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Abstract. The main object of this paper is to study the zero-divisor graph I'(RL) of the ring RL. Using
the properties of the lattice Coz L, we associate the ring properties of RL, the graph properties of T'(RL),
and the properties of a competely regular frame L. Paths in I'(RL) are investigated, and it is shown that
the diameter of I'(RL) and the girth of I'(RL) coincide whenever L has at least 5 elements. Cycles in I'(RL)
are surveyed, a ring-theoretic and a frame-theoretic characterizations are provided for the graph I'(RL) to
be triangulated or be hypertriangulated. We show that I'(RL) is complemented if and only if the space of
minimal prime ideals of RL is compact. The relation between the clique number of I'(RL), the cellularity of
L and the dominating number of I'(RL) is given. Finally, we prove that if I'(RL) is not triangulated, then the
set of centers of I'(RL) is a dominating set if and only if the socle of RL is an essential ideal.

1. Introduction

Let R be a commutative ring with identity. As in [1] and [16], by the zero-divisor graph I'(R) of R we
mean the (simple) graph with vertices nonzero zero-divisors of R such that there is an edge between vertices
x and y if and only if x # y and xy = 0.

Let C(X) be the ring of all real-valued continuous functions on a completely regular Hausdorff space
X. The zero-divisor graph I'(C(X)) has been studied by Azarpanah and Motamedi in [3]. They have
investigated the relations between ring properties of C(X), graph properties of I'(C(X)) and topological
properties of the space X.

The ring of real-valued continuous functions on a frame L is the set of all frame homomorphisms
a: L(R) — L, where L(IR) is the frame of reals, that is, the frame of open subsets of OR. This ring is
denoted by RL (see [4, 5] for details). Our main purpose in this article is to study the relations between
the ring properties of RL, the graph properties of I'(RL) and the frame-theoretic properties of the frame
L. Our characterizations extend similar ones for I'(C(X)) given in [3]. Although, in the statements of the
characterizations we give verbatim, literal translations of those in I'(C(X)), our proofs are, of necessity,
entirely different in that the proofs in [3] use points of spaces involved while our proofs rely heavily on the
properties of the cozero part of frames.

Section 3 commences with a description that the concept of distance in I'(RL) is captured in pointfree
topology (Proposition 3.3). We then determine the diameter, girth and the radius of I'(RL). It turns out that
the diameter, the girth and the radius of I'(RL) are 2 or 3, 3 or 4 and 2 or 3, respectively.
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In Section 4, we study cycles in I'(RL). It turns out that the cycles in I'(RL) have only length 3 or 4.
Graphical characterizations of regularity and almost regularity of the ring RL, and pointfree characteriza-
tions for the graph I'(RL) to be triangulated, hypertriangulated and complemented are provided in this
section. In the paper [15], the concept of a middle P-frame has been introduced by Ighedo. In Proposition
4.5, we show that I'(RL) is a hypertriangulated graph if and only if L is a connected middle P-frame.

We introduce the cellularity in Definitions 5.1. This definition and the weight of a frame enable us to
study the dominating number and the clique number of I'(RL) in Section 5. A pointfree characterization
and an algebraic characterization for the set of centers of I'(RL) to be a dominating set are given in Theorem
5.7.

2. Preliminaries

2.1. Frames

For general facts concerning pointfree functions rings, general topology, the ring C(X), and frames see
[4,5],[13], [14], and [17]. Here, we recall a few definitions and results that will be relevant for our discussion.

A frame is a complete lattice for which finite meets distribute over arbitrary joins. Let L be a frame. We
denote the top element and the bottom element of L by T and L respectively. Throughout this context L
will denote a frame. The frame of open subsets of a topological space X is denoted by O(X).

The pseudocomplement of an element a € L, denoted a*, is the element

a*=\/{x€L|a/\x=J_}.

We recall that:

(1)ifa < b, then b* <a".

(2)a<a”anda* =a™.

B)@Vvb)y=a Ab and (a Ab)* =a™ AD".

An element a of L is said to be complemented if a V a* = T, and dense if 4* = L. We call the set of
all complemented elements of L the Boolean part of L, and denote it by BL. For any frame L, we have
BL ={x €L :xVx'" = T}and BL is a sublattice of L. Notice that every element x of BL has a unique
complement, which is denoted by x’.

An element p € L is said to be an afom if p # L and there exists no element x with L < x < p.

A frame L is said to be completely reqular if, for eacha € L, a = \/{x € L | x < a}, where x < a4 means that
there are elements (c;) indexed by the rational numbers Q N [0, 1] such that ¢g = x, ¢; = 4, and ¢, < ¢; for
p < gq. Note that x < 2 means that there is an element b such that x Ab = L and b V a = T, or equivalently,
x*Va = T. Throughout, all frames under consideration are assumed to be completely regular.

2.2. Thering RL

Regarding the frame of reals L(IR) and the f-ring RL of continuous real functions on L, we use the
notation of [5]. We freely use the properties of the cozero map coz: RL — L, given by

coza = \/{a(p,q) lg<0orp>0j,

and those of Coz L = {coza | @ € RL}, the cozero part of L. Note that Coz L is a regular sub-o-frame of L; and
a frame is completely regular if and only if it is generated by its cozero part. We refer to [4-6] for general
properties of cozero elements and cozero parts of frames.

3. Paths in I'(RL)

To begin with, we note that a € RL is a zero-divisor if and only if coz « is not dense (see [9, Corollary
4.2] for details). Hence, 0 # a € I'(RL) if and only if (coz a)* # L. Also if a € L is different from the top or the
bottom, then there is « € I'(RL) such that coza < a. To see this, by complete regularity, take a € RL such
that 1 # coza < a. That is to say (coza)* V a = T, implying that (coza)* # L. Thus a € I'(RL).



