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Abstract. In this paper, by using comparison principle of differential equations, continuation theorem of
coincidence degree theory and Lyapunov function, a delayed predator-prey model with mutual interference
and functional response is studied. Some sufficient conditions which guarantee the permanence of positive
solutions of the model and the existence and global attractivity of a positive periodic solution of the model
are obtained. Some results in the related literature are extended. Furthermore, some numerical simulations
have been performed to substantiate our analytical findings.

1. Introduction

Predator-prey model is one of the dominant theme in both ecology and mathematical ecology due to
its universal existence and importance with many concerned biological systems [1]. In 1971, During his
research of the capturing behavior between two populations, Hassell [2] established a general predator-prey
model by considering the factors of density dependence, functional response and mutual interference as
follows

{x = xg(x) — p(x)y",

. -1 1)
y=yl=s+cp)y™ —qy)

where x(t) and y(t) stand for the population densities of the prey and the predator at time ¢, respectively, m
(0 < m < 1) is mutual interference constant, p(x) is the predator functional response to prey. In recent years,
the dynamic of special types of (1) have been discussed by many researchers [3-10]. In 2008, Wang and Zhu
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[3] discussed the global attractivity of positive periodic solution of the following model

o ci(H)x(t)
1(0) = 20 (n () = biOx(®) = T "0, 0omen o
0 = 10 = r2) byt + ZD ),

Then, in [5], they investigated a predator-prey model with modified Leslie-Gower Holling-type II schemes

al(t)y(t))
ko +x(D)
az(t)y(t))
o+ ()

(1) = x(8)(r1 () = be)x(t) -
3)
y(t) = y(t)(ra(t) -

In 2010, Wang et al. [8] investigated predator-prey model with mutual interference and Holling III type
functional response

C1 (t)x2(t) m
my ®),

| (D20
50 =y =20 =2 O¥0) + 17 7y

i(t) = x()(r1 () — bu(B)x(t)) -
O0O<m<1). 4)

y" (),

In 2011, Lv and Du [9] also discussed the model (4) and improved the main conditions in [8]. Later, the
permanence and existence of a unique globally attractive positive almost periodic solution of the model (4)
were considered by Zhang et al. [10].

As a matter of fact, the predation efficiency of predator was effected not only by the density of prey but
also by itself. Therefore Rosenzweig and MacArthur [11] expressed the predator functional response by
®(x, y) and obtained a more realistic predator-prey model

¥ = xg(x) — y"0(x, y),
{ 7= y(—s+eyiowy—qw) O<m=D ©)

The predator-prey model with mutual interference and Beddington-DeAngelis functional response of
the following form

k
(1) = 301 () = b )x0) - g0 ),
©
ko (£)x(t
0 = ¥ = ) = a0 + 2 By

was studied by Lin and Chen [12] for the permanence and existence of a positive almost periodic solution
and by Guo and Chen [13] for the existence and global attractivity of positive periodic solution respectively.
The other researches on system (6) have been given by Cantrell and Cosner [14], Hwang [15, 16] and Fan
and Kuang [17].
In fact, more general predator-prey model is the following Kolmogorov-type (see [18, 19])
{X(f) = x(HF1(x(t), y(£)), "
y(t) = y(OF2(x(8), y(b)).

For system (7), there are also many authors who considered its dynamic behavior, for instance, we can see
the references [20-24] and that cited therein.
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On the other hand, any model of species dynamics without delays, as was pointed by Kuang [25], is an
approximation at best. The importance and usefulness of time-delays in realistic models were also pointed
out in the classical monographs of Macdonald [26] and Gopalsamy [27]. Many scholars, such as Fan [28],
Xu, et al. [29], Egami and Hirano [30], Lu [31], Wang [32], Zhu [33], Tripathi, et al. [34], Teng [35] and Wang
et al. [36-38], have studied the delay predator-prey model in recent years.

Motivated by the above researches, in this paper, we consider a general class of delayed predator-prey
model as the following form

O A GG
&) + O (0 + Oy ()

. bs(Ox" (By" (1)
90 = 9O = 72D = bV = balOY(E = D)) + G

i(t) = x(O)(r1(t) = ma(B)x(t) = ax(E)x(t - 7))
(8)

where r, is intrinsic growth rate of the prey in the absence of the predator and 7, is death rate of the predator,
a1 and b are decay rates of the prey and the predator in competition among their own populations, a, and
b, are decay rates of the prey and the predator effected by harmful environmental for a period of past time,
a3 is consumption coefficient for the predator consuming the prey, bs is coefficient of transformation from
the prey to the predator. r(t) (i = 1,2), ai(t), bi(t) (i = 1,3) and c;(t), di(t) (i = 1,2) are positive w-periodic
functions, ax(t), ba(t), c3(t) and ds(f) are nonnegative w-periodic functions, t € Ry = [0, +0), delay 7 > 0 and
integer n > 2.

System (8) may be regarded as a delayed Kolmogorov-type system or, more specifically, a delayed
Rosenzweig-MacArthur type system. From the viewpoint of Rosenzweig and MacArthur, the functional
response @(x, y) should reflect the reality that the predation ability depends not only on the prey numbers
but also on the predator density. This predator dependence is demonstrated in Beddington-DeAngelis
functional response in system (6), but, is not reflected in systems (2)-(4). In order to describe the complexity
of the real predator-prey ecological system, we choose the functional response as the following form

a(t)x"(t)
B1(t) + Ba(t)x(t) + B3(t)y"(t)”

D(x,y) =

The term B3(t)y"(t) added in the denominator of ®(x, y) can reflect the predator dependence. Whenn =1
there are a lot of valuable literatures, such as [3-5, 12-17, 39-45], in which the behavior of the system
has been intensively studied in recent years. When n = 2, the functional response is Holling III type and
when f3(t) = 0, i.e., there is no predator dependence in functional response, its dynamic behavior has been
investigated in many articles, however, for the case of f3(t) # 0, little literature has been found on the
research. When 7 is a general positive integer, the functional response is regarded as Holling (n + 1) type,
Wang and Sun [46] studied the following system

- B _
%= ya(l = h(@) - ~—, ©)
y'=y(—€+!‘ a )

a+x"

and gave a necessary and sufficient condition on the uniqueness of limit cycles, which extends the previous
relevant results of Sugie et al. [47]. In fact, since m = 1, there is no mutual interference in system (9). As
far as we know, the research on the Holling (n + 1) type system with predator dependence in functional
response is less.

