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Abstract. This paper is concerned with the oscillatory and asymptotic behavior for solutions of the
following second-order mixed nonlinear integro-dynamic equations with maxima on time scales

t

(1’(15)(:/:A(t))7’)A + fu(t, 5)f(s,x(s))As + Zn: gi(t) max x%s)=0,
i=1

se[T;(1),&i(B)]
0

where

z(t) = x(t) + pr(O)x(m () + p2(Hx(n2(1), £ € [0, +00)r.

The oscillatory behavior of this equation hasn’t been discussed before, also our results improve and extend
some results established by Grace et al. [2] and [8].

1. Introduction.

In recent years, there have been many activities concerning the oscillation and nonoscillation of dynamic
equations on time scales, since Hilger introduced the theory of time scales to unify continuous and discrete
calculus. We refer the reader to the books [6, 7], also the papers [2-5, 8] and the references cited therein.

The qualitative theory of differential equations with "maxima" received very little attention, respect, for
instance, the problems connected to minimizers of variational functionals ( see e.g.[11] ), even though such
equations often arise in the problem of automatic regulation of various real systems, see for example [9,
10], also the research on oscillation theory for integro-dynamic equations is limited due to lack of available
techniques.
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In this paper we deal with the oscillatory and asymptotic behavior of solutions for the second-order mixed
nonlinear integro-dynamic equations with maxima of the form:

t

(r(t)(zA(t))V)A + fa(t, s)f(s,x(s))As + ; gi(t) SE[%%(M x*(s) =0, (1.1)
g =
where
z(t) = x(t) + pr(B)x(1(t)) + p2(H)x(2(t)). (1.2)

We take T C IR to be an arbitrary time scale with 0 € T and supT = +co.

Subject to the following hypotheses:

(H1) T is an unbounded above time scale. We define the time scale interval [tg, +00)

by [to, +00)T = [tg, +00) N T.

(H2) m1,m, i, &+ T — T are rd-continuous functions such that n;(f) < t < ma(f),

Ti(t) <t < &i(1),i=1,2,..,nand lim_ o (f) = +oo = limy— 100 Ti(t).

(H3) p1,p2, i and r are non-negative rd-continuous functions on an arbitrary time scale T such that r(f) > 0,
i=1,2,..,n considering, when either

t

limt—>+ooL(t/ tO) = limt—>+oof

to

As
P (s)

= 400

, (1.3)

or
limy 1o L(t, tg) < +00. (1.4)

(Hy) a(t,s) : Tx R — R is a rd-continuous function such that
fo
a(t,s) > 0,a™(t,s) < 0and SUPysy, fa(t, S)As :=ky < +o00.
0

(Hs) f € C(T x R, R) such that, fA(t,x(t)) > 0 and x(t)f(t, x(t)) = m()|x()*! > 0, x # 0 for non trivial
solutions x, where m(t) : T — (0, +00) is a positive rd-continuous

function and f is a quotient of odd positive integers.

(He) @ and y are quotients of odd positive integers.

Throughout this paper, we assume that:

t

=L [awantomSons-aY a0 o8 (15)
_(t) = a(t, s)N1(s)ym™F (s)As — ¢ ; max s), .
g ﬁﬂ% t = T et o)
(*) ﬁ_lf (L, NFT (Sm™ ()As — &§ §n () _min Q(s) (1.6
= a(t, s)NF1(s)ym™* (s)As — ¢ ; s), .
g+ ﬁﬁ% L 1 ermir o
t -

t
T f -
ho(t) = — — — i(s) max “(s)As,
® r(t)  r(t) ;q( )SE[Tz‘(t)IEi(t)]Q )
ty -
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t
_a 4 (v N
0= r@J 296) 4 min,, QOB

h.(t) = max{0, k. (), h_(t)}, g°(t) = max{g_(t), g.+(t), 0},
where

R(m2())
R(t)

Q) :=1—=pi(t) = p2(t) >0, (1.7)

and R(?) is a positive rd- continuous function.

By a solution of (1.1), we mean a nontrivial real valued A- differentiable function x(t) satisfying (1.1) for
teT.

Definition 1.1. A solution x(t) of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative.
ie.
for every ty > 0, we have

infx(t) <0 < sup x(¢),
t>tg t>to

otherwise, it is called nonoscillatory.

Eq. (1.1) is said to be oscillatory if all of its solutions are oscillatory. We concentrate our study on those
solutions of E.q. (1.1) which are not identically vanishing eventually.
In what follows, we provide some previous studies which are special cases of our equation. In 2013 S. R.
Grace et al.[8] studied the asymptotic behavior of non-oscillatory solutions of the following second order
integro-dynamic equation

t

(rx> ()™ + f a(t,s)f(s,x(s))As = 0, (1.8)

0

then, In 2014 S. R. Grace et al.[2] studied the oscillatory and asymptotic behavior of the following second
order integro-dynamic equation

t

(O )" + f a(t, s)f (s, x(s))As = 0. (1.9)

0

Noting that Eqs.(1.8) and (1.9) are special cases of our Eq. (1.1) when taking g:(t) = 0 = p1() = p2(t), and so
the results of [2] and [8] can’t be applied to Eq. (1.1). Also to the best of our knowledge, there are no papers
in the literature dealing with neutral integro dynamic equations with "maxima"on time scales. To fill this
gap, we initiate in this paper the study of neutral integro dynamic equations with "maxima"on time scales.
New results are established and an example is presented.