M. Abedi / Filomat 33:1 (2019), 135-146 137

Remark 3.1. If|L| = 2, that is, L = 2, then RL is isomorphic with the field of real numbers, that is, RL = R. On the
other hand, the three-element chain 3 = {1, m, T} is not completely reqular. Thus for studying the zero-divisor graph
of RL, we should consider |L| > 4. Next, by [1, Theorem 2.2], it is easy to see that I'(RL) is always infinite.

Recall that for two vertices a and f of I'(RL), d(a, f) is the length of the shortest path from « to . The
diameter of I'(RL) is denoted by diam I'(RL) and is defined by diam I'(RL) = supi{d(«, f) | o, p € I'(RL)}. The
girth of I'(RL), denoted grI'(RL), is defined as the length of the shortest cycle in I'(RL).

The following proposition characterizes the concept of distance in I'(RL) using cozero elements of L.
First, we need the following lemma. In order to state this lemma, we need some background. As in [7], if
a: L(R) = Land a € L, then ala denotes the composite a : L(R) — L —]a. Recall also from [7, Lemma 1]
thatif a < bin L, then there exists ¢ € RLsuch that 0 < ¢ <1, pla = 1,, and @|b* = 0.

Lemma 3.2. For every o, p € T'(RL), there exists a vertex ¢ € I'(RL) adjacent to both a and B if and only if
(coza)' A (cozB) # L.

Proof. We begin with the sufficiency. Let (coza)* A (cozf)* # L. Then, by complete regularity, there
exists ¥ € RL such that L # cozy < (coza)' A (cozf)’. Now, take ¢ € RL such that ¢|cozy = 1 and

(pI((COZ a)* A (coz ﬁ)”)’e = 0. The latter implies that coz ¢ A ((COZ a)* A (coz ﬁ)")* = 1 and hence

coz@ < ((coza) A (cozp)) = (coza)™ A (cozp)™ = (coza)’ A (cozp)’.
In consequence,
coz(pa) = cozg A coza < ((coza)' A (cozp)’) A coza
= ((coza) A coza) A (cozp)' = L.

Therefore pa = 0, similarly ¢ = 0. Consequently, ¢ € I'(RL) and ¢ adjacent to both a and . Conversely, if
there exists ¢ € I'(RL) adjacent to both a and f, then pa = @p = 0. This implies that coz ¢ < (coza)* A(cozp)”
and therefore (coza)* A (cozf)* # L, sincecozp # L. [J

Proposition 3.3. Let o, f € I'(RL). Then the following statements hold.

1. d(a, B) = Lifand only if coza A cozf = L.
2. d(a,B) =2 ifand only if coza A cozf # L and (coza)* A (cozf)* # L.
3. d(a,B) =3 ifand only if coza A cozff # L and (coz a)* A (cozf)* = L.

Proof. (1). Trivial.

To prove (2), first suppose that d(a, ) = 2. Then, by part (1), coza Acoz # L and there exists ¢ € I'(RL)
such that ¢ is adjacent to both o and B. Therefore, by Lemma 3.2, (coz a)* A (coz )" # L. Conversely, let
coza A cozf # L and (coza)* A (cozB)* # L. Then, by part (1), d(a, ) > 1 and, by Lemma 3.2, there is a
vertex adjacent to both @ and . These imply d(a, p) = 2.

To show (3), let d(a, f) = 3. Clearly, by parts (1) and (2), coza A cozf # L and (coza)* A (cozf)* = L.
Conversely, suppose that coza A cozf # L and (coza)* A (cozp)* = L. By parts (1) and (2), d(a, p) > 2.
Now, if a vertex 6 is adjacent to @ and a vertex y is adjacent to §, then aé6 = fy = 0. In consequence,
cozd Acozy < (coza)' A (cozp) = L, implying that coz(dy) = L and hence 6y = 0, this means that 0 is
adjacent to y. Therefore d(a, ) =3. O

Note that if @ € I'(RL), then coza A coz2a # L and (coz a)* A (coz2a)* # L. Now as a consequence, by part
(2) of Proposition 3.3, we have the following.

Corollary 3.4. Whenever |L| > 4, then diamI'(RL) > 2.

We intend to show that diam I'(RL) = gr I'(RL) = 3 for when |L| # 4. For this we shall need a series of results.
We begin with a lemma. Before the following lemma is presented, let us recall that a graph G is connected
if there is a path between any two distinct vertices. Note that I'(RL) is always connected (see [1, Theorem

2.3)).
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Lemma 3.5. Let a, § € I'(RL) be such that coza A cozf = L and (coza)* A (cozp)* # L. Then grI'(RL) = 3.

Proof. By hypothesis, we have a8 = 0 and a®+f? is a nonzero zero-divisor. Hence, there exists y € I'(RL) such
that y(a? + %) = 0, implying that y*(a* + %) = 0. This shows that ya = y8 = 0. Therefore gr [(RL) =3. O

Recall that if 4 is an atom of L, then, by complete regularity, it is complemented and so a € Coz L. For the
proof of the next corollary, we shall use the fact that if 2 and b are two atoms of L such that 4’ # b, then

aANb=1L=>aVb#+T=a ANV # 1.

Corollary 3.6. Whenever L has at least 3 atoms, then diamI'(RL) = grI'(RL) = 3.

Proof. Whenever L has at least 3 atoms, then there exist @, € I'(RL) such that coza A cozf # L and
(coza)* A (cozB)* = L. Now, part (3) of Proposition 3.3 implies that diam I'(RL) = 3. To prove the second
part it is easy to see that there exist 6, p € RL such that coz6 A cozp = L and (cozd)* A (cozp)* # L. Now,
Lemma 3.5 shows that grI'(RL) =3. O

Recall from [8, Lemma 3.3] that if coz @ < coz ff for some a, € RL, then there exists 6 € RL such that @ = 6.