We claim that system (8) is essentially different from systems (6) and (9) because of the influence of the
constant n and the mutual interference. In order to show this influence we give the following example.
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Example 1.1. In system (6), by selecting

r1(f) =3.99 + 0.01sint, by(t) =2.00 - 0.1sint, ky(t) = 0.011 + 0.001 sin ¢,
r2(f) = 041 +0.01sint, by(t) = 0.08 — 0.01sint, ko(t) = 0.099 + 0.001 sin ¢,
alt) =1, b(t)=2+sint, c¢(t)=3-sint, m=1/2
and initial values (x(0), y(0)) = (1.8,0.1) and (x(0), y(0)) = (2.3, 1.5), we obtain orbits of system (6) as in Fig.1.

15

¥
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()

Fig.1. The orbits of system (6).

In system (9), by selecting h(x) = x, ¥ = 3.99 + 0.01sint, e = 0.41 + 0.01sint, a = 1, p = 0.099 +
0.001sint, n = 4 and initial values (x(0), y(0)) = (1.8,0.1) and (x(0), y(0)) = (2.3,1.5), we obtain orbits of
system (9) as in Fig.2.

y(t)

L L
22 23 24

Fig.2. The orbits of system (9).

In system (8), by selecting

r1(t) =3.99 + 0.01sint, a;1(t) =2.00-0.1sint, ay(t) =0,

r2(t) = 0.41 + 0.01sint, by(f) = 0.08 — 0.01sint, bo(t) =0,

asz(t) = 0.011 + 0.001sint, ci1(t) =1, co(t) =2 +sint, c3(t) =3 —sint,

b3(t) = 0.099 + 0.001sint, dqi(t) =1, do(t) =0.26+0.01sint, ds(t) = 0.02—0.01sint,
n=4, m=1/2

and initial values (x(0), y(0)) = (1.8,0.1) and (x(0), ¥(0)) = (2.3, 1.5), we obtain orbits of system (8) as in Fig.3.
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Fig.3. The orbits of system (8).

From Figs. 1-3, we see that, with same assumptions of initial values, systems (6) and (9) are not uniformly
persistent because their predators are extinct finally, but systems (8)(with no delay) has positive periodic
orbits. This shows that the dynamics behavior of system (8)(with no delay) is different from that of systems
(6) and (9). Thus, it is meaningful to study the dynamics behavior of system (8).

Let C* = C((—o0,0),R2) where R2 = {(x,y)T : x,y € R,} and define initial value conditions in view of
the biological reasons as follows

{(x(s), y()! = (1(5), Pa(s))T € C*, s € [-7,0],
x(0) = ¢1(0) > 0, y(0) = $2(0) > 0.

The rest of this paper is organized as follows. In the next section, by using the Comparison Principle
in ordinary differential equation and some analytical techniques, we study the permanence of positive
solutions of delayed predator-prey model (8) with initial value conditions (10). In Section 3, by applying
continuation theorem of coincidence degree theory, we prove the existence of positive periodic solution of
system (8). Section 4 is devote to the global attractivity. By constructing a suitable Lyapunov functional,
we present some sufficient conditions to guarantee the existence, uniqueness and global attractivity of a
positive periodic solution for system (8). In the last section, we perform some carefully designed numerical
simulations to validate our analytical findings.

(10)

2. Permanence of positive solutions
Throughout this paper, for continuous w-periodic function f(t), we denote
] _ 1 )
f= inf 0], F=supifo), f== [ foa a
te[0,w] te[0,w] @ Jo

Using similar method as of the proof of Lemma 2.1 in [10], we state the following lemma of which the proof
will be omitted.

Lemma 2.1. All of solutions of initial value problem (8) with (10) are positive.

In order to obtain the permanence of positive solutions of (8) with (10), we first give the following
lemmas.

Lemma 2.2. If x(t) is a solution of initial value problem

{ () < (2)x(t)(p - gx(t)),

2(0) = x0 > 0 (12)

where p and q are positive constants, then lim sup x(f) < p/q (Uiminf x(t) > p/q).
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Proof. 1t is easy to see that the solution of the following initial value problem

{ u(t) = u(t)(p — qu(t)),
u(0) = xo

isu(t) = Applying the Comparison Principle in ordinary differential equation, we have

_____pr
q+(pxyt—q) exp(-pt)’

p

H<( .
0= (>)q + (pxy! — q) exp(—pt)

Then lim sup x(t) < p/g liminfx(t) > p/q). O
Using similar proof as of Lemma 2.2 we easy get the following lemma.

Lemma 2.3. If x(t) is a solution of initial value problem

{ (t) < (2)x(t)(=p +gx" (1), (0 <m < 1), 13

x(0) =x9>0
where p and q are positive constants, then lim sup x(t) < (p/ q)ﬁ (lim infx(t) > (p/ q)ﬁ )

For the convenience in next expression we make the following denotations

Ry By \i&

Li:=—, Ly:=—
1 a s L2 (dez)

= rc L = ( bl >ﬁ
oAy e Ay) + AsLP2LE " 7T N(Ra + (By + Bo)Lo)(Dr + DoLy + DsLY)

where 6 := 1y — (A + Ap)Ly — 2LI1LY
After a simple calculation, we see that 0 < [; < L; and 0 < I, < L.

