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Abstract. In the recent years several researchers have studied problems concerning the difference of two
linear positive operators, but all the available literature on this topic is for operators having same basis
functions. In the present paper, we deal with the general quantitative estimate for the difference of operators
having different basis functions. In the end we provide some examples. The estimates for the differences of
two operators can be obtained also using classical result of Shisha and Mond. Using numerical examples
we will show that for particular cases our result improves the classical one.

1. Introduction

Recently Acu et al. [1] and Aral et al. [2] established some interesting results for the difference of
operators in order to generalize the problem posed by A. Lupas [12] on polynomial differences. Recently
Gupta in [8] and [9] established some results on the difference of operators having same basis functions.
Some of the results on this topic are compiled in the recent book by Gupta et al [10]. Let I € R be an interval
and C(I) = {f : I - R continous }, C(I) containing the polynomials and Cp(I) the space of all f € C(I) such
that

£l = sup {|f(x)] : x € I} < co.

Also, let F : C(I) = R be a positive linear functional such that F(ey) = 1. Denote
bf = F(ey), yf = F(e; — bfey)’,r € N.
An inequality for the functional F was establish in [1] as follows:

Lemma 1.1. [1] Let f € C(I) with f” € Cg(I). Then

F
F(H - F0°) < 2171
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Let

wi(f; ) == sup ol <hx,x+joel

2 k
Z(—l)k-f( ].)f(x )

=0

be the classical k" order modulus of smoothness given for a compact interval I and h € R;.
In order to obtain one of the main results we will mention the following lemma proved by Gonska and
Kovacheva in [4]:

1
Lemma 1.2. [4] If f € C7[0,1], then forall 0 <h < > there are functions v € C7+2[0, 1], such that
D 1@ — @] < Do ( £@
D) If9 =y < sz(fq;h),
i (7+1) 5 @.
i) WD) < Zor(F9; ),

3
iii) [N < Sz wa(FVh).
In [1], Acu and Rasa gave an inequality for the functional F in terms of second modulus of continuity.

Proposition 1.3. [1] Let f € C[0,1], A > 2 \Jub > 0. Then

it

E() = ) < San | £, [+ ),

2. Difference of operators

Let K be a set of non-negative integers and vy, U = 0, vyk, uyx € C(I), k € K, such that Z Upk =
keK
Z vy = eg. Consider the positive linear functionals Fx, G, x : C(I) — R such that F, x(eg) = Gi(eo) = 1

keK
and denote D(I) the set of all f € C(I) for which

Y tukFus(f) € Ch and Y 0,,Gui(f) € CD.

keK keK

Let U,, V, : D(I) = C(I) be two positive linear operators defined as

Ui(f5x) 1= ) k() ValF52) = ) 0up@Gui(f).

keK keK

Theorem 2.1. If f € D(I) with f”" € Cp(l), then
|(U = Vi)(f; )] < a@)Ilf” Il + 201 (f; 61(x)) + 2w01(f; 62(x)), ey

where

)= 3 T (s + nau),

keK

keK keK
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Proof. We can write

(Un = Vi) (£ < Y ke Fne(f) = 0as@) G

keK
< kZz @) Fui(f) = FB)] + kZz k@G (f) = F(BC)|
. ; U QLFOF5) = £(x)] + ; ;,k(x»f(b% ~ f)
<2 Y was @I+ 5 Y oS
kekK kekK
+;<‘ Uy 1 (%) (1 4 (bpgk%(;)xﬂ ] w1(f, 61(x)) +;<‘ O k(%) (1 + (bG(;;Tx)Z) w1 (f, 62(x))

= a@)|lf"l + 2w1(f; 01(x)) + 2w1(f; 62(x)).
[

Remark 2.2. If we use result of Shisha and Mond [19], we can write

(U = Viu)(f; 0l < [U(f; %) = fQOI+ Vil f5 %) = ()
< 2w1(f, vi(x) + 2w1(f, v2(x)),

where
V3 = Uy ((e1 = 0% %) = ) thnsl@)F e ((e1 = 0)%),
keK
V3 = Vi ((e1r = 0% %) = ) 0ui(6)Gk (2 = 2)%x)..
keK

