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Abstract. A planar harmonic mapping is a complex-valued function f : U — C of the form f(x + iy) =
u(x,y) + iv(x,y), where u and v are both real harmonic. Such a function can be written as f = h + 7,
where i and g are both analytic; the function w = g’/ is called the dilatation of f. We consider the linear
combinations of planar harmonic mappings that are the vertical shears of the asymmetrical vertical strip

mappings ¢;(z) = lef—mj log ( ::P‘iif/ ) with various dilatations, where a; € [Z, 7t), j = 1,2. We prove sufficient

conditions for the linear combination of this class of harmonic univalent mappings to be univalent and
convex in the direction of the imaginary axis.

1. Introduction

A continuous complex-valued function f = u + iv defined in a simply connected domain Q c C is said
to be harmonic in Q if both  and v are real harmonic in Q. In any simply connected domain €}, we can
write

f=h+j, 1.1)

where /i and g are analytic in Q. A necessary and sufficient condition for f to be locally univalent and
sense-preserving in Q is that |[l’| > |g’| in Q.

Denote by Sy the class of functions f of the form (1.1) that are harmonic univalent and sense-preserving
in the unit disc U = {z : [z| < 1} and normalized by f(0) = f2(0) — 1 = 0. It is obvious that the normalization
condition is equivalent to

h(z) =z + Z a,z" and g(z) = Z b,z".
n=2 n=1

Furthermore, let S% be the subclass of Sy consisting of f with by = 0. The classical family S of analytic

univalent, normalized functions on U is the subclass of Sy in which b,, = 0 for all n. In 1984, Clunie and
Sheil-Small [5] investigated the class Sy for the first time. Since then, harmonic mappings have been an
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area of active research. Many remarkable results for harmonic mappings can be found in the literature [1-3,
5-11, 13-18, 20, 21, 24, 25].

A domain Q c C is said to be convex in the direction y, if for all zy € C, the set Q N {zp + te”” : t € R} is
either connected or empty. Particularly, a domain is convex in the direction of the real (resp. imaginary)
axis if its intersection with each horizontal (resp. vertical) line is connected. A function is convex in the
direction of real (resp. imaginary) axis if it maps U onto a domain convex in the direction of real (resp.
imaginary) axis. The following result due to Hengarther and Schober [12] is very useful in checking if an
analytic function is convex in the direction of the imaginary axis.

Lemma 1.1. Suppose f is analytic and non constant in U. Then
R[1-25)f' ()20, zeU
if and only if

(i) it is univalent in U;
(ii) it is convex in the direction of the imaginary axis;
(iii) there exist sequences {z,} and {z}]} converging to z = 1 and z = —1, respectively, such that

lim R(f(z})) = sup R(f(2)),

|z|<1

1.2)
lim R(f(z]) = inf R((2)

Clunie and Sheil-Small [5] introduced the shear construction method that produces a harmonic univalent
mapping with a given dilatation onto domains convex in one direction. This result is given in Lemma 1.2.

Lemma 1.2. A locally univalent harmonic function f = h + g in U is a univalent harmonic mapping of U onto a
domain convex in a direction of the imaginary (resp. real) axis if and only if h + g (resp. h— g) is an analytic univalent
mapping of U onto a domain convex in the direction of the imaginary (resp. real) axis.

A linear combination is an important method to construct a new function. MacGregor [19] showed that
the linear combination tf + (1 — t)g for 0 < t < 1 of analytic functions need not to be univalent even if f and
g are convex functions. Some results on the linear combinations of analytic functions are obtained in [4, 19,
23]. Recently, the linear combinations of harmonic mappings have started to be studied [6, 16, 24, 25].