Theorem 2.4. System (8) with initial value (10) is permanent, that is, all solutions (x(t), y(t)) of system (8) satisfy

I <liminfx(t) < limsup x(¢) < L,
t—eo t—+co (14)

I < litrn infy(t) < limsup y(t) < Lo.
—+00

t—>+o00

Proof. From Theorem 2.4, all solutions of system (8) with initial value (10) are positive. Then from (8) and
(10), we get

X(t) < x(D)(R1 —ax()), x(0) = ¢1(0) > 0.

By using Lemma 2.2, we have

R
lim sup x(t) < a—l =1. (15)
1

t—+o00

Similarly, from (8) and (10), we also get

5O <y~ ra+ 22y 0), 90 = 6a(0) > 0.
2
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By using Lemma 2.3, we obtain

limsup y(t) < (ﬁ)]_m =L,. (16)
t—+oo oty

From (15) and (16), for any small enough positive constant ¢, there exists a positive number T; such that
x(t) <Ly + eand y(t) < L, + € for all t > Ty. Then we get, from first equation of (8), that

X(t
U 11— (L1 +€)(A1 + A) — ‘E(L1 +e) MLy +e)", t2Ti+1.
x(t) 1
Denoting 6(¢) = r1 — (L1 + €)(A1 + Ap) — %(Ll +¢)"Y(Ly + €)™ and integrating above inequality from t — 7 to
—0(e)T

t, wegetx(t—1)<e x(t). Then, from first equation of (8), we obtain that
: A
##) = x(t) (rl —(Ar+ e, D2 4L + e)m)x(t)).
1

By using Lemma 2.2, we see that

lim inf x(t) > an
f—+00 - C1(A1 + 6_6(5)1142) + A3(L1 =+ E)”_z(Lz + E)m ) (17)
When ¢ — 0, inequality (17) leads to
. C1r
liminf x(¢) > = 1.
) 2 e Ay + AsL2pe (18)

From second equation of (8) with (15), (16) and (18), there exists a T, > T; such that, forall t > T,

b3(11 + 8)”
D1 + Dz(Ll + {;’)" + D3(L2 + 8)”

y(t) = y(b) (—(Rz + (B1 + Bo) (L2 + €)) + vy

Therefore, from Lemma 2.3 and letting ¢ — 0, we get

. . b3l? ﬁ
htr_1)1+1°1;1fy(t) = ((Rz +(B1 + B2)Lo)(D1 + DoLY + D3L;)) "

The proof is completed. [

By method of the proof of Theorem 2.4, we easy to obtain the following permanence result for system
@)
Corollary 2.5. System (4) with initial value

x(0) = $1(0) > 0, y(0) = ¢2(0) >0 (19)
is permanent, that is, all solutions (x(t), y(t)) of system (4) with initial value (19) satisfy

I < litm +inf x(t) < limsup x(t) < L7,

s . * (20)
I < 11tm+1nf y(t) < limsup y(t) < L;
—+00 f—s+00
where

LR Gy
L= Li= (E) ,
. k2ry . oly? )1—L

URBi+CILY™ 2T MR, + BoLy)(R2 + Li?)
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Remark 2.6. It is easy to see that 0 <[] < L and 0 < [ < L} hold without any other extra conditions except for the
basic assumptions for coefficients of system (4). Therefore, Corollary 2.5 improves Theorem 3.1 in [10].

3. Existences of periodic solutions

Suppose (x(t), y(t))T is an arbitrary positive solution of system (8) and let u(t) = Inx(t) and v(t) = In y(t),
then system (8) can be changed into

a3(t)e(n—1)u(t)emv(t)
c1(t) + co(t)em® + c3(t)env®’

bg(t)enu(t)e(m—l)v(t)
d1(t) + da(Hem™® + da(t)er®”

ult) =ri(t) — gl(t)eu(f) _ az(t)eu(t—"[) _
(21)
() = —ra(t) — br(H)e”® — by(He”"™ +

Denoting the right terms of first equation and second equation in (21) by Fi(t, u(t), v(t)) and Fa(t, u(t), v(t))
respectively and considering system

i(t) = AFy(t, u(t), (b)),
{ o(t) = Ale(t,u(t),U(t)) (22)

where A € (0, 1], we have the following lemma.

Lemma 3.1. Suppose (u(t),v(t))T is a w-periodic solution of (22), then there exists a positive number Sy such that
[u(t)] + [o(t)| < St where Sy will be calculated as in the following proof.

Proof. Since (u(t),v(t))" is periodic, the following discussion will be restricted to ¢ € [0, w]. Integrating the
first equation of (22) from 0 to w and in view of fow u(t)dt = 0, we get

) t (n—1)u(t) ,mo(t)
f r(t)dt = f“ (a1 (t)e”(t) + az(t)eu(t—T) + az(t)e e d (23)
0 0

c1(t) + co(t)em® + cz(t)env® |

Therefore,

j;w lu(t)|dt = )Lj:) |Fy(t, u(f), o(H)|dt < j:) 2r1(t)dt = 27 w. (24)
Suppose m1, 1, M2, &2 € [0, w] such that

u(m) = tg[bi/g] u(t), u(&) = max u(t), v(n) = trer[bi/g] o(t), v(&) = max (). (25)

Then we see that (1) = 1(&1) = 0(12) = (&) = 0.
From (23) and (25), we have

f ri(t)dt > f (al(t)e"(t) + az(t)e“(t_T)) dt > f (@1 (H) + ax(D)) e“Mdt = w(@ + ay)e" ™.
0 0 0