Example 3.7. Suppose that |L| = 4. Since the four-element chain 4 = {L,m < n, T} is not completely regular, we
can conclude that L = {L,a,b, T}, where b = a’. Now, let a, p € RL with coza = a,coz = b. We put

A={0eRL|cozd=coza} and B={yeRL]|cozy = cozp}.

It is easy to see that the zero-divisor graph of RL is a graph where its vertices are two disjoint nonempty sets A and
B such that two vertices 6 and y are adjacent if and only if 6 € A and vy € B. This means that T(RL) is a bipartite
complete graph. Consequently, diamI'(RL) = 2 and grI'(RL) = 4.

Before proving the next result let us notice the following about cozero elements. If 2 < b in L, then there
is c € Coz L such that a < ¢ < b (see [6, Corollary 1]). As a consequence, there exists d € Coz L such that
aANd=_LlanddVb=T.

Lemma 3.8. Let a € I'(RL). Then the following statements hold.

1. Ifcoza ¢ BL, then there exists f € I'(RL) such that d(a, f) = 3.
2. Let coza € BL. If there exists y € I'(RL) such that cozy & coza and cozy € BL, then there exists p € I'(RL)
such that d(a, p) = 3.

Proof. (1). Sincecoza ¢ BL, there exists 6 € RLsuchthat L # coz 6 < coza. Thismeans thatcozoAcozf = L
and coza V cozff = T for some € RL. In consequence,

(cozB)' # L, coza Acozf # L and (coza)* A (cozf)" = L.

Therefore, part (3) of Proposition 3.3 implies that d(a, ) = 3.
(2). Putting coz = (cozy)’, we then have

coza Acozf # L and (coza)’ A (cozf)" = L.
Therefore, part (3) of Proposition 3.3 implies that d(a, f) = 3. O
Proposition 3.9. Whenever L has at least 5 elements, then diamI'(RL) = 3.

Proof. We consider two cases.

Case 1: Suppose that Coz L = BL (note that L can be finite or infinite). Then Coz L has at least 3 elements
other than the top or the bottom. When Coz L has at least 3 atoms, Corollary 3.6 implies that diam I'(RL) = 3.
Now, suppose coza is not an atom for some a € RL. Then there exists 6 € RL such that L # coz0 s coza.
Therefore, part (2) of Lemma 3.8 implies that diam I'(RL) = 3.
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Case 2: Suppose BL & CozL (note that L and CozL are infinite). If there exists @ € I'(RL) such that
coza € CozL \ BL, then part (1) of Lemma 3.8 implies that diamI'(RL) = 3. Otherwise, for every a € RL
with (coza)* # L, we have coza € BL. This means that we can choose 6 € T'(RL) with coz6 € CozL.
So, take p € RL such that cozp = (coz)’. In case cozd or cozp is not an atom, part (2) of Lemma 3.8
implies that diamI'(RL) = 3. Now, let coz6 and cozp be two atoms. If there is y € I'(RL) such that
cozy # coz0 and cozy # cozp, then, by either Corollary 3.6 or part (1) of Lemma 3.8, we can conclude
that diam I'(RL) = 3. Otherwise, by complete regularity, it is easy to show L = {,coz d,coz p, T} which is a
contradiction. Therefore, the proof is complete. [

The combination of this proposition with Example 3.7 imply the following corollary.
Corollary 3.10. The diamI'(RL) = 2 ifand only if L = {L,a,b, T}, whereb =a’.

Next, we are going to discuss the girth of I'(RL). We begin with the following lemma. For the proof of this
lemma, we shall use the following fact: If 2,b € L and a < b, then b* < a".

Lemma 3.11. Let o € I'(RL). Then the following statements hold.

1. Let coza € BL. If there exists y € I'(RL) such that cozy & coza and cozy € BL, then grI'(RL) = 3.
2. Ifcoza ¢ BL, then grI'(RL) = 3.

Proof. (1). Putting coz = (coza)’, we then have
cozy Acozf <coza AcozfB = L, in consequence cozy Acozf = L;

and also we claim that (coz )" A (coz )" # L. To see this, suppose, by way of contradiction, that (cozy)* A
(cozp)* = L. Then (cozy)" A coza = L, implying that coza < cozy < coza and hence coza = cozy which
is a contradiction. Therefore, by Lemma 3.5, grI'(RL) = 3.

(2). Since coz a ¢ BL, there exists 6 € RL such that L # coz 0 < coz a and so (coz a)* < (cozd)*. Take p €
RL such that (coz a)* < coz p < (coz 6)*. This show that (coz p)* # L and cozpAcozd < cozpA(cozo)” = 1,
thatis, cozpAcoz 6 = L. Now, if (coz p)* A(coz 0)* # L, then Lemma 3.5 shows that gr I'(RL) = 3. Otherwise,
let (coz p)* A (coz )" = L. On the other hand, coz p < (coz )" implies that (coz p)* V (coz6)* = T. Therefore
(coz 6)* € BL. Now, we consider two cases.

Case 1: Suppose (coza)* € BL. Then since coz 0 < coza, (cozd)* V coza = T, showing that (coz6)* #
(coza)*. Therefore, by (1), grI'(RL) = 3 since (coza)* s (coz 0)*, (coza)™ # L, and (coz )™ # L.