It is interesting and meaningful to investigate the classes of harmonic functions that map U onto specific
domains. One can refer to [1, 7, 8, 10, 11, 17, 18]. Specifically, the collection of functions f = h + g € S, that
map U onto the right half-plane, R = {w : Rew > —1/2}, have the form

M) +9() = 7

?nd those that map U onto the vertical strip, Q, = {w : 5= < R(w) < 55—}, where § < a < 11, have the
orm

h(z) + 9(2) =

1+ ze® ) (1.3)

—— 1o 4
Disina © ( 1+ze @
In this paper, we derive several sufficient conditions for the combination f = tf; + (1) f, to be univalent

and convex in the imaginary direction, where f; and f, are univalent harmonic mappings obtained by
shearing of /i + g as given in (1.3).
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2. Main Results

Theorem 2.1. Let fi = Iy + 5 € Sy, where 1y(2) + 95(2) = b log (2250 ) oy € (3,70 for j = 1,2, Then
f=th+ 1 -1t)fo € Sy is convex in the direction of the imaginary axis for 0 <t < 1, if f is locally univalent and
sense-preserving.

Proof. Define F = tFy + (1 — t)F2, where F; = hj + g; = ——— log(“z—w) forj=1,2. Let

2isina; 1+4ze 4

1-22
(1 + ze®)(1 + ze™ ™)

9i(2) = (1~ DIF)(2) =

It is easy to verify that ¢;(0) = 1 and R[@(z)] = 0 for |z| = 1. By the minimum principle for harmonic
functions with z € U, we have

Rlpj(z)] = R[(1 - ZZ)F}(Z)] > 0.
Therefore,
RI(1 - 2))F (2)] = tR[p1(2)] + (1 - HR[2(z)] > 0,

for all z € U. It follows from Lemma 1.1 that F = tF; + (1 — t)F; = thy + (1 — H)hy + tg1 + (1 — t)g, is analytic
and convex in the direction of the imaginary axis. Therefore if

f = tfl +(1 —f)fz =th +(1 —f)hz +tg +(1 —t)gz

is locally univalent and sense-preserving, then by Lemma 1.2 we have f € Sy is convex in the direction of
the imaginary axis. [

In view of Theorem 2.1, the main object we need to focus on is the condition f is locally univalent and
sense-preserving. Actually, we just need w, the dilation of f, to satisfy |w| < 1. We begin by finding an
expression for w.

Lemma 2.2. Let f; = hj + g; € Sy, where hj(z) + g;(z) = 2isi1r1a, log f;ze‘i,ff/ ), aj €[5, m)forj=1,2 Ifw; = g}/h}

are dilatation functions of f;, j = 1,2, respectively, then the dilatation function w of f =tfi + (1 -t)f,,0<t<1,is
given by

1+ w2)(1 +2zcos ap + 2wy + (1 — (1 + w1)(1 +2zcosay + 22w,

tH(1 4+ w2)(1 +2zcosay +22) + (1 — H)(1 + w1)(1 + 2z cos ay + z2) @1)
Proof. Since f =tfi+ (1 —-t)fo =th1 + (1 = t)hy +tg1 + (1 — t)go,
_ tg; + (1 =g, _ tanh] + (1 = t)wsh,, 22)

w = ’ r - ’ ’
thy + (1 -tk th) + (1 -tk

From hj(z) + 9,(z) = 5o log(“z—"mj) and w; = ¢}/l j = 1,2, we have

2isina; 14ze %

o 1
O T o @+ 2zeosa v )

Substituting these into (2.2), we get (2.1). O

If w1 = w», then (2.1) reduces to w = w1 = w,. Considering Theorem 2.1, we get the following result.
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Theorem 2.3. Let f; = h; + gj € Sy, where hj(z) + g/(z) = 53— IOg( 126 ), a; € [5,m) for j=1,2. Ifwn = an,

2isina; 14ze %

then f =tfi + (1 —t)fo € Sy is convex in the direction of the imaginary axis for 0 <t < 1.

If a1 = ap, we have the following theorem.

Theorem 2.4. Let f; = hj + g; € Sy, where hj(z) + gj(z) = —L 10g( 1426 )/ a; € [Z,m) for j=1,2 Ifay = a,

2isina; 14ze %
then f = tfi + (1 —t)f» € Sy is convex in the direction of the imaginary axis for 0 < t < 1.
Proof. In view of Theorem 2.1, it suffices to show that f is locally univalent and sense-preserving. Substi-
tuting a1 = a, into (2.1), we have

1+ @) + (1 -1 +w)wy  tw; + (1 = Hws + w102
T+ w)+A-HA+w) 1+twor+ A -bHan

2.3)