2. Basic Lemmas.

In this section, we give some lemmas that play an important role in the proofs of our results.

Lemma 2.1. [1]If X and Y are nonnegative real numbers, then
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XM+ A -DY' = AXYM L > 0for A > 1,
and
X' =1 =AY = AXYM L <0for A <1,
with equality holding if and only if X = Y or A = 1.
Lemma 2.2. If f(s) and a(u, s) are rd-continuous functions, then

t

ffa(u s)f(s)AsAu = f(ta(t s) — a(s)a(a(s),s)) f(s)As—fa(u)faA“(u s)f(s)AsAu. (2.1)

t() t(] tO
Proof. .
Let F(u) := f a(u,s) f(s)As, and g(u) := u, then Theorem 5.37 in [7], leads to
to

FA(u) = a(o(u), u) f(u) + fuaA“ (u,8)f(s)As
to

Now by using, Fg* = [Fg]* — FA¢°, then (2.1) holds.
Lemma 2.3. [6] (Gronwall’s Inequality) Let p € R*. Also, assume that y and f € Cpy. If

yA(E) < p(Hy(t) + f(forall t € T,
then

t
y(t) < y(to)ep(t, to) + fep(t, o(1)) f(t)Atfor all t, ty € T.
to

3. Main Results.

Theorem 3.1. Let conditions (1.3) and Hy — Hg hold with f > 1,y > 1. Also, suppose that there exist positive rd-
continuous functions N(t) and R(t) such that for all t, sufficiently large such that ty > t3 > to, we have

R()

——— —RY®) <0, 3.1)
r7 (f) ft: %As
t
limsup | (== o fg+(s As)VAu] < +0o, (3.2)
t—+o00

Iy

then every nonosczllatory solution x(t) of Eq. (1.1) satisfies

t
| x(£) |= OlA1ep(t ta) + [ ey (t, 0(0)) f(0)AD],
ty

where

t
1
p(t) = ;T(t) tf a(o(s),s)a(s)N(s)As

and

+(1—1).

t) =
f) o ;
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Proof. Let x(t) be a non-oscillatory solution of Eq. (1.1). Then, we may assume that there exists t; > f
such that x(f) > 0 for all f > #; and there exists t, > t; + max{n, 7;,i = 1,2, ..., 1}, such that x(n1(#)) > 0 and
x(ti(t)) > 0 for all t > t,. Now from (1.1), we have

t

A A _ _ - . a
HBOE B = Of a(t, s) f(s, x(s))As ;ql(t)se[m%(t)]x s),
ty t n
= —fa(t,s)f(s,x(s))As—fa(t,s)f(s,x(s))As—;qi(t)se[ﬁig(t)]x“(s), (3.3)
0 t =

choosing t3 > t, sufficiently large, then from Hs, we can find k > 0 such that

l’z t3

fa(t, s)f(s,x(s))As + fa(t,s)f(s, x(s))As :=k,

0 f
so (3.3) can be written as

t

n
rtzAtVAz—k—fat,s s, x(s))As — i(t x*(s),
(HOE®)) J at2stexo L) max €6
3
£ n
<- f a(t,s) f(s, x(s))As — ;qi(t) L max  2(s) <0, (3.4)
t3 -
Then, r(t)(z2())” is strictly decreasing on [t3,+o0)y. Now we claim that r(#)(z*(t))” > 0 on [t3, +0)r.
Therefore assume that this is not true. Then there is ] € [f3, +oo)t, such that G; := r(t;)(ZA(tg))V < 0, by

using the fact that r(t)(z*())" is decreasing, we have

==

G
)<<,

r(t)

integrating from #; to t and using condition (1.3), we get
t
1 A
2(t) < 2(£5) + G f—s — —coast — co.
r7(s)

5

Hence, z(t) is eventually negative. This is a contradiction. Then,

z(t) > 0, Z(t) > 0 and (r(H)Z2 (1)) < 0 for t € [t3, +00)r. (3.5)
Using the fact that z(t) is increasing, then

z(t) > z(t3) := cs. (3.6)
Now integrating z2(t) from #; to t and using (3.5), we obtain

OEET
z(t) = z(t3) + f —————As
ts r7(s)

> 17 (D22 (H)L(E 1),
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where L(t, t3) := ftj %A—(s), hence by condition (3.1), we have
r7 (s

z(£)\& _ Z2(OR(E) — z(HRA(F)

(M) - R(t)Rff(t)
Z(t [

= ROR'® 7 (t) L(t t3)

-R1)] <0, (3.7)

then z/R is a non-increasing function. From the definition of z(t) (see(1.2)), (3.5), (3.6) and (3.7), we see that
x(t) = z(t) = pr(O)x(m (1) = p2(Dx(n2(t))

2 z(t) = p1(Dz(m (#)) — p2(Dz(12(t))
—a _pl(t)Z(Th(t)) ot )Z(Uz(f))) ®

=) =0)
> (1= pa(t) - pat®) (IZ(Zt() D)2 = Q=) = x0(0) forall £ > b,

where Q(t) := (1 — p1(t) — p2(t) R(Igfg))). Then

max x%(s)> max c5Q%(s) = “ 3.8
se[Ti(t),Li(t)] ©) S€[Ti(t),5i(t)] Q ®) = S€[T(t)<,x(t)]Q ©)- (38)