Therefore

1 « 7
m < —— f r(H)dt = ——. 26
w(@ + @) Jo 1 (a1 + a2) (26)

From (24), we have
t
f u(t)dt
m

¢
u(t) —u(m) = f u(t)dt <

m

Sf [iu(t)|dt < 27 0.
0
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Therefore, for all t € [0, w],

u(t) <u(m)+2fhw <In @ ) + 2fw = U. (27)

a+a

Let t = &, in the second equation of (22) and in view of 9(&,) = 0, we obtain

ba(&p)e(E2)lm=1)o(E2)

=_p v(&) _ p o(E2-T) _ . 28
12(&2) 1(&2)e 2(&2)e 1(Ea) + da(E2) o™ T (g (e (28)
Then
. ba(&p)e(E2)lm=1)0(E2)
b (&) — _ -b v(E2-1) 3
1(&2)e r2(&2) — ba(&2)e + 1(E) + da(E2)0 ™) T d(Eg)emE)
< 13(82) onapoten)
dz(tfz)
Further
1 b3(&2) 1 B3
< 1 < In —-.
M) S N @) S 2 m " hds
Therefore, for all f € [0, w], we have
1 Bs
U(t) S5 m In E V1 (29)

Letting t = 1 in first equation and t = 1), in second equation of (22) and noticing 1(11) = 9(12) = 0, we
have

a3(n1)e(n_1)u(ql)emv(nl)
c1(m) + co(m)e™ ) + c3(ny e m)’

B b3(nz)enu(UZ)e(m_l)v(’]Z)
=—b o) _ p o(m=1) )
ra(m2) = —bi(m2)e 2(n2)e d1(112) + da(2)e™ ) + da (1))

r1(m1) = a1 (1)e"™ + ap(iyy)e" M0 +
(30)

Now we estimate lower bound of u(t).
If u(m) = 0, then u(f) > 0 for all ¢ and the lower bound of u(t) is 0.
If u(n1) < 0, then e®~Dum) < e#(M) for n > 2. It is easy to obtain from (30) that

L as()etmemm) )

ri(m) < ar(m)e"™ + a(m)e" ™M + MlcT a1(m) + ax(m1) + 3(21) mom) | e

Therefore,
1) > ri(m)|a(m) + a2(m) + —— 3(771) emolm) N > C171
ci(m ) 1Aq + 1Ay + AzeVr’
ie.
c1rn
> 1 )

u(&1) =2 In AT oA T AT

On the other hand

ftél 1(s)ds

&1
u@o—mo=1‘u@ms

()
Sf lti(s)|ds < 2R w,
0
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then

1

t) > - 2Fhw >1
Ll( ) - M(51) nw=n C1A1 + 1Ay + A3€mv1

- 271(4) = El.
Let Uy = min{0, E1}, then, for all ¢ € [0, w],

M(t) > LIO.

Next we estimate lower bound of v(f).
If v(1)2) > 0, then 0 is lower bound of v(¢).

52

(31)

If v(12) < 0, then el=M¥(1) > ¢@=m(n) and ") < 1. Therefore, from the second equation of (30), we

have

o\ (- bs(12)e™ )
b b 0(12-1) | p(1-m)v(n2) .
(72(772)+ 1(2) + ba(m2)e )e 2 d1(772)+d2(772)6”“(”2)+d3(172)

Hence,

b3(12)e"™ )

o) > ——In

l-m (7’2(772) +b1(n2) + bz(’]z)ev(nz_T))(dl(ﬂz) + dy(12)em () + ds(ﬂz))

> 1 In bae" o =
“1-m  (Ry+ By + Bye"1)(Dy + Dye"th + D3) "~

E;.
Therefore, for t € [0, w], v(t) = E;. Letting Vo = min{0, E>}, we have,
ou(t) = Vy, forte[0,w].
From (27), (29), (31) and (32), we know, for t € [0, ], that
Uy <ul)< U, Vo<ot) < V.
Denoting E; = max{|Uo|, |U1]}, E4 = max{|Vol,|V1]} and S; = E3 + E4, we have

u(®)l + ()] < 1.

Suppose (1,v)" is a constant solution of system (21), then

az(t)eln—Duemo
B — ai(t)e" — ax(He" — =0
n®) —m(Oe" = axBe = o i (D

3 ) b3(t)enue(m71)v 3
r2t) = b = b+ G e+ da(e

Integrating two sides of above equations on [0, w] and applying integral mean theorem, we get

7 o(n—1)u ,mo
ase e
71— (6_11 + ﬁz)e” - 3 =0,
c1(tr) + ca(tr)e™ + ca(tr)e™
_ _ E3enue(m—1)v
—F— (b + D) + =0
R Y F A (S ETE NS

where t1,t; € [0, w].

(32)

(33)

(34)

(35)
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Consider the following equations

dg,e(”‘l)”e’"v

H o) + calt)e + catt)e™
. bz etm=1v

— ury — (b1 + br)e” + =0
ura — (b1 2) d1(k) + da(b)e™ + dy(tr)e™

71— (6_11 + ﬁz)e” -

7

where i € [0, 1] is a parameter.

Lemma 3.2. Suppose (u,0)"

Sy will be defined in the following proof.

Proof. From the first equation of (36) we get 71 > (7 + d42)e", then

7
u=< = Us.

a, +dp

From the second equation of (36), we get

1. phit ,(m—1)v . p(m=1)o
(El + Ez)ev < bae™e < bae .
di(tz) + da(t2)e™ + ds(t2)e™ —  da(tz)

Then

1 bs
v < In ——= :
2—m (b +by)d,

= V.