Let

I'=|1+twy+(1- t)a)1|2 — |ty + (1 — f)a)z + a)1a)2|2
=1+2t(1 - w1 Rws +2(1 — (1 — |02 Rews
+(1 = 28)(|lw1 * = lw2l?) = lw1Plwal?

and w; = p;e'%i, j = 1,2. Then
I=1+2H1 - pHpacos Oy +2(1 — t)(1 — p3)p1 cos 01 + (1 — 2t)(p3 — p3) — pip3
>1-21 - p})p2 — 2(1 = H(1 = p3)p1 + (1 = 26)(pT — p3) — pip3

= (1= p3)(1 = pa)? +26(p1 = p2)l1 + prp2 = (p1 + p2)] := 1L

It is easy to verify that 1+ p1p> — (p1 + p2) > 0 for p; € [0,1),j = 1,2. Actually, 0 <1+ p1p2 —(p1 +p2) <1
forall p; € [0,1),j=1,2. If p1 — p2 2 0, then

I>11>(1-p3)(1-p1)*>0.
If p1 — p2 < 0, then

2112 (1= p3)(1 = p1)* +2(p1 = p2)[1 + p1p2 = (p1 + p2)]
= (1-p)(1 - p2)* > 0.
Therefore, I > 0 which implies |w| < 1. Hence f is locally univalent and sense-preserving. [

Remark 2.5. In an earlier paper [24, Thm. 3], it was claimed that for w given in (2.3), |w| < 1. The authors assumed
that the function I is monotonic in t for t € [0, 1] and this is not the case. Our proof establishes the validity of the
result.

The following lemma is popularly known as Cohn’s Rule.

Lemma 2.6 (Cohn’s Rule, see (22, p. 375)). Given a polynomial p(z) = ap + a1z + Bz + ...+ az" of degree n, let

prie) =2"p (%) =0y + Gy1Z + ApoZ> + ... + Gp2Z".
Denote by r and s the number of zeros of p inside and on the circle |z| = 1, respectively. If lag| < |a,|, then

_ @p() - ap'(2)

p1 2

is of degree n — 1 and has r1 = v — 1 and s1 = s number of zeros inside and on the unit circle |z| = 1, respectively.
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In order to get our next result, we need Lemma 6.

Lemma 2.7. Leta € (-1,0)U(0,1), t € (0,1) and a1, a2 € [5, ). If a1 — az) > 0, then

1) la2t—1)+ 1| > a2t — 1) + 1 + 2at(1 — t)(cos a1 — cos ay); (2.4)
(2) la(2t=1)+ 1 +at(1 — t)(cos ay — cos ay)|
> |(at + Dtcosap + (1 —t)(at + 1 — a) cos ay]. (2.5)

Proof. (1) Itis obvious thata(2t—1)+ 1> 0holds fora € (-1,0) U (0,1) and ¢ € (0,1). Thus we just need to
prove the following double inequality

at —1)+1>at-1)+ 1+ 2at(1 — t)(cosa; — cosap) > —[a(2t — 1) + 1].
That is,
0> at(1 —t)(cosai —cosay) > —[a(2t — 1) + 1]. (2.6)

First, because a1, s € [5, ), thena(a; —az) > 0is equivalent to a(cos a; —cos az) < 0. Therefore, for t € (0,1)
we have

0> at(1 — t)(cos a; — cos ay). (2.7)

Next, to prove the second inequality of (2.6), we consider two subcases.
Subcase 1: if a € (0,1) and a3, s € [5, 7), then a(a; — a;) > 0 implies —1 < cosa; — cosa, < 0. Thus,

at(1 — t)(cosay — cosap) > —at(l —t) > —[a(2t — 1) + 1] (2.8)

holds for t € (0, 1). The last inequality holds because of a(> + t — 1) > —1 for t € (0,1) and a € (0, 1).
Subcase 2: if a € (=1,0) and a1, a; € [, ), then a(a; — a,) > 0 implies 0 < cosa; — cosa, < 1. Thus,

at(l — t)(cos g — cos ap) > at(l —t) > —[a(2t — 1) + 1] (2.9)