Since Frzl,k(el) < Fyx(e2) and Gzrk(el) < Gui(e), it follows 6;(x) < vi(x),i=1,2.

n

Remark 2.3. If F2 (e1) = F,x(e3) and G (e1) = Gy(€3), then the relation (1) becomes

(U = Vi) (f; )| < 21 (f, v1(x)) + 2w1(f, va(x)),

where v1, v are defined in Remark 2.2.
Theorem 2.4. Let I =[0,1], f € C[0,1],0<h < %, x € [0,1]. Then

(U= VG < 3 (1 52 a0+ @10+ 020 (£

Proof. From relation (1) for v € C2[0, 1], we get
(U, = Vu)(v; )l < a@)lv”]l +2(01(x) + o2())IIV/]-
We can write

Uy = Via)(f5 )] < [Un(f5 %) = Un(v; ) + [Un(v; X) = Vi (v; ) + Vi (v; X) = Vi (f; 2)]
<20 =il + a@)Iv” Il + 2(61(x) + S2DIV'II-
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Using Lemma 1.2, there exists v € C?[0, 1] such that

3 5
llf =il < wth, ||v||<ha)1fh, ||v”||<2h2 o(f, h).

Therefore,

(U, = Vi)(v; )| < ng(f, h) + a(x)a)z (f,h) e (51(x) +02(x)) wa(f, h),

2h?

and the proof is complete.
O

3. Applications

3.1. Difference of two genuine-Durrmeyer type operators
Péltanea [17] and further Paltdnea and Gonska ([5, 6]) propossed a new class of Bernstein-Durrmeyer
type operators U}, : C[0,1] — [],, defined as

n

Un(f;x) = ) FL (Fpur(x)

k=0

= to=1(1 — f)(n=Rp=1
-1 (fo Bikp, (7 —Rp) D |Pui + FOL )" + f),
k=1 4

where p,i(x) = (})x*(1 — x)"*. These operators constitute a link between genuine Bernstein-Durrmeyer
operators U, (p = 1) and the classical Bernstein operators B,, (p — ).

Stancu [20] introduced a sequence of positive linear operators P;*> : C[0,1] — CI[0, 1], depending on a
parameter a > 0 as follows

P (f; )—Zf( )p;‘f ,x€[0,1], 2

where

[na

and x =x(x—a)--(x—n - la).

[k,—a] [n—k,—a]
<a> n\xF(1 - x)
pni()_( ) 1m-al

1
Note that for a = 0 are obtained Bernstein operators and for @ = - these operators reduce to the special
case introduced by L. Lupas and A. Lupas [13] as follows

n
n\ [k
P = Z ( )f (;) (nx)i(n = ). ©)
The moments of the operators (3) are given below
1 1 1 2x(1 -
P enm =1, P e =1, P (e =2+ 200,

In 2017, Neer and Agrawal [16] introduced a genuine-Durrmeyer type modification of the operators (3) as
follows:

3 (f;x) = ZFPkmp (), p>0, feCio] (4)
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Proposition 3.1. The following inequalities hold

i (- 0) o] < S0 20 (f o x))ﬂwl(ﬁ\/%]f”ecmf“f'
» ~ 1- 1 1-
m|@m—Lmyﬁxﬂ33w4ﬁ‘/ﬁp+?)+1m1+vz pr w%ﬁ,/ﬁp+?»feCwJ}