Choosing t, sufficiently large such that ¢4 > t3 and using Hs in (3.4), we can write that

t

(r(t)(zA(if))"’)A < —fa(t,s) m(s) xﬁ(s)As—qu(t) G[T,(t)é(t)] x%(s), (3.9)

ty
substituting from (3.8) in the previous inequality, we get

t

(OE O < [ attgmEO0s - L0 max Q') (310)
ta =
Letting N(t) be a positive rd-continuous function, hence (3.10) can be written as
t t
(rHE O < f a(t, s)IN(s)x(s) — m(s)xP(s)]As — f a(t, s)N(s)x(s)As
t ta
- ;qia) max Q). (3.11)
Applying Lemma 2.1, with A =, X = mb (s)x(s) and Y = [ ]fﬁ, we have
i 5)
N(s)x(s) — m(s)xP(s) < p- Nﬁ 1(s)ym-p ﬁ(s) (3.12)

£
ﬁ BT
Substituting from (3.12) into (3.11), gives

t

(r()(E ) < g-(t) - f a(t, s)N(s)x(s)As, (3.13)

ty
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where

t

fa(t NPT ()m™ (s)As — Z 9i(h)  max Q).

p-
pr

Integrating the previous inequality from 4 to t, leads to

g-(t) =

Gy < f(f4)(2i)(t4))7 B f f a(u,s)N(s)x(s)AsAu+— f g-(s)As, (3.14)

ty ty

by using Lemma 2.2, Hy, and taking g*(t) = max{g-(t), g+(t), 0}, we have

t t
1 . 1 3
22t < [r(t) @fg(s)As+@fa(s)a(a(s),s)N(s)x(s)As] , (3.15)
l’4 t4

where ¢4 = 7(t)[z°(t4)]”. By employing (a + b)* <a’ + b fora > 0,b > 0and A < 1, thus (3.15) becomes
t '
S)As)” +
7'(5)As)7 ( P t)

) < a(s)a(o(s), s)N(s)x(s)As)?l' . (3.16)

r(t) F(l‘)

Integrating the above inequality from t, to t and taking A; as upper bound for
z(ty) + s)As %Au,
(t) f(r() 7N
we have

t u
x(t) < z(t) < Ay + f(—) f(% (5)a(0(s), )N(s)x(s)As)” Aus.
ty ty

u

Again using Lemma 2.1, with X = ﬁ f a(s)a(o(s),s)N(s)x(s)As, A = —, and Y = 1, then the previous
ty

inequality can be written as

t t t u
x(t) < A + J(%);As +(1- %)IAL{ + tfﬁ ifa(s)a(a(s),s)N(s)x(s)AsAu,

t u
1
<A+ tf(ﬂ) As+ (1 - —)t+ fyr(u) tf‘a(s)a(a(s),s)N(s)x(s)AsAu.

Let u(t) equals the right hand side of the previous inequality, then we have

t

f o(s)alo(s), SNE(s)As, u(ts) = Ay,

ty

A :C_4% 1_1
u(t) =(—=)" +( y)+

1
r(t) yr(t)
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hence u(t) is increasing and since x(f) < u(t), then we have
ub(t) < f(t) + p(But),
£
where f(t) := (;¢5)7 + (1 - %) and p(t) = yrlw [ 6(s)a(a(s), s)N(s)As. Using Lemma 2.3, leads to
ty

t

X(t) < u(t) < Areyeo(t, 1) + f et 0(0)) f (@) A0,

ty

then, x(t) = O[A1ey(t, ta) + f epny(t, 0(0)) f(0)AD].

If x(t) is an eventually negatlve solution of Eq. (1.1), then we can see that the transformation y = —x,y > 0
transforms Eq. (1.1) into

t

(r@*(H))A - fa(t s)f(s, —y(s))As + Zq,(t) min  y*(s) =

s€[i(t),&i()]
0

where

o(t) = y(t) + p1Oy(m (D) + p2(Oy(n2(1)).
Thus,

t

(@O = f a(t,)f(s, —y(s))As—Zq(t min y(s),

selTi(t)&i(1)]

0
ty t "
= fa(t, s)f(s,x(s))As + fa(t,s)f(s, x(s))As + Z qi(t) [Trlr(gr:(t ¥y (s), (3.17)
0 b i=1
choosing t4 > t; sufficiently large, then from Hs, we can find k; < 0 such that
ty ty
fa(t, s)f(s,x(s))As + fa(t,s)f(s, x(s))As := kq,
0 t

so (3.17) can be written as

t

rOE@*H))A < fa(t s)m(s)yﬁ )As — Zq,(t) Trr(gr:(t)]y “(s).

ty
t
It follows in a similar manner that —x(t) = O[A1ey(t, ta) + f ep(r)(t, 0(v)) f(v)Av]. This completes the proof.
t

Corollary 3.1. Let all assumptions of Theorem 3.1 hold and

lim sup ep(t)(t ) fep(,)(t a(v)[( e )), +(1- —)]Av < 400, (3.18)

t—+o00

then every non-oscillatory solution, satisfies

Ix(t)] = Ofepr(t, ta))-
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Theorem 3.2. Let conditions (1.4), (3.18) hold and 0 < p1(t) + p2(t) < p. < 1. Also, let all assumptions of Theorem
3.1 hold except condition (1.3). If for sufficiently large t4, we have

t v
1 1 1

limsup ————— f(— fa(a(s),s)a(s)m(s)Aﬁ(s)As)V Av < +0o0, (3.19)

t—>+oop ep(t) (t/ t4) T’(U)

ty ty
then every non-oscillatory solution, satisfies

lim sup () < +4ooor lim x(t) =0.

totoo Ep(t)(t, ta) 400

Proof. Let x(f) be a non-oscillatory solution of Eq. (1.1). Then proceeding similar to the proof of Theorem
3.1, we have r(t)(z>(t))” is strictly decreasing on [f3, +o0)t, and there exists t5 € [f3, +o0)1 such that:

Z2(t) > 0 or z(t) <0 for t € [ts, +00).