If u > 0, then 0 is the low bound of u. If u < 0, from the first equation of (36), we get

= U MU d3emV3
< (@m+ ﬁ2)e” + <l|ay+a + et.
ci(t) 1
Therefore
a1t
u>1In = Hl.

1 (171 + ﬁz) + ﬁ3€mv3
Let U, = min{0, H;}, we have,
u=> UZ-

If v > 0, then 0 is the low bound of v. If u < 0, from the second equation of (36), we get

) ) E e
- (1-m)v 2-mpo .
7re + (1 + by)e  di(ty) + da(tr)e™ + ds(tp)em”

Then, in view of (1 — m)v > (2 — m)v and " < 1, we obtain

SN SRR SN bse™ byet
+ by + by et > > :
(1’2 ! 2)6 - dl(fz) + dz(tg)en” + d3(t2)€m’ - D1 + D2€nu3 + D3

Therefore

1 l_73€"u2 .
0= 1-m i (172 + 1_71 + Ez)(Dl + Dz€nu3 + D3) =

53

(36)

is a solution of (36), then there exists a positive number Sy such that |u| +|v| < S, where

(37)

(38)

(39)
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Letting V> = min{0, H,}, we have,
v>V,. (40)
From (37), (38), (39) and (40), we know that
Uy <ut) < U, V<o) < Vs, 41)
Denoting E5 = max{|U,|, |U3]}, E¢ = max{|V2|,|V3]} and S; = E5 + Eg, we have
lu()] + lo()] < S2. (42)
0

In order to discuss the existence of periodic solutions of system (8), we introduce some definitions and
Mawhin'’s coincidence theorem.

Definition 3.3. (see [48]) Let X and Y be both Banach spaces and L : DomL(C X) — Y be a linear map. If the
following conditions are satisfied

(a) ImL is a closed subspace of Y;
(b) dim KerL = codimImL < +co,
then L is called a Fredholm operator.

If L is a Fredholm operator with index zero and there exist continuous projects

P: X>DomL and Q: YooY

such that ImP = KerL, KerQ = ImL = Im(I — Q) and

X =KerL®KerP, Y =ImL®ImQ.

Then map Lp = L|pomirkerr : DomL N KerP — ImL is invertible. Denote inverse of Lp by Kp, then
Kp : ImL — DomL N KerP.

Definition 3.4. (see [48]) Let N : X — Y be a continuous map and Q C X be any open set. If QN(Q) is bounded
and Kp(I — Q)N(Q) is relative compact in X, then we say N is L-compact on Q.

Lemma 3.5. (Mawhin’s coincidence theorem, [48]) Let X and Y be both Banach spaces and L : DomL(C X) —» Y

be a Fredholm operator with index zero, Q C X be an open bounded set and N : Q — Y be L-compact on Q. If the
following conditions hold:

(i) Lx # ANx, x € dQ N DomlL, A € (0,1);

(ii) Nx ¢ ImL, x € dQ N KerL;

(iif) deg{/ON,Q N KerL,0} # 0, where | : ImQ — KerL is an isomorphism.
Then the equation Lx = Nx has at least one solution on Q N DomL.

Theorem 3.6. System (8) with initial value (10) has at least one positive w-periodic solution.
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Proof. Suppose that (x(t), y(t))T is an arbitrary positive solution of system (8) and let u(t) = Inx(t) and
v(t) = Iny(t), then system (8) is changed into system (21).
Let X = Y = {z(#)| z(t) = (u(t), v(t))T € C(R,R?),z(t + w) = z(t)} equipped with the norm

izl = l(u(®), o))"l = max [u(t)| + max [v(t)],
te[0,w] te[0,w]

then X and Y are both Banach spaces.
We define operators L, P and Q on X as follows

dz
L: L(z) = TS

P: P(z) = z(0);
1 @
Q: 0@ = [ =0,
@ Jo
and define operator N : X — Y as the following form

as(t)e(n—l)u(t)emv(t)

c1(t) + co(t)e™® + c3(t)ene®
bS(t)enu(t)e(mfl)v(t)

dl(t) + dz(t)e””(f) + d3(t)€m](t)

rl(t) - al(t)g”(t) _ az(t)eu(t—”[) _
N(Z) =

—1(t) — bl(t)ev(t) _ bz(t)ev(t_T) +

Then DomL = {z(t) € X : z(t) € C/(R,R?)}, KerL = R?, ImQ = R?, dimKerL = codim ImL = 2 and
ImL ={z|]z €Y, fow z(t)dt = 0}. By Lebesgue dominated convergence theorem, we know ImL is closed in Y
and L is a Fredholm operator with index zero.

Obviously, P and Q are both continuous projections satisfying ImP = KerL, ImL = KerQ = Im(I — Q).
Thus operator L on DomL NKerP has a inverse defined by Kp : ImL — DomL NKerP. By simple calculation
we see

Kp(z) = ]: z(s)ds — %Lw dt fot z(s)ds.

For any z(t) € X, we obtain

QN(z) = Q(Fa(t,u(t), w(t), Falt, u(t), (1))
@ W T
:(%fo 1—"1(1,‘,u(t‘),v(if))di.‘,%f0 Fz(t,u(t),v(t))dt)

= (Fy, By)"
and

Kp(I - Q)N(z) = (W1, Wo)T

where W;(t) = fot Fi(s,u(s),v(s))ds — Fit — %fom fot Fi(s,u(s),v(s))dsdt + %, i = 1,2. Therefore, by Lebesgue
dominated convergence theorem, we know that QN and Kp(I — Q)N are both continuous. For any bounded
openset () C X, F(s, u(s), v(s)) (i = 1,2) are bounded on Q, then QN(Q) and Kp(I—Q)N(Q) are both uniformly
bounded and equicontinuous. By using Arzela-Ascoli theorem, we know that QN (ﬁ) and Kp(I — Q)N Q)

are both compact. Therefore N is L-compact on Q. Particularly, we take Q = {z(t)| z(t) = (u(t), o)) €
X, llz@#)|| < S} where S = 51 + S, + € (¢ > 0) and Sy, S, are defined as in Lemmas 3.1 and 3.2.
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Next, we check the three conditions in Lemma 3.5.