Proof. Denote
1 kp=1¢1 _ p)(n—k)p-1
tP=H (1 = e
j‘ ) f(Hdt, 1<k<n-1,
0

k
N _ B(kp, (n = k)p)
Fn,k(f) Gn,k(f) f(O), k — 0,
f@), k=n
We have
b = poms = K.
n
nk k 2 k(n - k)
Pi':!lz =FEy ( bF“’) = /

n2(np+1)’
a(x) = % (pnk(x)+-Pnk (x))#z
k=0

1 <i> _ <l
= —z(np n 1) {Bn(EL x) - Bn(EZI x) + Pn (61,X) Pn (52, x)}

_x(1-x) 12 x(1—x)
_Z(np+1){2 }S np+1’

n n+1l

where B, is the classical Bernstein operators. Also,

Y 2 x(1—-x
6%(x)=zp”fk(x)(bﬂ"k_x) = By(e2; x) — 2xBy(e1; x) + x% = (n );
2 G, 2 <is <ls 2_ZX(1—x)
o) = ZP Y00 (00 —x) = P () = 2P o) 4 =

Using Theorem 2.1 and Theorem 2.4 the proof is complete. [

Example 3.2. Let f(x) = Ji /X € [0, 1] and p = 2. From Proposition 3.1 we obtain the following estimate for the
differences of the operators Up and U,
(U5, = T)(f; )] < Ea(f), )

where
En(f) = 4(np+1)llf”ll (\1r \/‘f_)nfn,fedou

Using the result of Shisha and Mond (see Remark 2.2) and the central moments of the operators Ul and U, namely

(p+Dx(1-x) _ s o @np+n+1)x(l-x)
np+1 7 Un(ler = x)%52) = m+Dmp+1) '

Up((er — 0% %) =
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Estimate for the differences of U, f and U, f

n

Eq(f)

ESY(f)

10
10?
10°
10*
10°
10°
107
108

0.759975714300
0.242531830000
0.076503841440
0.024159641940
0.007636212520
0.002414394970
0.000763459548
0.000241423174

0.847835967200
0.279263643100
0.088687680300
0.028057503200
0.008872941165
0.002805882368
0.000887298292
0.000280588368

we get the next result
Uy = T (f0l < EF (),

where

ESM(f) =

\/_

[

2np+n+1]

Il f€C'o,1].

3028

Table 3.2 contains the errors for the differences of the operators UL, f and U, f. Note that for this particular case the
estimate (5) is better than the estimate given by Shisha and Mond’s result (6).

3.2. Difference of Durrmeyer operators and Lupas-Durrmeyer operators

The classical Durrmeyer operators were introduced by Durrmeyer [3] and, independently, by Lupas

[14] and are defined as

1
M) =0+ Y pua@) [ ) FOt, xe01)
k=0 0

The moments of the operator (7) are given by:

1-
M (eg;x) =1, My(e;;x) =x+ ——

The Durrmeyer type modification of the operator (3) was introduced by Gupta et al. [11] as follows

+2

M(Zr )_

nn —1)x2 + 4nx + 2

. - <is> !
D" (f;x) = (n+1) an,; j(; pux(B)f(B)dt, f € C[O,1].
k=0

The moments of the operators (8) are given below (see [11])

1 1
D;”>(60;x) =1, D;">(61;x) _

nx+1
n+2’

Proposition 3.3. The following inequalities hold

n2n + 1)(n Dx(1 -

1
D; ">(62} x) =

(n+2)(n+3)

m3x2 + 5n2x — n?x% + 3nx +2n + 2

x) +2(n + 1)?

i)

(M. - D37 ) (£ )‘

_ 12
+2a)1[f, \/”x(l (i):z()zzx 1)]

+ 20)1 [f, J

2(n + 1)(n + 3)(n + 2)?

1”1l

n+1D(n+2)(n+3)

2n2x(1 —x) + 2x = 1)*’(n + 1)

(n+22mn+1)

(7)
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n2n +1)(n — Dx(1 - x) + 2(n + 1)?
< 3w, [f / \/ 2n + 1)(n +3)(n + 2 ]

+ 20 [f, \/n(Zn + 1)1 = Dx(1 — x) +2(n + 1)2],f ol

if)

(Mn —D:’l’>)(f;x)

2(n +1)(n + 3)(n + 2)?