We consider each of the following two cases separately.
Case 1. The proof is similar to that of Theorem 3.1, so it is omitted.
Case 2.

z(t) > 0, z(t) < 0 and (r(t)(z2(1))")™ < 0 for t € [t5, +00)r. (3.20)
In this case, we have
lim; 00 z(t) =1, 1 > 0.

Case 2.1

If I = 0, and since we have 0 < x(f) < z(t), then lim;_, ;. x(¢) = 0.
Case 2.I1

If I > 0, then for any € > 0, we have | < z(t) < [ + ¢, eventually.
Take 0 < € < I(1 —p.)/p.. Then

x(t) = z(t) — p1(O)x(mi(t)) — p2(B)x(12(£)),
2l-pit)I +e) —paaAt)I+e),
>l-p.(+e),

where p; + p2 < p. < 1. Hence

x(t) = my(l + €) > myz(t), (3.21)
where
ll - Px) — *
= Ly AP e
I+¢ l+¢

Since r(t)(z2(t))" is strictly decreasing, then

r(O)EA ) |1

z8(s) < (——==")7,s € [t,+00)T.

r(s)

Integrating for s from t to C and letting C — +o0, we have

+00 +oo
2() > —r7 (D22 f 1A” > —r7 (ts)Z2 (ts) f 1A” forall t > ts,
S 7 (u) L (u)
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hence,

z(t) = c5A(¢), (3.22)

+00

where, c5 = —r%(t5)zA(t5) >0and A(t) = f AL Combining (3.21) and (3.22), we get
¢

r7(u)'

x(t) = c6A(t), (3.23)

where cg = mycs. Substituting from (3.23) into (3.9), we obtain

t

(rO(-="O))" = f o IMEF A+ Y 0t max ')

t

n
B
> ¢, f a(t,s)m(s)AP(s)As + cq ; qi(t) sehr{n(;)a;(m A%s),
t5 -

t

n
> B | a(t s)m(s)AP(s)As + B (t) max A%s),
[ atsmeare Dl max, A

ts -

where B = min{cg, ¢}, now integrate the above inequality from 5 to ¢, we obtain

t u t
_sA B . a
rt)(—=z2(t))” = Bffa(u,s)m(s)A (s)AsAu+Bf;q,(s)se[£n(t%(t)]/l (u)As, (3.24)

ts ts
by using lemma 2.2 and H,, we obtain

t

tu
f f a(u, s)m(s)AP(s)AsAu = f (ta(t, s) — o(s)a(o(s), s))m(s)AP(s)As
ts s ts

t u t

- f o(u) f a® (i, s)m(s)AP(s)AsAu > — f a(s)a(a(s), s))m(s)AP(s)As,
t5

t5 ts

thus (3.24), can be written in the form

t
P 0) s[% f [o(5)a(o(s), 5)m(s) AP (5) | As.

Integrating the latter inequality from ¢5 to t and using x(f) < z(t), we obtain

t

x(t) < z(ts) + f [% f [o(s)u(o(s),s)m(s)Aﬁ(s)]As]'%Av,
t5

t5

using condition (3.19), we see that

x(t
lim sup ©
t—+o00 ep(t)(t/ t5)

< 400
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If x(t) is an eventually negative solution of Eq. (1.1), then we can see that the transformation y = —x,y > 0

transforms Eq. (1.1) into

t

A AVAN _ - . : a —
(@ ©)) f a6~y + Y90, min 1O

0

where

o(t) = y(t) + p1(Oy(m (D) + p2(By(n2(1)).
Thus,

t

se[Ti(t),i(H)]

(rH@ )Y = f a(t,5)f(s, ~yE)As = Y qi(t) _ min 3,
i=1

0
tr t

fa(t s)f(s,x(s))As + fa(t s)f(s,x(s))As + Z ql(t)

0 tr

choosing t3 > t; sufficiently large, then from Hs, we can find k; < 0 such that

l’z t3

fa(t,s)f(s,x(s))As + fa(t,s)f(s,x(s))As =k,

0 t
so, (3.25) can be written as

t

(rOE@(H))A < f a(t, s)m(S)yﬁ )As — zq,(t) Tr%r;(t)]y “(s).

t3

—x(f)
ey (tts)

It follows in a similar manner that limsup,_,,

mm y “(s),

< +00. This completes the proof.

(3.25)

Corollary 3.2. Let condition (1.4) and 0 < p1(t) + p2(t) < p. < 1 hold. Let all assumptions of Theorem 3.1 hold

except condition (1.3). If for sufficiently large t4

t t

1
lim su —faas,sostAsAv<+oo,
msu J 55y ) 900 9N

t

ligfgp;fep(t)(t, o(v))[(ﬁ) +(1- —)]Av < 400,

and
limsup | (== [ a(o(s), s)a(s)m(s)Aﬁ(s)As)%Av < +00,

t—+00 ( )

then every non-oscillatory solution, satisfies

lx(£)] = O(1) or tLII;I’éO x(t) =

(3.26)

(3.27)

(3.28)
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Theorem 3.3. Assume that conditions (1.4), (3.1), (3.2), and (3.26) hold for p > 1 and y = 1, also let 0 <
pi(t) + p2(t) < p. < 1. And if

+00 1 u . )
tf @[ tf a(s)a(a(s),s)m(s)Aﬁ(s)—;qi(S)se[g&ig(mA (u)As]Au < +oo, (3.29)

then every nonoscillatory solution x(t) of Eq. (1.1) satisfies
limsup,_,, . lx(t)| < +o0 or limy_, 1 x(t) = 0.