(i) For each A € (0,1), z(t) € JQ N DomL, we have Lz # ANz. Otherwise, z(t) is a w-periodic solution
of (22) and then |z(#)|| < S; will be derived by Lemma 3.1. It is impossible because [|z(t)]| = S > S for
z(t) € dQ N DomlL.

(i) When z(t) € dQ N KerL, dé(tt) = 0, i.e., z(t) is a constant vector (1,v)T with ||(u,v)|| = S; + S, + &.
If QN(u,v)T = 0, then (1,v)" is a solution of (36) for u = 1. By Lemma 3.2, we have ||(1,0)T|| < S, which
contradicts to ||(«,v)T|| = S; + S, + ¢. Thus, for each z € dQ N KerL, QNz # 0

(iii) Choose | : ImQ — KerL such that J(z) = z for each z € ImQ. When z € Q N KerL, z(t) = (1,v)" is a
constant vector and satisfies

JON(,0)" = JQ(Fu(t,u,0), Falt,u,0))

(lf Fl(t,u,v)dt,lf Fz(t,u,v)dt)
@ Jo @ Jo

(n—l)uemv

T

ase
c1(tr) + ca(tr)e™ + ca(ty)e™
E3em¢e(m—l)v
di(t2) + da(t2)e™ + dz(tr)e™

71— (@ + d2)e“ -

— 7y — (1_71 + Ez)e” +
where t1, t, were defined as in (35). We define ¢ : QN KerL X [0,1] — X as follows

71— (@ + ﬁz)@u d3e(n—1)uemv
eu,v,u) = bsetelm=1) +ul  alt)+ca(t)e™ + cs(tr)e™ |.
di(t2) + da(ta)e™ + ds(tz)e™

= (b1 + by)e”

_;72

Then JON(u,v)T = ¢@(u,v,1). By Lemma 3.2, we see ¢(u,v,1) # (0, 0)T. Therefore, using the homotopy
invariance theorem of topological degree, we obtain

deg!{JQN(u,v)",Q N KerL, (0,0)"}
=deg{p(u,v,1), Q NKerL, (0,0)"}

=deg{p(u,v,0),Q N KerL, (0, O)T}
E3enue(m—1)v
(t2) + da(t2)e™ + ds(tp)e™

_ _ T
=deg{(7 - (@ + @m)e", y — (b1 +B2)e°) , QN KerL, (0,0)"}.
1

Denote

I;bl(u/ U) =7 - (ﬁl + ﬁZ)EL‘/

B3enue(m—1)v

V2l 0) = ey e+ daen P

and consider the following algebraic equations

{1/11 (u,v) =0, 3)

ll}z(u, Z)) =0.

m
a1 +ap

From first equation of (43) we get its unique u* = In
get

. Substituting it into second equation of (43), we

Esenu*

z — (b1 + by)e®™? = 0
di(t2) + do(t2)e™ + ds(tp)e™ (b1 2)
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which is easily checked to have a unique solution v* on R. So, equations (43) has unique solution (u*,v*)"
on QN KerL.
For convenience, we denote p(u, v) = di(t2) + da(t2)e™ + dsz(t2)e". Then

J
% = —(ﬁl + dz)e”,
Py
S0
P n%e””e”’m)”(p(u, v) — nﬁgdz(tz)e””)
ou p2(u,v) ’
dpy  —bae™em (1= myp(u,0) + nda(t)e™)
% = pz(u/ U) - (bl + bz)e .
Therefore, we have
(91101 31701 awl
. n_ ol | __ fow ©
deg{JON(u,v)",QQNKerL, (0,0)'} = sgn % % = sgn % %
du v lw,emr ou v lurr
) E3enu*e(m—1)v*((1 _ m)p(u*, ZJ*) + nds(tZ)emﬁ)

=sgn (ﬁl + ﬁz)e” + (El + Ez)e”*)

p(u*, v*)
=1 #0.

So far, all of the conditions in Lemma 3.5 have been checked. This implies that system (21) has at least
one w-periodic solution. Further system (8) has at least one positive w-periodic solution. The proof is
completed. [

Remark 3.7. When ay(t) = by(t) = c3(t) = da(t) = 0, c1(t) = di(t) = k%, co(t) = da(t) = 1 and n = 2, system (8) is
degenerated into system (4). Therefore Theorem 3.6 extends Theorem 3.1 in [8] and Theorem 3.1 in [9].
4. Global attractivity

Definition 4.1. Suppose (%(t), §())T is a positive w-periodic solution of system (8), (x(t), y(t))! is arbitrary positive
solution of system (8) and

Jim [x(t) = 501 =0, lim [y(¢) - §(5)] =0,

Then (¥(t), §(t))T is called globally attractive.

Lemma 4.2. (see[49]) If function f is nonnegative, integrable and uniformly continuous on [0, +00), then lim;_, ;o f(t) =
0.