Proof. The Durrmeyer operators and the Lupas-Durrmeyer operators can be written as follows:

M(fi%) = Y pu@FEus(f), D37 (i) = Y it WGus(),
k=0 k=0

where
1
Ful) =GN =+ 1) [ pustifont
0
We have
k+1
Fn,k — Gn,k — .
b b n+2’

Fue _  Gu _ o k+ D —k+1)
b = = Fuler —b) = (n+22n+3) '

nk

1 - <l
@) =3 Y (e + P (0
k=0

= m {—nan(ez;x) + nan(el;x) - I’ZZP;%>(€2,‘X) + nZP:%>(el;x) +2(n+ 1)}
~ 1 2n%x(1 — x)

= TR T {anx(l —x) —nx(1 —x) - — 2(n + 1)}

_ n@n+1)(n - 1x(1 —x) +2(n + 1)

B 2(n + 1)(n + 3)(n + 2)2 ’

where B, is the classical Bernstein operators. Also,

n o mx(l-x) + Qx - 17

ey N <hs e 2mx(1—x) + Qx = 1P(n+ 1)
%% = kZ:o‘ o @) (b ) = 1+ 22+ 1) ‘

Using Theorem 2.1 and Theorem 2.4 the proof is complete. [

3029

Example 3.4. Let f(x) = sin(2nx), x € [0,1]. From Proposition 3.3 we obtain the following estimate for the

1
differences of the operators M,, and D,,"~

(M, — D )(f2)| < En(f),

where

- 2 2
Ef) = "G T s [v—n il ,/W]H 7l feco]

©)
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1
Estimate for the differences of M, and D;,"~

n

Ex(f)

ECY(f)

10

10?
10°
10*
10°
10°
107
108

5.11006052700
1.59818810900
0.48908880900
0.15266270140
0.04806670559
0.01517880741
0.00479783008
0.00151699380

5.12324449500
1.93302197800
0.62371818010
0.19764065390
0.06251225990
0.01976851709
0.00625136679
0.00197685616

3030

Using the result of Shisha and Mond (see Remark 2.2) and the central moments of the operators M,, and D;%>, namely

M,((e1 = 0)%x) =

2x(1-x)(n—-3)+2

we get the next result

(M, - D)) < ESM (),

where

(n+2)(n+3)

, DI (o1 - )% 0) =

x(1—x)(3n* —5n—6) +2(n + 1)

n+1)(n+2)(n+3)

(10)

Il fecC'o,1].

M) n+1 3n% +3n+2
Ex (f)‘z[ 2(n+2)(n+3)+\/4(n+1)(n+2)(n+3)

1
Table 3.4 contains the errors for the differences of the operators M, and D,,"”. Note that for this particular case the
estimate (9) is better than the estimates given by Shisha and Mond's result (10).

3.3. Baskakov operators and Szdsz operators
This section deals with the quantitative estimates for the differences of Szdsz operators and the Baskakov

operators.

The Baskakov operators are defined as

(e8]

Valf52) = ) 0 )Fui(),

k=0

where

vn,k(x) = (

Remark 3.5. We have

1" 1= Fugler = beg)” = 0

n+k-1 x k
e =1

k

k
Fn,k — = -
b Fp(er) o

Some of the moments of Baskakov operators are given below

(11)

*n+1)+x

Valeo,x) =1, Viu(er,x) =x, Vy(er, x) = -

~

Valler ~ 25 = ED.
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The Szédsz operators are defined as

Su(fix) = ) sukIGui(f),

k

=0
where ‘
suk(x) = e‘”x%, Gui(f) = f(k)

n
Remark 3.6. We have L
bGn,k = Gn,k(el) - E

™ = Guler = boeg)? = 0

Some of the moments of Szisz operators defined by (12) are given as:
Suleni®) = 1, Suler;x) = %, Sulezix) =5 + =

Su((er — x)%:x) = Z

3031

(12)

Using Remark 2.3 the following quantitative estimate for the difference of Baskakov operators and Szdsz

operators is obtained.