Proof. Let x(f) be a non-oscillatory solution of Eq. (1.1). Then proceeding similar to the proof of Theorem
3.1, we have r(t)z2(t) is strictly decreasing on [f3, +00)T, and there exists t5 € [f3, +00)T such that:

Z2(t) > 0 or z(t) <0 for t € [ts5, +00)T.

We consider each of the following two cases separately.
Case 1.

z(t) > 0, z(t) > 0 and (r(£)z>())® < Ofor t € [t5, +00)T.

Proceeding similar to that of Theorem 3.1 with y = 1, then (3.16), can be written as:

t t
ZA(t) < % + % fg_(s)As + % fa(s)a(o(s), S)N(s)x(s)As. (3.30)
ts ts

Integrating the above inequality from f5 to f, we get

t u t t u
x(t)Sz(t)Sz(t5)+f%fg_(s)AsAu+f%As+fﬁfo(s)a(o(s),s)N(s)x(S)AsAu. (3.31)

ts t5
By using conditions (3.2) and (1.4), we can take A, as an upper bound for

t

u t
1 C4
z(t5)+f%fg_(s)AsAu+ @As,
t5 5

ts t

hence, we obtain

t u
x(t) <z(t) < Ay + f% fo(s)a(o(s), S)N(s)x(s)AsAu.

f5

Taking limsup as t — +oo to the above inequality and using condition (3.26), we have

lim sup x(t) < +oo.

t—+o0

Case 2.
z(t) > 0, z(t) < 0 and (r()z>())® < Ofor t € [t5, +00)T. (3.32)

In this case, we have
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limy 40 2(t) =1, 1 20.

Case 2.1

If I = 0, and since we have 0 < x(f) < z(t), then lim;_, ;o () = 0

Case 2.11

If I > 0, then proceeding similar to the proof of Theorem 3.2 taking y = 1, then (3.24) can be written as

A B a
r(t)(—=z%(t)) = Bffa(u s)m(s)A (s)AsAu+Bqu, ue[g(lse)aé(s)]A (u)As,

ts t5

which implies

t u
Ay < 2B Bs)As — B «
() < 0 tf tf 1, s)m(s)AP(s)As ") f Zq . ['%?,)é(,-(s)]A (w)As,

by using lemma 2.2 and H,, we obtain

A < % f [a(s)a(a(s»s)m(s)Aﬁ(s)—;%(s)uelgl(;;g(snfx“(u)]As.

Integrating the latter inequality from ¢5 to t and using x(t) < z(t), we obtain
t

w0 <=9+ [ f [o(5)a(o(s), sym(s)A4%(s)

ts

- i( max A%(u)|AsAv, 3.33
Zq u€li(s),&i(s)] ( )] ( )

hence, taking limsup as t — +o0 and using condition (3.29), leads to

lim sup x(t) < +oo.
t—+o00
If x(t) is an eventually negative solution of Eq. (1.1), then we can see that the transformation y = —x,y > 0
transforms Eq. (1.1) into

t

OO - [ a5, )As+2q,<t> min () =

se[Ti(t),&i()]
0

where

o(t) = y(t) + p1Oy(m () + p2()y(n2(1)).
Thus,

t

@ (H))A = fa(t, s)f (s, —y(s))As — Z gi(®) min y%(s),
i=1

se[Ti(t),<i(t)]
0

ty t

= fa(t,s)f(s,x(s))As+fa(t,s)f(s,x(s))As+;qi(t) rr(gn(t) Yy (s), (3.34)
0 t =
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choosing t3 > t; sufficiently large, then from Hs, we can find k; < 0 such that

tr t3

[ atsss.xnas+ [awssexonas =k,

0 t
so (3.34) can be written as

t

@ (H))A < - fa(t,s)m(s)yﬁ(s)As - Z qi(t)s Trr(g?(t)] y*(s).
i=1

t3
It follows in a similar manner that limsup,_,, , —x(t) < +00. This completes the proof.

Theorem 3.4. Let all assumptions of Theorem 3.3 hold, such that

t u
. 1
htrgjor(}ff%fg_(s)AsAu_—oo, (3.35)
ty ty
and
t I n
1
. . - B _ ) a - _
lltr&rlorc}ffr(”)[fa(s)a(y,s)m(s)A (s) ;q,(t)se[%?g(t)]A (u)As]Ay (3.36)

7 ty
Then every solution x(t) of Eq. (1.1) is oscillatory or lim;_, . x(t) = 0

Proof. Let x(t) be a non-oscillatory solution of Eq. (1.1). Then proceeding similar to the proof of Theorem
3.1, we have r(t)z2(t) is strictly decreasing on [f3, +o0)t, and there exists t5 € [f3, +00)1 such that:

Z2(t) > 0 or z4(t) <0 for t € [ts, +00).

We consider each of the following two cases separately.
Case 1.

z(t) > 0, z(t) > 0 and (r()z*())* < Ofor t € [t5, +00)r.