Case 2: Suppose (coza)* ¢ BL. Pick ¢ € RL such that (coz@)* # L and L # coz@ < (coza)" < (cozd)’,
implying that cozp A cozd = L. Now, if (coz@)* A (cozd)” # L, then, by Lemma 3.5, grI'(RL) = 3.
Otherwise, (coz @)* A (coz 6)* = L implies that (coz ¢)* < (coz 6)”. This shows that (coz ¢)* = (coz 6)" since
cozp < (cozd)’. Consequently, (coz o)™ = (coza)”, implying (coz 6)* = (coza)*, a contradiction because
(coz6)* € BL implies (coza)* € BL. O

Proposition 3.12. Whenever L has at least 5 elements, then grI'(RL) = 3.

Proof. We consider two cases.

Case 1: Suppose Coz L = BL. Then Coz L has at least 3 elements other than the top or bottom. Whenever
CozL has at least 3 atoms, then Corollary 3.6 implies grI'(RL) = 3. Now, suppose coz a is not an atom for
some o € RL. Then there exists 7 € RL such that L # cozt £ coza. Therefore, part (1) of Lemma 3.11
implies that grI'(RL) = 3.

Case 2: Suppose BL & Coz L. If there exists a € I'(RL) such that coza € CozL \ BL, Then part (2) of
Lemma 3.11 implies that grI'(RL) = 3. Otherwise, for every a € RL with (coza)* # L, we have coza € BL.
This means that we can choose 6 € I'(RL) with coz 6 € Coz L. Hence, take p € RL such that coz p = (coz6)’.
In case coz 6 or coz p is not an atom, part (1) of Lemma 3.11 implies that grI'(RL) = 3. Now, suppose coz 6
and coz p are atoms. If there is y € T(RL) such that cozy # coz 6 and cozy # coz p, then, by either Corollary
3.6 or part (1) of Lemma 3.11, we can conclude that grI'(RL) = 3. Otherwise, by complete regularity, it is
easy to show that L = {1, coz 6, coz p, T} which is a contradiction. Therefore, the proof is complete. [
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An immediate consequence of Example 3.7 and the previous proposition, is the following corollary.
Corollary 3.13. The grI'(RL) =4 ifand only if L={1,a,b, T} whereb =a’.

Combining Propositions 3.9 and 3.12, we have the following theorem.

Theorem 3.14. The diameter of I'(RL) and the girth of T'(RL) coincide whenever L has at least 5 elements.

In what follows, we intend to study the radius of the zero-divisor graph of I'(RL). Let us recall the definition
of the radius of a graph G. The associated number of a vertex x of a graph G denoted by e(x) is defined as
e(x) = sup{d(x, y) | x # y € G}. A center of G is defined to be a vertex t with the smallest associated number.
The associated number e(t) of any center ¢ is said to be the radius of G and is denoted by o(G).

Proposition 3.15. Suppose a € I'(RL), then

(@) = 2 if coza is an atom
AYZN 3 otherwise.

Proof. First, let coza be an atom. Consider g € I'(RL). Then coza A cozf = coza or coza A cozf = L. The
latter implies that d(«, ) = 1. By the former case, we have coza < coz 8, showing that (coz a)* A (coz )" =
(cozB)* # L. Hence, by part (2) of Proposition 3.3, d(«, ) = 2. Therefore e(a) = 2 since coza Acoz2a = coza.
Now, suppose coz a is not an atom. Then we consider two cases.

Case 1: If coza ¢ BL, then part (1) of Lemma 3.8 implies that e(a) = 3.

Case 2. Suppose coza € BL. Since coz « is not an atom, there exists 6 € RL such that L # coz6 < coza
and (coz0)* # L. In case cozd € BL, part (2) of Lemma 3.8 implies that e(a) = 3. Otherwise, by Case 1,
e(6) = 3. Take § € I'(RL) such that d(o, ) = 3, and so, by part (2) of Proposition 3.3, we have coz6 Acozf # L
and (coz 0)* A (cozf)* = L. This implies quickly that coza A cozf # L and (coza)* A (coz f)* = L. Again, by
part (2) of Proposition 3.3, d(a, f) = 3, which shows that e(a) =3. [

As an immediate consequence, we now have the following corollary.
Corollary 3.16. If L has an atom, then o(I'(RL)) = 2; otherwise o(I'(RL)) = 3.

By this corollary and the definition of center, if L has no atoms, that is, o(I'(RL)) = 3; then every vertex is a
center. But whenever L has at least one atom, that is, if o(I'(RL)) = 2, then the set of centers of I'(RL) is the
set of all vertices a € I'(RL) such that coz « is an atom.

4. Cycles in I'(RL)

A graph G is called triangulated (hypertriangulated) if each vertex (edge) of G is a vertex (edge) of a
triangle. In the next proposition, we show that every vertex of I'(RL) is a cycle vertex, that is, every vertex
of I'(RL) belongs to a cycle. In fact, it turns out that for every vertex a in I'(RL), there exists a 4-cycle
(quadrangle) containing o and whenever L has no atoms, then for every vertex a of I'(RL), there exists a
3-cycle (triangle) containing a.

Proposition 4.1. For a frame L, every vertex of I'(RL) is a 4-cycle-vertex.

Proof. For every vertex a, there exists a vertex  such that af = 0 since I'(RL) is always connected. Therefore
af = a)p = (2a)(2f) = a(2p) = 0, that is, the path with vertices a, , 2a and 2§ is a cycle with length 4
containing . [

By the above proposition, every vertex in I'(RL) is a vertex of a cycle. It is also easy to see that every edge
in I'(RL) is an edge of a cycle.

In the following theorem, we give the frame-theoretic property of L and the ring-theoretic property of
RL for which the graph I'(RL) is triangulated. We begin with the following lemma.
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Lemma 4.2. If o, p € I'(RL) such that coza £ coz  and coz § € BL, then « is a vertex of a triangle.