From Theorem 2.4, we know that for any enough small positive ¢ (< min{l;, l,}) there exists T(> 0) such
that, when t > T, arbitrary positive solution (x(t), y(t))T of system (8) satisfies that

11—8SX(t)SL1+S, ZZ—ESy(t)SLz-FE. (44)

For arbitrary positive w-periodic solution (¥(t), 7(t))" of system (8), if let u(t) = In %(t) and v(t) = In §i(t), then
(u(t), v(t))" satisfies (21). From (33) in proof of Lemma 3.1, we have

eth < x(t) <ehr, eV <i(t) <e'. (45)
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For convenience, we denote

y = min{ly, b, e, e}, T = max{Ly, Ly, e, "'}
and

a1t =g1(t,7,7), 520t) = g2(t, y,7), Gi(t) = 1(t,T,T), Ga(t) = go(t, T, 1), (46)
where

g1(t,x, y) = () + c2(x" + ca(V)y", g2(t, x, y) = da () + da()x" + da(t)y".

Theorem 4.3. Suppose system (8) with initial condition (10) satisfy

nem—2 B +)"c3(t) o as(t)ea(t)
(4) 01 = min {ar(®) + (n — 122 1G%(t) 2o 239%—(:)
bs(£)(d1(t) + T"ds(t))

75(t)

_ nym‘ll"”‘l

—Az} > 0,‘

(B)oz = mln {b1(t) + (1 - m)y" "> GS((t)) + n)/2"11"’”1—b3ggb(1:)(t)
2
2n+m— 1ﬂ3(t)C3(t) m—1yn—1 Ll3(i')
nl W my" T 7o Bz} > 0.

Then system (8) has only one positive w-periodic solution which is globally attractive.
Proof. Proof. Suppose (x(t), y(t))T is arbitrary positive solution of system (8), then we know it satisfies (44).

Moreover, Theorem 3.6 indicates that system (8) has at least one positive w-periodic solution (%(t), §(t))"
satisfying condition (45). We choose Lyapunov function as follows

V(t) = Vi(t) + V()

where
t
= |Inx(t) - Inx(t)| + A, f | Inx(s) - In %(s)|ds,
t—1

t
= |Iny(t) - In§(t)| + Bz ft_ | Iny(s) — In 3i(s)|ds.

Then

x(t) x(t)
x()  x(t)

=sgn(x(t) - £(t)) [—al(t)(x(t) = (b)) — ax(B)(x(t = 1) - (t - 7)) - (

B a3()F" (87" (t)
g1t %, )

) Az|Inx(s) — In%(s)| — Az| Inx(t — 7) - In%(t — 7)|

az(£)x" " (£)y" (t)
nt,x,y)

D*Vi(t)la7) =sgr1(X(t) ~(f))(

(47)

)] + Ag|x(t) — 2(t)| - Aax(t — ) — x(t — 7)|.
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Since

a(x" Oy () as)F (T (D)

71t X, y) 71t %, 9)
_mOx" Oy asOFT Oy | a® T Oy"E)  aOF T OF" ()
71(t,x,Y) 7t %, 9) 7t %, ) 91t %, 9)
- D (0 + O O)a ) - 77 0) - e 07 00 - 00)

as(H)x"1(t)

+a®F OO -y o)+~ G

(v"® - 7).
Substituting (48) in to (47) and in view of A, > a>(t), we get

nOO o
91(t,x,y)gl(t,az,y)[ (c1() + 7" )" () - 7 (t)|

+ (OO OB — 2| + 3O O]F" () — v O] + Aafx(t) - %(1)
a3 ()% ()

D*Vi(t)laz) < - ﬂl(f))x(f) - f(t)| +

ly" ) - 7" (1),

7t %, 9)

Meanwhile,
" Vlthan =sgr{ud =) (% ) %) + Baly(®) = 7(6)| = Baly(t = ) = 5t = o)
b n m—1
:saiya)—?aﬁ[—bﬁﬂQﬂﬂ—awo)—bﬂgQKt_T)_ya__ﬂ)+(_§%gé%gyyig
bs()x" (7" () . .
__jﬁazﬁr_ﬂ+B*N*1Nﬂ—&bﬁ—ﬂ—ya—ﬂL
Since

by (X" By (D) bs()F (BT (H)

92(t,x, ) 92t %, 1)
_bs@X" Oy b0y | bs@OF Oy b 07" ()
92(t,x, y) 92(t, %, §) 92(t, %, §) 92(t, %, §)
b (t)ym_l(t) ~n n ~n ~n n ~n
=ik £ O+ BOTO) O - 20) - BOF O © - ')
bs(O)X" (D) ¢ o1y o
ST | AR OB A}

Substituting (51) in to (50) and in view of B, > by (t), we get

D*Va(Blar =sgn(y(t) — 5[ - b1 (O(y(®) - 7)) - ba(®)(y(t — ) - 5t — 7))
bs(y" ' (t)
92(t, %, y)g2(t, X, §)

bs(H)x"(t e o - N
+£E%£%@ () — 7" ®)] + Baly(t) - §(6)| - Baly(t - 1) - (¢t - 1)

(1) + AT ®)(x" () - 2'(1)) = daOF" By () - 7))

59

(48)

(49)

(50)

(51)

(52)
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bs(Hy" ' (¢)
92(t,x, y)92(t, %, )

bB(t)x (yt;i "0 = 7" O] + Baly®) - )]

<= bi(O|y(t) - 50| + (2 + dst)7" )" &) - 2 (®)

— ds()F" D]y (t) - 7" (1)) -
For any x1, x2 € [a,b] C (0, +0), we have

ooy — xa] < [ = 3] < lala® ' xy = xol, for a <1,

aa® xg — xy] < [x{ —x5] < ab®Yx, — x|, for a > 1.