Proposition 3.7. Let f € Cg[0, 00) and x € [0, c0). Then for n € IN, we have

(Ve = Su)(f, )| < 201 (f, \/@] + 2an (f, \/g)

3.4. Baskakov and the integral modification of the Szdsz-Baskakov operators

The integral modification of the Szdsz-Baskakov type operators considered in [18] and later improved

by Gupta in [7] are defined as

o]

Mu(fx) = ) sukCOHui(f),

k=0

where s, x(x) = e"”‘% is the Szasz basis function defined in (12) and

Hou(f) = (n— 1) fo o) F(,

with v, k() the Baskakov basis functions defined by

oif) = n+k-1 #k
O W S T
Remark 3.8. We have
k+1

b = H, =—.
n,k(el) n—2

Also, we have

Hn,k

> = Hy(er — beeg)

2
k+1 k+1
= Hyi(e2, x) + (m) — 2H, k(e1, x) (m)

C(k+2)(k+ 1) (k+1)2_ KR +nk+n—1

T m-2)n-3) \n-2] " n-22mn-3)°

(13)
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Following proposition provides the estimate for the difference of Baskakov and integral modification of
Szész-Baskakov operators, which is application of Theorem 2.1:

Proposition 3.9. Let f(s) € Cp[0, ),5 € {0,1,2} and x € [0, o), then for n € IN, n > 3, we have

. x> +nx+n’x+n-1__, x(1+x) B2+ (d+n)x+1
(M, = Vi) (f; %)l < 201 =221 = 3) If71l + 2w (f \/T]+2w1[f, p— .

Proof. By Remark 3.5 and Remark 3.6, we have

[

1 (o]
a(@) = 5| ) onkt)g™ + an,k(x)yf”*}
k=0

k=0

+nk+n-1
2 an k(x) 2)2(7’1 3)

2inx+n2x+n—-1
2(11—2)2(11—3)

Further by using Remark 3.5, we get

80 = Y 0ux(0)(6 — 27

\Mg

Finally by Remark 3.6 and Remark 3.8, we get

00

83(6) = ) su(0)(b - )2
k=0

(o]

k+1 x)2_4x2+(4+n)x+1

Sux(®) (n —2 (n—2)

k=0

O

3.5. Lupas and Szdsz-Durrmeyer operators

Lupas [12] proposed the following operators

Ln(fr' .'X) = Z ln,k(x)Ln,k(f)r (14)
k=0
_ 27 ()
where [, x(x) = = and

Lux(f) = f(%)

Remark 3.10. We have

k
bl = Lyjler) = -

Hy™ = Luler — beg)? = 0
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Some of the moments of Lupas operators are given as:

2
LH(EO/ x) = ]-/ L?‘l(ellx) = x/ LH(EZ/ x) = xz + 7x

L((er - xPs0) = =

The Szdsz-Durrmeyer operators [15] are defined as

(o]

Du(f;%) = Y suk(00Qui(f),

k=0

where s, 1(x) is the Szdsz basis function defined in (12) and

Qui(f) = fo Sux (O (Bt

Remark 3.11. By simple computation, we have

(k+7)!
k'n"

Qn,k (e;) =

implying
b = Quuter) = ot

Next, we have

k+1
H3 = Quiler = Ve’ = —=

3033

(15)

Following result provides the estimate for the difference of Lupas and Szdsz-Durrmeyer operators,

which is application of Theorem 2.1:

Proposition 3.12. Let f' ©) € Cp[0, ), s € {0,1,2} and x € [0, o), then for n € N, we have

(Dn - L)(f0)] < 22

Proof. By Remark 3.10 and Remark 3.11, we have

1 [ee] (o)
a@) = 5| Y @™ + Y suuus™
k=0 k=0

1w k+1 nx+1
=3 2T = S

Further by using Remark 3.10, we get

53(x) = Z L) (0 = x)?

S ofE—of -2



V. Gupta, A. M. Acu / Filomat 33:10 (2019), 3023-3034 3034

Finally by Remark 3.6 and Lemma 3.11, we get

8 =) su@E% 2

k=0
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