holds for t € (0, 1). The last inequality holds because of a(—t> + 3t — 1) > —1 for t € (0,1) and a € (-1, 0).
Therefore, the second inequality of the double inequality (2.6) follows from inequalities (2.8) and (2.9).
(2) Ifa(a;—az) > 0, thenin view of inequality (2.6) we know thata(2t—1)+1+at(1—t)(cos @1 —cos az) > 0

fora e (-1,00U(0,1),t € (0,1),and a1, a2 € [5, ). So inequality (2.5) is equivalent to the double inequality

a2t = 1)+ 1 + at(1 — t)(cos a; — cos ay)
> (at + 1)tcosay + (1 —t)(at + 1 — a) cos a; (2.10)
> —[a(2t = 1) + 1 + at(1 — t)(cos ay — cos ap)].

Now, let
f(a,t) :=a2t = 1) + 1 + at(1 — t)(cos a1 — cos )
—[(at + Dtcosay + (1 —t)(at + 1 — a) cos a1]
=1 -a)(1 - cosay)
+ t[(1 + a)(cos a1 — cos arp) + 2a(1 — cos a)].
It follows that
df(a,t)
Ep =—(1—cosay) + tfcosa; — cosay + 2(1 — cos a1)];
f(at)

T (1 4+ a)(cos a1 — cos ap) + 2a(1 — cos aq).
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Let

df(a,t df(a,t
f@?) =0 and f@?) =0.
oJa ot
Then we have
COS (¥p — COS (1 1—cosa
a=ay= and t=¢ty=

2 — (cos a1 + cos ay) 2 —(cosag +cosay)’

Therefore, it is obvious that

_ 2(1 = cosaz)(1 — cosa)

fat) 2 flaot) = = — o reosay (2.11)

Inequality (2.11) implies that the first inequality of the double inequality (2.10) holds.
Next, let

I:=(at + 1)tcosay + (1 —t)(at + 1 —a)cos oz
+a2t - 1)+ 1+ at(1 — t)(cos a; — cos ay)
=[a(2t — 1) + 1][1 + cos a1 — t(cos a; — cos az)]. (2.12)

If cosay — cosap > 0, then

I>[a2t —1) + 1][1 + cosa; — (cos a1 — cos a3)]
=[a2t = 1) + 1](1 + cos ap) > 0. (2.13)

If cos a1 — cosap < 0, then
I>[a2t —1)+1](1 + cosay) > 0. (2.14)

Therefore, I > 0 follows from inequalities (2.13) and (2.14) and the second inequality of the double inequality
(2.10) is proved. O

Theorem 2.8. Let f; = hj+g; € Sy, where hj(z) + g(z) = —— log( Lize" ), aj €[5, m) forj=1,2. Ifwi(z) =z,

~ 2isina; 14ze Y
w(z) = fi=,a € (=1,1), then f = tfi + (1 = t)f, € Sy (0 < t < 1) is convex in the direction of the imaginary axis
provided a(a; — ap) = 0.

Proof. By Theorem 2.1, we just need to show that |w| < 1in U. If 4 = 0, then w»(z) = wi(z) = z and this case
can follows from Theorem 2.3. If a; = a», then the case follows from Theorem 2.4. Therefore, we shall only
consider the case when a(a; — ay) > 0.

Setting w1(z) = z and w1 (z) = £ in (2.1), we get

@ HL+ E4)(1 +2zcosp +20)z + (1 - £)(1 + z)(1 + 2zcos ay + 2°) £
w(z) =

t1+ F2)(1 +2zcosar +22) + (1 = H)(1 + z)(1 + 2z cos ay + 22)
_H1+a) 1 +2zcosap + 20z + (1 - 1)(1 + 2z cos oy + 2%)(z + a)
TH1 +a)(1 +2zcosay +22) + (1 — £)(1 + 2z cos oy + z2)(1 + az)

p(z)’

where
p(z) =(at + 1)z° + [2t(1 + a) cos az + 2(1 — t) cos a; +a(1 — 1)]z>
+[1+at+2a(1 —t)cosaq]z+a(l —t)