Then from (49) and (52) and in view of (44), (45) and (46) and letting ¢ — 0, we get

as(£)(ci(t) + y"es(h) 4 penem-293(DC2()

D*Vi(Blaz <( = m () — (n = 1)y" "2 Ao )|x(t) - %(t)|

Gi(t) 7;(t)

53
(e D00 w1820y &2)

77(t) 71()

and
D*Va®lar) <( ~ bit) — 1r'”1b32—fj)(t) (1= my T2 2+ B2l - 00|

(54)

o SO ) + Tds()

+ny" 1 2 1g%(t) 2 |x(t) - x(1)|

Summing (53) and (54), we get, for t > T > 0, that

D*V(t)a7) = D" Vi(t)laz) + D" Va(t)laz)
as(B)(c1(f) + y"cs(t) [2nn-2 az(t)ca(t)

< —(m(t)+ (n—1yy"m2

Gi() 73(t)
_ bs(t)(d:(t) + I"d5(t))
_ m lrn 1 ¢ t
ny 20 — Ao fx(t) - ()
npnz b3() ne1pm—1 D3(D)ds(t) wem—1 33(D)ca(t)
—~(ba(t) + (1 = my"T 2G3(t) +ny? 1T 1%—@2 13g%—(t3)
7/m lpn- 1513(1') B2)‘ (t) —y(t)‘

71(t)
< —o1fx(t) = ()| - oa|y(t) - (8)].

Integrating two sides of above inequality, we have

¢ ¢
V(t) + o1 f |x(s) — %(s)|ds + ozf ly(s) = §(s)lds < V(T) < +oo.
T T
This indicates |x(s) — %(s)| and |y(t) — §(t)| are integrable on [0, +00). Moreover, since all of solutions of
system (8) are bounded, their derivatives are also bounded, then |x(f) — %(t)| and |y(t) — ()| are uniformly
continuous. From Lemma 4.2, we obtain

Jm [x(t) = X)) =0,  lim |y(t) - (t)] = 0. (55)

This proves any positive w-periodic solution of system (8) is globally attractive.
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Next we apply (55) to prove the uniqueness of the positive w-periodic solution (%(s), 7(t)). Suppose there
is another positive w-periodic solution (¥*(s), *(t)), we claim that (¥(s), () = (X*(s), #*(t)). Otherwise, there
exists a & € [0, w] such that (&) # ¥(E) or (&) # §(£). Without lose of generality, we suppose %(&) # ¥*(E).
Let g9 = |%(&) — ¥*(&)|, then ¢ > 0. However

€0 = lim |¥(E +nw) = ¥(E +nw)| = lim |¥(t) - (0] = 0.
n—+00 —+00

This is a contradiction. Therefore the positive w-periodic solution (%(s), #(t)) is unique.
The proof of the theorem is completed. [

Remark 4.4. Theorem 4.1 extends the results for global attractivity in [8] and [9].

5. Simulation

Now we consider the following two examples. In the first example, under well selected parameters,
conditions (A) and (B) in Theorem 4.1 are satisfied and then the conclusion in Theorem 4.1 holds. But in the
second example, we select other parameters such that the conditions (A) and (B) are not satisfied and then
the conclusion of Theorem 4.1 does not hold.

Example 5.1. In system (8), we select

r1(f) =3.99 + 0.01sint, a;(t) =2.00—0.1sint, ay(t) =0.03 + 0.01sint,

az(t) = 0.011 + 0.001sint, ci1(t) =1, co(t) =2+sint, c3(t) =3 —sint,

r2(t) = 041 + 0.01sint, by(t) = 0.08 — 0.01sint, by(t) = 0.009 + 0.001 sin ¢,

b3(t) = 0.099 + 0.001sint, dqi(t) =1, da(t) =0.26 +0.01sint, ds(t) = 0.02 —0.01sint,
n=2, ,m=1/2, 7=0.1.

By simple calculation, we obtain o1 ~ tr[réizn]{o.192 —0.1sint} = 0.092 > 0 and 0, ~ tr[réi2n]{0.03 —0.01sint} =
€[0,21 €10,271

0.02 > 0. So by Theorem 4.3 we claim that system (8) has only one globally attractive positive 2mt-periodic solution. In
order to demonstrate the conclusion, we take two sets of initial value as (x(s), y(s)) = (1.2,5) and (x(s), y(s)) = (3,27)
fors € [-0.1,0]. Its integral curves and orbits are shown in Figs. 4-6, respectively.

26

N
N

solution x(t)
N
[
;

~
T

1.8

1.6

14

12

L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20
time t

Fig.4. The integral curves of prey.
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30

25

solution y(t)
N
3
:

-
)
T

101

L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 100
time t

Fig.5. The integral curves of predator.

solution x(t)
0
5

.
=]

=
S

w o

40

1 0
solution x(t) time t

Fig.6. The orbits of predator-prey-time.
From Figs. 1-3, we see that there is only one positive periodic solution of system (8), which is globally attractive.

Example 5.2. In this example, all of the parameters in system (8) is selected similarly as in Example 5.1 with exception
of T = 10. By simple calculation, we obtain o1 ~ =2 X 10% < 0 and o, ~ =102 < 0. So the conditions (A) and (B) do
not hold and the calculation in Theorem 4.3 may not be true. In order to demonstrate this case, we also take the initial
values as (x(s), y(s)) = (1.2,5), (x(s), y(s)) = (3,27) for s € [-10, 0. Its integral curves and orbits are shown in Figs.
7-9, respectively. -

3

28

26

24

solution x(t)

L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50
time t

Fig.7. The integral curves of prey.
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140

solution y(t)

L L L L L L L L L
20 40 60 80 100 120 140 160 180 200
time t

Fig.8. The integral curves of predator.

solution y(t)

185 o

solution x(t) time t

Fig.9. The orbits of predator-prey-time.

From Fig.8 and Fig.9, we see that the solution of predator is not positive periodic and the system (8) has no globally

attractive positive periodic solution.
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