Proceeding similar to that of Theorem 3.3, till we reach (3.31), hence

t t u
x(t) < z(t) < z(ts) + f M )fg (s)AsAu+ () fﬁfo(s)a(u,s)N(s)x(s)AsAu.
ts ts

Since all the assumptions of Theorem 3.3 hold, then we have the last two integrals of the above inequality
are bounded. Finally take liminf as t — +oo0 and using (3.35), we get a contradiction with x(t) is positive.
Case 2.

z(t) > 0, z2(t) < 0 and (r()z(t))"* < Ofor t € [t5, +o0)T.
In this case, we have

lim; 00 z(t) =1, 1 2 0.
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Case 2.1

If I = 0, and since we have 0 < x(f) < z(t), then lim;_, o x(t) = 0

Case 2.11

If I > 0, then proceeding similar to that case in Theorem 3.3, till we reach (3.33), we get

t

x(f) < z(ts) + f % f [o()a(o, s)m(s)AP(s) - q(s) ug;%]Aa(u)]AsAv,
ts

ts

then taking liminf as t — +oco and using (3.36), we get a contradiction with x(f) is positive. If x(f) is an
eventually negative solution of Eq. (1.1), the proof is similar. So it is omitted. This completes the proof.

Theorem 3.5. Let condition (1.3), (3.1) and Hy — He hold with f < 1,y > 1. Also, suppose that there exists a
positive rd- continuous function R(t) such that for sufficiently large ty > to, then every nonoscillatory solution x(t) of
Egq. (1.1) satisfies

t
| x(t) |= O[Aszeqn(t, ts) + fed(t)(trﬁ(v))E(U)Av],
ty

where
t
a(t) = % f [a(o(s), )o(s)m(s)]} s,
ty

and
1-B ¢
y @
Proof. Let x(t) be a non-oscillatory solution of Eq. (1.1). Proceeding similar to the proof of Theorem 3.1,
till we reach (3.10), then we have

E(t) = (t) +(1- —)

t

A A B —c° Y - *
r(HEB))A < f a(t, sym(s)xP (s)As CS;%() smax Q)

t3

Integrating the previous inequality from t3 to ¢, leads to

@) < r(ts)(z i)(h))” B f f a(u, s)m(s)x? (s)AsAu

3 t3

0 f qu ) o O
<h_(t) ——ffa(u s)ym(s)xP(s)AsAu,

t3 f3

where

t
a5 [y o
)= -3 [ D09, max,, Q'
t5 1=
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and ¢y is as defined in Theorem 3.1. Using Lemma 2.2 and Hy, implies

t
1
y

f o(s)a(o(s), s)m(s)xP(s )As] (3.37)

t3

A < [h B+ —= 0

Taking h.(t) = max{0, h.(t), h_(t)}, then

t

fa(s)a(a(s),s)m(s)xﬁ(s)As]’1’.

t3

AP < [h )+ — B

Applying (a + b)* <a* + b fora > 0,b > 0and A < 1, thus the previous inequality can be written as

A8 <) (1) + o f (s)a(a(s), s)m (s)xﬁ(s)As]

Integrating the above inequality from 3 to ¢, leads to

t t u
x(f) < z(t) < z(t5) + f 1) (s)As + f [ﬁ f o(s)a(o(s),s)m(s)xﬁ(s)As]'%Au. (3.38)
t3 t3

t3

Using Lemma 2.1, with X = r(u) f a(s)a(o(s), s)ym(s)xf(s)As, A = 1, and Y = 1, then we have

L u , % _1 L u ‘3
[?(u)tf o), m)x (S)AS] =( y)+ Vr(u)tf o(s)a(o(s), s)m(s)xP(s)As,

substituting from the previous inequality into (3.38), we obtain

t

t t u
x(t) Sz(t3)+fh}(s)As+(l— l)fAv+fLfo(s)a(o(s),s)m(s)xﬁ(S)AsAu,
vy ) yr(u) J

t3
t

t u
< z(ts) + fh}(s)As +(1- )l/)t+ fﬁ fa(s)a(a(s),s)m(s)xﬂ(s)AsAu. (3.39)
t3

t3 t3

Again using Lemma 2.2, with X = [a(s)a(o(s), s)m(s)]%’x(s), A =p,and Y = 1, we obtain

o(5)a(o(s), (2 (s) < (1= B) + Blo($)a(a(s), s)m(s)]F x(s),
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substituting from the above inequality into (3.39), we get

t

1
x(t)Sz(t)SZ(fa)"'fh (©)As +(1- y) ( yﬁ fr(u)fAA

t3
t

" f yr(u )f [0(s)a(o(s), $)m(s)]} x(s)AsAu,

t

<z(t) + fhll’(S)AS +(1- )l/)t + L ;ﬁ) f%m
t3

t3
t

b ;
+ tf D J [o(s)a(a(s), s)m(s)]? x(s)AsAu. (3.40)

Let u(t) equals the right hand side of inequality (3.40), thus

1 1, 1-p) ¢
u(t) =h, (t)+(1—;) T

) )/r(t) f[c(s)a(o(s) S)m(s)]ﬁx( )As

hence u(t) is increasing and since x(t) < u(t), then we have

u(t) < E(t) + dt)u(t),

1
where E(t) :=h)(t) + (1 — 1) + (1)/ﬁ) r(tt and d(t) = yr(t) f a(s)a(o(s), s)m(s)] Using Lemma 2.3, we get

t

x(t) < u(t) < Asegq(t, tz) + fed(t)(t, o(v))E(v)Av

t3
t
then, x(f) = O[Asea(t t3) + [ eaw(t, 6(v)E(0)Av].
t3
Corollary 3.3. Let all assumptions of Theorem 3.5 hold and