Proof. Putting cozy = (cozf)’, we then have coza A cozy = L. Now, (coza)* A (cozy)* = L implies that
coza = coz 3 which is a contradiction. In consequence, (coza)* A (cozy)* # L. Therefore, by Lemma 3.2,
there exists a vertex ¢ adjacent to both a and y, showing «a is a vertex of the triangle with vertices «, y and
6. O

Recall that an ideal of a ring is essential if it meets every nonzero ideal non-trivially. By Lemma 4.3 in [9], an
ideal I in RL is essential if and only if \/s¢; coz 0 is dense.

Theorem 4.3. The following are equivalent for a frame L.

1. T(RL) is a triangulated graph.
2. L has no atoms.
3. There is no maximal ideal in RL generated by an idempotent.

Proof. (1) = (2). Let I'(RL) be a triangulated graph and suppose L has an atom a. Consider a € RL
such that coza = @', clearly @ € I'(RL). Since I'(RL) is triangulated, then there are y,0 € I'(RL) such that
ay = ad = yd = 0. This shows that cozy < a, coz6 < a, and cozy A coz6 = L. Therefore y =0o0r 6 =0,
which is a contradiction.

(2) = (1). Suppose that L does not contain atoms and take a € I'(RL). Then there exists 0 # p € RL such
that coz 8 < (coza)* and coz § # (coza)*. Now, we consider two cases.

Case 1: Suppose (coz )* A (coza)® # L. Then, by Lemma 3.2, there exists a vertex y adjacent to both a
and 8, showing a is a vertex of the triangle with vertices «,  and y since cozff A coza = L.

Case 2: Assume (coz )" A (coza)® = L. Pick 6 € RL such that cozd < cozpf. If (cozd)* A (coza)* # 1,
then, similar to Case 1, a is a vertex of a triangle. Otherwise, let (coz )" A (coza)* = L. Then since

(cozf)* Vv (coza)' = T and (cozd)* V (coza) =T,

we can conclude that (coz a)™ = (coz )" = (coz6)*. This shows that cozf V (coz)* = T and so cozf§ € BL.
On the other hand, cozf < (coza)* implies that coza < (coza)™ < (cozpf)*, showing coza < (cozpf)".
Therefore if coza # (cozf)*, then, by Lemma 4.2, o is a vertex of a triangle. Otherwise, coza = (cozf)”
shows that (coz )" = coz § which is a contradiction.

(2) = (3). Let M be a maximal ideal of RL generated by an idempotent. Take an idempotent 1 in RL
such that M = (). Then, (1 — 1) is a minimal ideal generated by the idempotent 1 — 1, and hence, by the
proof of Lemma 3.4 in [11], coz(1 — 1) is an atom.

(3) = (2). Let a be an atom of L. Again, by Lemma 3.4 in [11], the ideal M, = {0 € RL|cozd < a}is a
minimal ideal and \/ M, = a. Hence, Lemma 4.3 in [9] shows that M, is a non-essential ideal of RL. Thus,
Lemma 4.5 in [11] implies that M, = (1) for some idempotent 1 in RL. Now, since KL is a reduced ring,
M = (1 - n) is a maximal ideal of RL generated by an idempotent. [

Recall from [3] that a zeroset Z in X is said to be a middle zeroset if there exist two proper zerosets E and F
such that Z=ENFand EUF = X. A space X is called a middle P-space if every nonempty middle zeroset
in X has a nonempty interior. Clearly, every almost P-space is a middle P-space but not conversely (see [3]
for details). Now, adapting this to frames, Ighedo [15] has introduced the following definition.

Definition 4.4. (1) A cozero element c in L is said to be middle cozero element if there exist two cozero elements a
and b other than the bottom such thatc=aVbanda Ab = L.

(2) A frame L is called a middle P-frame if every non-top middle cozero element in L is not dense. This is equivalent
to saying L is a middle P-frame if and only if the only dense middle cozero element of L is T.

Clearly, a topological space X is a middle P-space if and only if the frame ©X is a middle P-frame. For more
details about middle P-frames see [15].

In the following proposition, we consider frame-theoretic properties of L for which the graph I'(RL) is
hypertriangulated. Recall from [4] that a frame is disconnected if there is at least one non-trivial comple-
mented element. A frame is connected if it is not disconnected, or equivalently, ifa Ab= Landavb=T
implya=Torb=T.
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Proposition 4.5. For a frame L, I'(RL) is a hypertriangulated graph if and only if L is a connected middle P-frame.

Proof. Let I'(RL) be a hypertriangulated graph. If L is not connected, then there exists a complemented
element L # ain L. Take a, § in RL such that coza = a and coz = a’. Now, coza A cozf = L implies that
a is adjacent to p and since (coz a)* A (coz f)* = L, then by Lemma 3.2, there is no vertex adjacent to both «
and f. So the edge @ —  does not belong to a triangle, which is a contradiction; therefore L is connected.
Now, let coza be a middle cozero element. Then coza = cozf V cozy and cozf A cozy = L for some
cozero elements coz  and coz y. Since I'(RL) is hypertriangulated, then  — y is an edge of a triangle, that
is, there exists a vertex 6 such that 6 = 6 = 0. This implies that coza = cozf V cozy < (coz )", showing
1 #c0z0 < (coz )™ < (coz a)* which means that (coza)* # L. Consequently, L is a middle P-frame.

Conversely, let L be a connected middle P-frame and « — 8 be an edge in I'(RL). Since coza A cozff = L
and L is connected, then coza V cozf # T. This shows that (coza)* A (cozf)* # L, because L is a middle
P-frame. Now, by Lemma 3.2 there exists a vertex adjacent to both o and . This means that I'(RL) is a
hypertriangulated graph. O

If o and g are two vertices in I'(RL), by c(a, 8), we mean the length of the smallest cycle containing « and .
For every two vertices a and f3, all possible cases for c(a, §) are provided in the next proposition.