2=ﬂ323 + a222 + a1z + ag



B.-Y. Long, M. Dorff/ Filomat 32:9 (2018), 3111-3121 3117
and

p'(z) =a(l - Hz% + [1 + at + 2a(1 — £) cos a1 2%
+ [2H(1 + a)cosay + 2(1 — t)cosag + a(l — t)]z + (at + 1)
=2°p(L).
Thus if zj is a zero of p and zy # 0, then 1/z; is a zero of p*, and we can rewrite

_ (z+A)(z+B)(z+O)
(1 +Az)(1 + Bz)(1 + Cz)

For |B| < 1, the function ¢(z) = % maps U = {z : |z| < 1} onto U. Hence, to prove that |w| < 1in U, it

suffices to show that |A| < 1, |B| < 1, |C| < 1 with at least one of these having modulus strictly less than one.
Asaz]l = at +1 > |ag| = |a(1 — f)| holds for alla € (-1,0) U (0,1) and ¢ € (0, 1), we can apply Cohn’ Rule to p,
and thus it is sufficient to show that all the zeros of p; lie inside or on |z| = 1, where

_ aspla) —ap' @) _

- (1 +0)pi(2)

p1(2)
and

p1(z) =[a2t — 1) + 1]2% + [2(1 — t)(at + 1 — a) cos a; + 2t(at + 1) cos az ]z
+a(2t = 1) + 1+ 2at(1 — t)(cos a1 — cos ap)

Z=b222 + b]Z + bo.

By Lemma 2.7(1), we have |by| > |bg|. So we can use Cohn’s Rule again on p;. Now, we need to show that
all the zeros of p; lie inside or on |z| = 1, where

pa(z) = M = —4at(1 — t)(cos a; — cos a2)p2(2)

and

p2(2) =[a(2t = 1) + 1 + at(1 — t)(cos a3 — cos a2)]z
+ (at + D)tcosar + (1 —t)(at + 1 —a)cosmy
=1z + Cg.
By Lemma 2.7(2), we have |c1] > |co|. Hence, the zeros of p, p2, p1, and p; lie in |z| < 1. Therefore, |o| <1. O
Theorem 2.9. Let f; = hj +g; € Sy with w; = e®iz , where hj(z) + gj(z) = ﬁn% g 11:;:_;/ ), aj € [5,7) and
0; € [0,2m) for j = 1,2. For each case, if the stated conditions are satisfied, then f = tfy + (1 —t)f € Sy is convex in
the direction of the imaginary axis for 0 <t < 1.

Case (1): 61 = 0, or a1 = ay;
Case (2):

(@) (cosay — cosap)(cosay — cosay + cos B — cos B7) < 0,and

(b) |cosay —cosay + cos 61 — cos O]

6

> |cos e — cos ape™ % + isin(6; — 63)|.

Proof. By Theorem 2.1, we just need to show that dilatation w of f satisfies |w| < 1 in U. By Theorem 2.3
and 2.4, respectively, Case (1) is true.
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If 61 # 02 and a1 # ay, by substituting w; = 0z, j = 1,2 into the equation (2.1), we derive

a)(z) — Zei(91+92) @

()’
where
p(z) =2° +[(1 - He % + te=%2 1 2(tcos ay + (1 — t) cos ay )]z
+ [2t cos e + 2(1 — ) cos e + 1]z + (1 — £)e™01 + o710
::a3z3 + ﬂzZ?' + a1z + agp
and

p(z) = z3p(%) = 002> + 2% + Gz + 3.

Because of t € (0,1) and 0; # 0, we have |(1 — t)e™%1 + te~%2| < 1. Hence, |ag| < |a3]. By Cohn’s Rule, we have

= 24(1 -~ )™ — )i (2),

ey = PP @

where

O _ cos azelez)z

_ 1 . , .
p(2) =E(f3‘91 —¢/9)22 4 (cos ar '
1 o i6)
+ cosay —cosap + E(e 1 —¢'%2)
2=b222 + blz + bo.
In view of condition (a) in Case (2), we have
2 2 1 e o2 1o i67 (2
ol” — 102" = 1 2+ 5 - - -
|bol” — |ba|” =| cos a1 — cos +2(e 1— ™) 4Ie 1 —e'™2]
=(cos a1 — cos ap)(cos a1 — cos ay + cos B — cos B7) < 0.