. (1-p) v
lim sup ed(t)(t » fed(t)(t a())[ h (v)+@1 - —) ——]AU < +0o, (3.41)

t—+oo

then every non-oscillatory solution, satisfies
(D) = Olean(t, ta))-

Theorem 3.6. Let conditions (1.4), (3.19) and (3.41) hold, also let all assumptions of Theorem (3.5) hold except
condition (1.3), then every non-oscillatory solution, satisfies

x(t
limsup () < 4ooor lim x(t) =0.
totoo  Cd()(t, ta) t—+oo
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Proof. Let x(f) be a non-oscillatory solution of Eq. (1.1). Then proceeding similar to the proof of Theorem
3.1, we have r(t)(z*(t))” is strictly decreasing on [t3, +o0), and there exists t5 € [t3, +co) such that:

Z2(t) > 0 or z(t) <0 for t € [ts5, +00).

We consider each of the following two cases separately.
Case 1. The proof is similar to that of Theorem 3.5, so it is omitted.
Case 2.

z(t) > 0, z(t) < 0 and (r()z>())* < Ofor t € [t5, +00)T. (3.42)

In this case, the proof is similar to that of Theorem 3.2, so it is omitted. This completes the proof.

Corollary 3.4. Let conditions (1.4) and (3.28) hold. Let all assumptions of Theorem 3.5 hold except condition (1.3).
If for all sufficiently large t4

limsup yrﬁ(v) f[a(s)a(a(s),s)m(s)]éAv < 400, (3.43)
t—+o0
ty ty
and
t
. 1 1. (1-
ll?lfgp fed(t)(t, o) (v) + (1 - 7—/) + > P %})]Av < 400, (3.44)

t3

then every non-oscillatory solution, satisfies
|x(t)] = O(1) or tlim x(t) = 0.
—+00

Theorem 3.7. Assume that conditions (1.4), (3.1), (3.43) and (3.29) hold for p > 1 and y = 1, also let 0 <
pi(t) + pa(t) < p. < 1. And if

t

limsupfh+(s)As < 400, (3.45)

t—+o00
ty

then every nonoscillatory solution x(t) of Eq. (1.1) satisfies

limsup,_,, . [x(t)] < +oo or lim;_, ;o x() = 0.

Proof. Let x(f) be a non-oscillatory solution of Eq. (1.1). Then proceeding similar to the proof of Theorem
3.1, we have r(t)z(t) is strictly decreasing on [t3, +c0)t, and there exists t5 € [t3, +c0)T such that:

Z2(t) > 0 or z(t) <0 for t € [ts5, +00).

We consider each of the following two cases separately.
Case 1.

z(t) > 0, z(t) > 0 and (r(t)z*())* < Ofor t € [t5, +00)r.

Proceeding similar to that of Theorem 3.5 with y = 1, then (3.37), can be written as:

t
22 < h_(t) + % fa(s)a(a(s), s)m(s)xP(s)As. (3.46)
ts
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Using Lemma 2.2, with X = [o(s)a(o(s), s)m(s)]%x(s), A =p,and Y =1, then we obtain

o(5)a(0(5), S)m(F(s) < (1= B) + Blo($)a(a(s), s)m(s)]F x(s),

substituting from the above inequality into (3.46), we get

(1-p)
ZMt) < h_(t) + 0 | (t) f [6(s)a(a(s), s)m(s)]7 x(s)As,
t
ﬁ) B
<h_ (t)+ 0 (t) f[a(s)a(a(s) s)m(s)]ﬁx(s)As

integrating the above inequality from 5 to ¢, we obtain

t

t t v
x(t) < z(t) < z(ts) + fh_(s)As +(1- ﬁ)f%As + f % f[o(s)a(o(s),s)m(s)];x(s)AsAv,
ts

t5 ts ts
from (3.29) and (3.45), we can take A4 an upper bound for

t

t
2ts) + f h_(s)As + (1 - ) f %As

t5
thus (3.48), can be written as:

t

z(t) < Ag + f%f[a(s)a(a(s),s)m(s)]flix(s)AsAv.
ts ts

Let u(t) equals the right hand side of the above inequality , thus

t
WA = % f [0()a(o(s), m(s)]} x(s)As, u(ts) = As,

hence u(t) is increasing and since x(t) < u(t), then we have

uey < b f o(&)a(o(s), sym(s)]F Asu(t).

Using Lemma 2.3, we get
x(t) < Ageq(t, ts),
taking limsup as t — +oc0 and using condition (3.43), we have

lim sup x(t) < +oco.

t—>+o00

Case 2.
z(t) > 0, z(t) < 0 and (r(t)z*())* < Ofor t € [t5, +00)7.

In this case, we have

2925

(3.47)

(3.48)

(3.49)
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limy 40 2(t) =1, 1 20.

Case 2.1

If I = 0, and since we have 0 < x(t) < z(t), then lim;_, o, x(t) = 0.

Case 2.I1

The proof is similar to that of Theorem 3.3, so it is omitted. This completes the proof.