Proposition 4.6. Let o, f € I'(RL). Then the following statements hold.

1. c(a, B) = 3ifand only if coza A coz = L and (coza)* A (coz )" # L.

2. c(a, B) = 4 if and only if either coza A cozf # L and (coza)' A (cozf)* # L or coza A cozff = L and
(coza)* A(cozp) = L.

3. c(a, B) = 6 ifand only if coza A cozf # L and (coza)* A (cozf)* = L.

Proof. First of all, by Lemma 3.2 and Proposition 3.3, it is easily checked that parts (1) and (2) are true. To
prove part (3), if c(a, f) = 6, then parts (1) and (2) imply that coza A coz # L and (coza)* A (coz )" = L.
Conversely, since coza A cozff # L and (coza)® A (cozp)’ = L, then by part (3) of Proposition 3.3, we
have d(a, ) = 3. Thus, there exist vertices y and 0 such that ay = Y0 = 6 = 0. Now, if some vertex
@ is adjacent to 8, then ¢f = 0. In consequence, cozg < (cozf)* and cozy < (coza)* implying that
cozy Acoz@ < (coza)' A (cozf) = L, and so ¢ is adjacent to y. But this simply means that c(a, §) > 5. On
the other hand, d(a, ) = 3 implies that « is not adjacent to ¢. Therefore, c(a, ) > 6. Now, if we consider the
vertices 2y and 20, then we have a cycle with vertices «, §, v, 6, 2y and 20, that is to say c(a, ) =6. O

As an immediate consequence, we now have the following result.

Corollary 4.7. For a frame L, the following statements hold.

1. Every cycle in I'(RL) has length 3 or 4.
2. Every edge of T(RL) is an edge of a cycle with length 3 or 4.

A frame L is said to be a P-frame if for every a € RL, coza is complemented. It is well known that L is a
P-frame if and only if the ring RL is regular (that is, for every a € RL, there exists € RL such that a?f = a).
A frame L is called almost P-frame if every cozero element in L is regular (or equivalently, every nonunit
element of RL is zero-divisor). Whenever L is an almost P-frame, we call the ring RL almost regular. We
refer the reader to [8] and [9] for more details and properties of P-frames and almost P-frames.

Proposition 4.8. For a frame L, the ring RL is almost reqular if and only if for every nonunit o € RL, there exists
1 # B € RL such that a = ap.

Proof. To prove the ‘if” part, let « € RL be a nonunit element. We can assume that « is a nonzero-nonunit
element since otherwise there is nothing to prove. Then L # (coza)* # T, and so there exists y € RL such
that cozy < (coz a)*, implying that coza < (coz a)” <« (cozy)". It follows that coza < coz p < (cozy)" for
some p € RL. Therefore, by [8, Lemma 3.3], there exists 1 # € RL such that @ = af.

To prove the ‘only if’ part, it is enough to show that every nonunit element of RL is zero-divisor. Let
a € RL be a nonunit element. Then, by the hypothesis, there exists 1 # € RL such that a = af. This
shows that coza A coz(1 — B) = L, implying that coz(1 — ) < (coza)*. In consequence (coza)* # L, since
L # coz(1 - f). Therefore a is zero-divisor. [
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In the following theorem, the almost regularity of the ring RL is characterized graphically. We begin with
the following lemma.

Lemma 4.9. Let L be an infinite frame. Then there exist 0,y € I'(RL) such that cozoVcozy = T and cozOAcozy #
1.

Proof. We consider two cases.

Case 1. Suppose that for every a € I'(RL), coza € BL. Now, if there exists @ € I'(RL) such that coza is
not an atom, then we have coz < coza for some € I'(RL) with coz  # coza. Putting coz = coza and
cozy = (coz B)’, we then have coz6 Vv cozy = T and cozd Acozy # L. Otherwise, for every a € I'(RL), coza
is an atom. Then it is easy to see that |L| = 4 which is a contradiction.

Case 2. Let coza ¢ BL for some a € I'(RL). Then there exists p € I'(RL) with cozf < coza. Take
coz 6 € CozLsuchthatcozfAcozd = LandcozaVcozd = T. Puttingy = a, wethenhavecozé6Vvcozy =T
and cozO Acozy # L. [J

Theorem 4.10. For a frame L, RL is an almost regular ring if and only if for every pair of vertices p and y of T (RL)
and every nonunit o € RL, c(af, ay) < 4.

Proof. Necessity. Let RL be an almost regular ring. Then for any nonunit a € RL, we have (coza)* # L.
Since (coz a)* < (cozaf)* A (cozay)®, then by parts (1) and (2) of Proposition 4.6 c(af, ay) < 4.

Sufficiency. Suppose that a € RL is a nonunit and c(af, ay) < 4 for all vertices f and y of I'(RL). If L
is finite, then it is easy to show that RL is almost regular. Otherwise, suppose that L is infinite. Then, by
Lemma 4.9, there exist 6, p € I'(RL) such that coz6 Vcozp = Tand cozé6 Acozp # L. Ifcozad Acozap = L,
then coza A cozd A cozp = L. This implies that L # cozd A cozp < (coza)*. In consequence, (coza)” # L.
Now, suppose that cozad A cozap # L. Then since c(coz ad, coz ap) < 4, by part (2) of Proposition 4.6, we
have (cozad)* A (cozap)* # L. On the other hand,

coza=coza AT =coza A(cozd V cozp)=cozad V cozap,

and so (coz a)* = (coz ad)* A (cozap)*. Consequently, (coza)* # L. Therefore a is zero-divisor and the proof
is complete. [J

In the next theorem, the regularity of the ring RL is characterized graphically.

Theorem 4.11. For a frame L, RL is a regular ring if and only if RL is an almost regular ring and for every vertex o
of T'(RL), there exists a vertex  of I'(RL) adjacent to a such that c(a, f) = 4.

