢ — | C, a |, summability (see [2]) If we take ¢, = n'"% and B =0, then
we get | G, a |, summability (see [13]). Finally, if we take ¢, = no1-t and B =0, then we obtain | C, a; 0 [,
summability (see [14]).

2. Known result

The following theorems is known dealing with the | C, @, § |, summability method involving 5-quasi mono-
tone sequence and power increasing sequence.

Theorem 2.1 ([10]). Let (92”S ) be a sequence defined as in (3). Let (X,) be a quasi-f-power increasing
sequence and A, — 0 as n — oo. Suppose that there exists a sequence of numbers (B,,) such that it is
0-quasi-monotone with AB,, < 9,, Y, n6,X, < o, ) B,X, is convergent, and | AA, |< | B, | for all n. If the
condition

(0,7
k

=0Xy) as m— o ®)
n=1

holds, then the series ) a,A, is summable | C,a,|,, 0 <a <1, (a+p—-1)>0,and k > 1.

3. Main result

The aim of this paper is to generalize Theorem 2.1 for the more general summability method. We shall

prove the following theorem.

Theorem 3. 1 Let (SZ’ﬁ) be a sequence defined as in (3). Let (X,,) be a quasi-f-power increasing sequence and

Ay = 0as n — oo. Suppose that there exists a sequence of numbers (B,) such that it is 6-quasi-monotone

with AB,, < 6,, ), n6,X, < o0, B,X, is convergent, and | AA, |<| B, | for all n. If there exists an € > 0 such

that the sequence (€| ©n ) is non-increasing and if the condition

(| ou | 0,7)F
Z nka T =0X,,) as m— (6)

holds, then the series }’ a,A, is summable o~ | C,a,f |,k >1,0<a <1,> -1, and (a+f -1k +e> 1.
We need the following lemmas for the proof of our theorem.

Lemma 3. 2 (Abel transformation) ([1]). Let (ax), (bx) be complex sequences, and write

S, =a; +dp + ... +a,. Then

n -1

Zakb skADg + by @)
k=1 k=1

Lemma3. 3 ([5]). f0<a<1,8>-1,and 1 < v <n,then

S

n—p“ip Tomey m—ppfp

v m
|2A“ LA, |< max | ) Aj LAba, | (8)
—| pZO

Lemma 3. 4 ([8]). Let (X,) be a quasi-f-power increasing sequence. If (B,) is a 6-quasi-monotone sequence
with AB,, < 6, and }’ n6,X, < oo, then we have the following

(o)

Y nX, | AB, |< oo, 9)

n=1
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nB,X, =0(1) as n — oo. (10)
Lemma 3. 5 ([8]). Under the conditions regarding (A,) and (X,,) of the theorem, we have

| A, | X, =01) as n— co. (11)

4. Proof of Theorem 3. 1 Let (Tz’ﬁ ) be the nth (C, o, f) mean of the sequence (na,A,). Then, by (1), we have

T = ZA"‘ 1A% va,,.

a+ﬁ
n

Applying Abel’s transformation first and then using Lemma 3. 3, we have that

— 18 a-1 4B
n = a+[$ ZAA ZAZ‘ ppap a+ﬁ ZA‘ Ayva,,
v=1 n

n

1 n-1
T < A(HﬁZMAy “ZA“ AP pa, |+ boa, |
n v=1 p=1 n
-1
< LN emges g @p _ paf | pap
< —5 L AT | AN+ 1A 16,7 = Tl + T

An v=1

To complete the proof of Theorem 3. 1, by Minkowski’s inequality, it is sufficient to show that

(o8]

Z k| @,T, (X’Blk<00, for r=1,2.

n=1

Now, when k > 1, applying Hélder’s inequality with indices k and k', where + + £ = 1, we get that

m+2 m+1 K n-1
Y ol Tt o< Y AT el ) AT A, I
n=2 n=2 v=1
m+1 n—1 n—1 k-1
< Y B g, Y (AT RO B, |"x{ 1}
n=2 v=1 v=1

m+l ek | |k

m
_ (@+pk(g¥B\k 1 |k A R
= O(l)z v (6,")'1 By | Z l+@+p-Dk+e

v=1 n=v+1

m+1

m
) 1
= 0) ) 0PI By Fo 1o ) e

v=1 n=v+1

- O(l)zv(a+ﬁ)k(6aﬁ)k e—k | ©o |k | B, | f W

i 05" 1 o D)
- O<1>Z|Bv 1B, (65" I%I)k=O(1)Z|Bv|M

— — Z)k—lxk—l
6 | o, 65" | @y )
= O(l)ZA(v|B |)Z( klfll)) +0M)m IBmIZ(leflm

m—1
= 0() Y 1 A@I By ) | Xy + O()m] By Xy

v=1
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m—1

= O Y [(@+1)A|By |~ |By |l X+ O(1)m| By, |X,y
v=1

m—=1

= O(l)ZU|ABv|X +O(1)Z|Bv X,
+O(1)m| B |Xm=0(1) as m— oo,

by virtue of the hypotheses of Theorem 3.1 and Lemma 3. 4. Finally, we have

m B k m—1 aﬁ k
- . e 37 1 D |(Pn|) O3 1 pu I 057 1 9o 1)
Z; | T8 [ = Zmnwu Zmu X ZMMZ e
n=
O" 1 @ v
+0(1) IAmIZk—Z)l O Y 1 ALy | Xy +O(1) | A | Xin
n=1
m—1
= O(l)Z|Bn|Xn+O(1)|/\mIXm:O(l) as m— o,
n=1

by virtue of the hypotheses of Theorem 3.1 and Lemma 3. 5. This completes the proof of Theorem 3. 1.

5. Conclusions. If we take € = 1 and ¢, = n!7%, then we obtain Theorem 2.1. If we sete = 1, § =

and @, = n*1"t, then we have a new result deahng w1th the| C, a; 0 |, summability factors of infinite series.

Also, if we take § = 0, then we obtain another new result dealing with ¢— | C, a |, summability factors of
infinite series. If we take f = 0,e =1, and ¢, = n!=%, then we obtain a new result concerning the | C, a |,

summability factors of infinite series. Furthermore, if we take f =0,e =1, ¢, = nl‘%, and a = 1, then we
obtain a result dealing with | C, 1 |, summability factors. If we take (X,) as an almost increasing sequence

such that | AX,, |= O(%) and @, = n"#, then we obtain a known result dealing with | C, , § |, summability
factors of infinite series, in this case the condition "AB,, < 8, is not needed (see [9]). Finally, if we take y=0,
then we get another new result dealing with quasi-o-power increasing sequences.
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