Theorem 3.8. Let all assumptions of Theorem 3.7 hold, such that (3.36) and

t
litrn inf f h_(s)As = —o0, (3.50)
—+00
ty
hold, then every solution x(t) of Eq. (1.1) is oscillatory or lim_, e x(t) = 0.
Proof. Let x(f) be a non-oscillatory solution of Eq. (1.1). Then proceeding similar to the proof of Theorem
3.1, we have r(t)z(t) is strictly decreasing on [t3, +c0)T, and there exists t5 € [t3, +o0)T such that:

Z2(t) > 0 or z(t) <0 for t € [ts, +00).

We consider each of the following two cases separately.
Case 1.

z(t) > 0, z(t) > 0 and (r(t)z*())* < Ofor t € [t5, +00)T.

Proceeding similar to that of Theorem 3.7, till we reach (3.48), hence

t

t t [
x(t) Sz(t5)+fh_(s)As+(1—ﬁ)I%As+f%f[a(s)a(a(s),s)m(s)]éx(s)AsAv,

t5 ts

since all the assumptions of Theorem 3.7 hold, then we have the last two integrals of the above inequality
are bounded. Finally take liminf as t — +c0 and using (3.50), we get a contradiction with x(f) is positive.
Case 2.

z(t) > 0, z(t) < 0 and (r(t)z*(t))* < Ofor t € [t5, +00)T.
In this case, we have
lim; 00 z(f) =1, 1 > 0.

Case 2.1

If I = 0, and since we have 0 < x(f) < z(t), then lim;_, ;. x(¢) = 0.

Case 2.11

If I > 0. Then proceeding similar to that case in Theorem 3.3, till we reach (3.33)

t t v

B
x(t)SZ(t3)+kt %As+;f@f[o(s)a(v,s)m(s)Aﬁ(s)—q(s)ugslié)]A“(u)]AsAv,

then taking liminf as t — +co and using (3.36), we get a contradiction with x(t) is positive. If x(t) is an
eventually negative solution of Eq. (1.1), the proof is similar. So it is omitted. This completes the proof.
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4. Example.

In this section, we give an example of second order neutral integro-dynamic equation with maxima
which cannot be studied by the previous published results to illustrate our results.

Example 4.1. For t € [to, +o0)t with t3 = 2,t4 = 4, and taking T = R. Consider the following neutral integro
dynamic equation with maxima

t

[Pl + #x(m(t)) + %x(Zt)]A]A + f % £(s,x(s))As + £ max x%(s) = 0. (4.1)

se[t,t+1]
0

Here we taken = 1,&(t) =t + 1, 11(t) = t, m(t) < t,p1(H) = 2, p2(t) = §, 0 =1, =2,y = La(t,s) = 55, qu(f) =
t3 and m(t) = t, hence we have

7<1forallt>4.

0 < pr(t) + palt) = 2=

Taking R(t) = t and since my(t) = 2t, then

R(m2() _ 3
Q) =1 -pi(t) = p2() ——— RO =7>0.
Since r(t) = t3, then
1
A(M) fr(s) 53 = ﬁ (42)
By taking N(t) = 1, we obtain
p-1 |
0= ) [ et N @mens - Zq(t max Q')
3
— s s — caf® =
ftZ 35S ds — cat ug}?ﬁ]u
1 2
768t2 FETE *3)
also,
1 t
500 =" [, s)Nﬂl(s)mlﬂ(s)As—cgqut min Q'(),
ﬁﬂ— t4 uelt;(t),&(1)]

1 1 33t 1

T 7682 126 (t+1) 76882

(4.4)

Now, since we have

2
R(t) —RAp) = i <O0forallt >4,
r(t) ft ,gs)As
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then, condition (3.1) holds. Also as

hgfgp f (== g+(s As) Au] <112fgp f f 76852dsdu

1 . 1
< 768 hmsupfﬁ[T]éldu < 400,

t—>+00

hence, condition (3.2) holds, also

t v

1
limsu f—faos,sostAsszlimsu f —dsdu<+oo
t—>+oopt Vr(v)t ( () ) () () t—>+oop M3
4 4

then, condition (3.26) holds, besides to

+00

f [ f SE(o(5), IMEOAE) — ) max A*(AsAT,
ty

+00

f — f a(s)a(a(s), s)m(s)AP(s)As]Av,

+0o v
1 1
< fgf@dﬂi’(} < +00.

4 4

Also, we have

4

t u
. 1 1 . 1 )
lltli‘fé‘f f(@ g-(s)As)” Au, = l1tr_1>1+1nff$f 768 12—5 — 3cst ]dsdu,
ty ty
t
= liminff[l[ 1 + ! Ii + bdcs —C3]du — —0ast — 400,

f>+oo u3"768s  48s4 us
4

and

t

p "
liminff%lu)[Ia(s)a(a(s),s)m(s)Aﬁ(s)—;qi(s) max A%(u)As]Au,

t—+oo se[Ti(s),£i(5)]
ty

t v t v
= liminf f 1 f 1 —dsdv — lim inf f 1 f idsdv,
) v ) 4s7 f>+00 » ) 2
4 1 4 4
t t
lim inf ! [ ]”d li f L [s*]2d 00
im in e v 1m1n 1 s°Jydo .
4 1

So conditions (3.29), (3.35) and (3.36) hold. Now using Theorem 3.4, we obtain that every solution of Eq. (4.1) is
oscillatory or tends to zero.
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5. Conclusions.
The results of [8] and [2] can’t be applied to (4.1) as p2(t) # 0 # p1(t), q(t) # 0. But according to Theorem
3.4, we obtain that every solution of (4.1) is oscillatory or converges to zero as t — +oo.
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