Proof. Necessity. If RL is regular, then clearly it is almost regular. Since for every vertex a, coza is
complemented, then (coz a)* is also a cozero element. Putting coz § = (coz a)*, we thenhave cozaAcozf = L
and (coz a)* A (cozf)* = L. Now, part (2) of Proposition 4.6 implies that c(a, f) = 4.

Sufficiency. Let 0 # @ € RL be a nonunit. Then a € I'(RL) since RL is an almost regular ring. Now,
the hypothesis implies that « is adjacent to g for some § € I'(RL), such that c(a, f) = 4. Hence, by part
(2) of Proposition 4.6, we have (coza)* A (cozB)* = L. This shows that (coza V cozf)* = L and hence
(coza V cozB)* = T, implying that coza V cozf = T since RL is almost regular. Therefore coza is
complemented, that is, RL is regular. [J

As defined in [16], for distinct vertices x and y in a graph G, we say that x and y are orthogonal, written
x 1Ly, if x and y are adjacent and there is no vertex z of G which is adjacent to both x and y. A graph G is
said to be complemented if for each vertex x of G, there is a vertex y of G, called a complement of x, such that
x I y, and that G is uniquely complemented if G is complemented and whenever x 1L y and x I z, then y ~ z,
this means that y and z are adjacent to exactly the same vertices.

By Lemma 3.2, for every two vertices @ and § in I'(RL), @ 1L § if and only if coza A cozp = L and
(coza)* A (cozf)" = L. Hence, I'(RL) is complemented if and only if for every vertex a, there exists a vertex
0 such that coza A cozé = L and (coza)* A (cozd)* = L.
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For our next characterization, we let Min(RL) be the space of minimal prime ideals of RL. A frame
L has been defined in [9] to be cozero-complemented if for each a € Coz L there exists b € Coz L such that
aAb=_1andaV bisdense. The space Min(RL) is compact if and only if L is cozero-complemented (see [9,
Proposition 4.7]). Now, the following corollary is obvious.

Corollary 4.12. For a frame L, I'(RL) is complemented if and only if L is cozero-complemented if and only if the space
Min(RL) is compact.

We close this section by giving a direct proof for the next proposition which is also true for every reduced
ring, see [2, Theorem 3.5].

Proposition 4.13. For a frame L, I'(RL) is complemented if and only if it is uniquely complemented.

Proof. To prove the nontrivial part of the proposition, let @, § and y be vertices of I'(RL) such that a 1 8
and @ 1L y. Socoza Acozf = 1, (coza)' A (cozf) = L,coza Acozy = L and (coza)* A (cozy) = L. In
consequence, coz § < coza)* < (cozy)™ and cozy < coza)* < (coz B)*, showing that (coz f)* = (coz y)*. This
means that § and y are adjacent to exactly the same vertices, that is, § ~ y. Therefore I'(RL) is uniquely
complemented. O

5. Dominating sets

A dominating set of a graph G is a set of vertices V such that every vertex outside V is adjacent to at least
one vertex in V. The dominating number of G denoted by dtG is the smallest cardinal number of the form
|V], where V is a dominating set. A complete subgraph of G is a subgraph in which every vertex is adjacent
to every other vertex. The smallest cardinal number a such that every complete subgraph G has cardinality
< a, denoted by wG, is called the clique number of G.

The cellularity of the space X is denoted by c¢(X) and is the smallest cardinal number n > N such that
every family of pairwise disjoint of nonempty open subsets of X has cardinality < n. This motivates the
following definition.

Definition 5.1. The cellularity of a frame L is denoted by c(L) and is the smallest cardinal number n > 8o such that
every family of pairwise disjoint of nonzero elements of L has cardinality < n.

Clearly, for a topological space X, we have ¢(X) = c(9X).
Proposition 5.2. For a frame L, wI'(RL) = c(L). In particular, whenever L is a boolean frame, then wI'(RL) = |L|.

Proof. We first show that wI'(RL) < ¢(L). Let A C I'(RL) be a complete subgraph. Then for every «a, € A,
af = 0 implies that coza A cozf = L. Thus S = {cozy | y € A} is a family of pairwise disjoint nonzero
elements of L. This establishes that wI'(RL) < ¢(L). To show the other containment, suppose that S is a
collection of pairwise disjoint nonzero elements of L. For every s € S, pick a; € RL such that coza; < s and
(cozas)* # L. Now, for every s, t € S, we have a;a; = 0. So A = {a; | s € S} is a complete subgraph of I'(RL).
This shows that wI'(RL) > c(L) and therefore wI'(RL) = ¢(L). The second part is obvious. [J

The set of all cardinal numbers of the form |S|, where S is a base for a frame L, has a smallest element;
this cardinal number is called the weight of the frame L and is denoted by w(L) (see [12]). Clearly, for a
topological space X, we have w(X) = w(0X).

Proposition 5.3. For a frame L, dtI'(RL) < w(L).

Proof. Suppose S is a base for L. Then for every s € S, take a; € RL such that coza; < s and (coz a;)* # L.
We claim that A = {a; | s € S} is a dominating set of I'(RL). To see this, let § € I'(RL), then there exists
so € S such that sy < (coz §)*. This implies that coz as, < (cozf)* and hence coz as, A (coz )™ = L. Therefore
cozag, A cozf = 1, that is, a, 8 = 0 and consequently A is a dominating set. Now, dtI'(RL) < |A| < |S| for
every base S of L. But this means that dtI'(RL) < w(L). O
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In the following example, we show that there is a frame L for which the dominating number of I'(RL) is
strictly less than the weight of L.