It follows |bo| < |b,|. Therefore, we can make use of Cohn’s Rule again. Let

;;i(z) = zzfﬁ(%) = boz% + byz + bo.
By direct computation, we have

_bopi(2) - bop; (2)
o z
:=— (cos a; — cos ap)p2(z) = —(cos a1 — cos az)(c1z + cp),

p2(2)

where

€] =COS a1 — COS y + cos B1 — cos O,,

co =cos are”'% — cos are™% + isin(0; — 65).

Because of condition (a) in Case (2), we have |c1]| > |cg|. So the zero(s) of p> and p1 both lie inside the unit
circle |z| = 1. Therefore, it follows |w| < 1. O

If we take specific values for 0; and 0,, we have the following corollary.
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Corollary 2.10. Let fj = hj + g; € Sy, where hj(z) + gj(z) = 5o log( Lz ), aj € [%, ) for j =1,2. For each

2isina; 1+ze %
case, if the stated conditions are satisfied, then f = tfi + (1 —t)fo € Sy is convex in the direction of the imaginary
axis for 0 <t < 1.

Case (1): For wn(z) = ze"%*3), wy(z) = ze'®.

(a) (cosai —cosap)(cosa —cosay —sin B — cos B) < 0,and

(b) (cosai + sin B)(cos B — cos ay) > (sin O + cos B)(cos a1 — cos a).
Case (2): For w1(z) = ze"%*™, wy(z) = ze'®.

(@) (cosai —cosay)(cosas —cosap —2cos0) < 0,and

() (cosai — cos O)(cosay + cos 0) < 0.
Case (3): For w1(z) = z,wa(z) = —

(@) a; > ay.

Theorem 2.11. Let f; = hj + g; € Sy, where hj(z) + gi(z) = m log(ll;jim‘ ) a; € [5,n) for j = 1,2. For each

case, if the stated conditions are satisfied, then f = tfi + (1 —t)fo € Sy is convex in the direction of the imaginary
axis for 0 <t < 1.

Case (1): For w1(2) = z, w(z) = 2%, and a1 < ap.

Case (2): For w1 (z) = z,ws(z) = —2%,and a1 > a.

Proof. As the proof is similar to the proof of Theorem 2.8 and Theorem 2.9, it is omitted. [

3. Example

In this section, we give two examples to illustrate our results.

1-iz

Example 3.1. If a; = ap = 5, then hj(z) + gj(z) = log(l“z)forj =1,2. Taking w1(z) = z, we get

hi(z) =1 log <}ij + Jarctanz,

91(z) =— 1log (1:2 + larctanz.

Taking ws(z) = —z%, we obtain

hy(z) =1 log 132 + j arctanz,

72(z) =— 1log 1 ﬁ + Larctanz.

Let fi =hj+yg;for j=1,2and f = tfy + (1 — t)fo. Then by Theorem 2.4, we know that f is in Sy and is convex in
the direction of the imaginary axis. The images of U under f with t = 0, 3 and 1, respectively, are shown in Figure 1.
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Figure 1: Images of concentric circles under f of Example 3.1

Example 3.2. Letting ay = 3%, we have

V2 + (-1 +i)z]

(@) + 012 = ilog[ o

V2i

With w1(z) = z, we have

_2-\2 (1+2)? (1+V2)arctan(V2z-1) |, (1+V2)n
h(z) = 4 log 1-V2z+22 + 242 + 42+vV2)’

__2-\2 (1+2)? (1+ V2) arctan( V2z—1) (1+V2)m
g1(2) = 4 1Og 1-V2z+22 + 2+42 + 42+V2) "

1+iz

With ay = 5, then hy(z) + g2(z) = % log (E) Taking wy(z) = —z, we get

hy(z) :}1 log (ifgz + % arctan z,

92(2) = — jlog (%J_'i; + larctanz.

3120

Let fi=hj+g;for j=1,2and f = tfy + (1 —t)f, Then Corollary 2.10 gives us that f is in Sy and is convex in the
direction of the imaginary axis. The images of U under f with t = 0, 1 and 1, respectively, are shown in Figure 2.

)
R Y/ =

2

@@t=0

Figure 2: Images of concentric circles under f of Example 3.2
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