Example 5.4. Consider BIN, the Stone-Cech compactification of N. By Example 3.3 in [3], dtT(C(BN)) = Ny S ¢ =
w(BN). Putting L = O(BIN), we then have diT'(RL) = dtI'(C(BIN)) £ w(BIN) = w(L), since C(BIN) = R(D(BIN)).

Next, we intend to give a frame-theoretic characterization and an algebraic characterization for the set
of centers of I'(RL) to be a dominating set. Before we give these characterizations, we first give the two
propositions below. Recall that a frame is atomic if below every nonzero element there is an atom. We
denote the set of centers of I'(RL) by C(I'(RL)).

Proposition 5.5. For a frame L, I'(RL) is not triangulated and the set of centers of I'(RL) is a dominating set
containing at least two elements if and only if L is atomic.

Proof. (=) Since I'(RL) is not triangulated, then by Theorem 4.3, L has at least one atom and so Proposition
5.5 implies that C(I'(RL)) = {¢ € I'(RL) | coz¢ is an atom}. Now, let a € L be different from the top and
the bottom, and let « € I'(RL) be such that coza < a. If coza is an atom, then there is nothing to prove.
Otherwise, pick B € RL such that coz f < coza and so (coza)* < (coz f)*. Now, we consider two cases.

Case 1. Suppose that (coz @) is an atom. Since, by our supposition, C(I'(RL)) has at least two elements,
let ¢ € L be an atom such that ¢ # (coza)*. Thenc Acoza = corc Acoza = L. The latter is not possible, lest
we have ¢ < (coza)*, implying (coz a)* = c. Therefore ¢ A coza = ¢, showing that c < coza < a.

Case 2. Suppose that (coza)" is not an atom. Take y € RL such that (coza)* < cozy < (cozf)". Clearly
y € I'(RL) \ C(I'(RL)), so we can choose 0 € C(I'(RL)) such that cozé A cozy = L because C(I'(RL)) is a
dominating set. This shows that coz6 A (coza)* = L, that is, coz 0 < (coz a)*. Next, since coz 6 is an atom,
we have coza A cozd = cozd or coza A cozd = L. The latter is not possible, lest we have coz < (coza)’,
implying coz 6 = L which is a contradiction. Therefore coz 6 < coza < a.

(&) Suppose that L is atomic. Then by Theorem 4.3 I'(RL) is not triangulated. For the second part, first
note that if L has exactly one atom, then the present hypothesis implies that L = 2, a contradiction since
IL] > 4. Next, let @ € T(RL) \ C(I'(RL)). Then there exists an atom a shch that a < (coza)*. Putting a = coz 3,
we then have g € C(I'(RL)) with coz < (coza)*. Thus coz A (coza)™ = L, implying that cozf Acoza = 1,
that is, « adjacent to 5. [

Before proving the next proposition, we recall some definitions. A frame L is basically disconnected if
¢V =Tforall c € CozL, and L is zero dimensional if it has a base of complemented elements (see [4] for
details).

Proposition 5.6. Let I'(RL) not be triangulated. If the set of centers of I'(RL) is a dominating set, then it has at least
two elements.

Proof. Since I'(RL) is not triangulated, then by Theorem 4.3, L has at least one atom. Then Proposition
5.5 implies that C(I'(RL)) = {¢ € I'(RL) | coz¢ is an atom}. Now suppose, by way of contradiction, that
|C(I'(RL))| = 1, that is, L has exactly one atom, say a. Take a, § € RL such thata = coza and a’ = coz 8. Now,
we continue the proof in three stages.

The first stage: We show thatify € I'(RL), then (cozy)* = coza or (cozy)* = coz f. We claim that for every
y € I'(RL) with cozy # coza, (cozy)" = coza. It suffices to prove that for every y € I'(RL) with cozy # coza
and cozy # cozpf, (cozy)* = coza. To see this, take y € T'(RL) such that cozy # coza and cozy # cozf,
Then coza A cozy = L since C(I'(RL)) = {a} is a dominating set. This shows that cozy V coza # T because
cozy # coz f. Pick ¢ € RL such that coz@ = cozy V coza. If (cozp)* # L, then cozp A coza = L, showing
coz@ < cozf, that is, coza < cozf which is a contradiction. Consequently, (coz¢)* = L, this means that
(cozy) Acozp = L, implying that (cozy)* < coz a. Therefore (cozy)* = coza since coza < (cozy)".

The second stage: We show that L is a zero dimensional frame. By [4, Proposition 8.4.4], it suffices to
prove that L is a basically disconnected frame. To see this, let c € Coz L. Then, by the first stage, we have
c*=1,c" =cozaorc’ = cozpf. This shows that c* V ¢* = T, that is, L is basically disconnected.

The third stage: We argue to arrive at a contradiction. By the second stage, L has a base of complemented
elements, say S. If S = {coz a, coz 3, }, then coz § is an atom which is a contradiction. Otherwise, there exists
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0 € T'(RL) such that cozd € BL, cozd # coza and cozd # cozpf. Since C(I'(RL)) is a dominating set,
cozd Acoza = 1 and (cozd)* A coza = L, showing that cozd < cozf and (coz 6)* < coz f. In consequence,
cozf = T which is a contradiction. [J

We conclude the article with the following theorem. Before the theorem is presented, let us recall that the
socle of a ring R is the ideal generated by minimal ideals of R. In [10, 11], the socle of RL is characterized
as the ideal consisting of functions each of which has cozero equal to a join of finitely many atoms. The
equivalence of parts (2) and (3) of the following theorem is shown in [10]. Now combining Propositions 5.5
and 5.6, we obtain the following result.

Theorem 5.7. The following statements are equivalent for a frame L.

1. T'(RL) is not triangulated and the set of centers of I'(RL) is a dominating set.
2. L is atomic.
3. The socle of RL is an essential ideal.
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