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Abstract. Analytic summability of functions was introduced by the second author in 2016. He utilized
Bernoulli numbers and polynomials for a holomorphic function to construct analytic summability. The
analytic summand function f, (if exists) satisfies the difference functional equation f,(z) = f(z) + f,(z — 1).
Moreover, some upper bounds for f, and several inequalities between f and f, were presented by him. In
this paper, by using Alzer’s improved upper bound for Bernoulli numbers, we improve those upper bounds
and obtain some inequalities and new upper bounds. As some applications of the topic, we obtain several
upper bounds for Bernoulli polynomials, sums of powers of natural numbers, (e.g., 1" + 2V + 3" + ... + 17 <

2p!

—+1 (¢ — 1)) and several inequalities for exponential, hyperbolic and trigonometric functions.

1. Introduction and Preliminaries

Published by Faculty of Sciences and Mathematics,

Available at: http://www.pmf.ni.ac.rs/filomat

The Bohr-Mollerup theorem states that the only logarithmic convex solution of the functional equation

fix+1) =xf(x), x>0

is of the form

. nln*
f(x):nh—rgo (x+n)(x+n-1)---(x+1x

(for x>0)

(see [3]). Taking logarithm of this formula (2) leads us to

log f(x) +logx = lim | xlog(n) + Z logk —log(k +x)|.
k=1
This is of course in a close relation with the difference functional equation

F(x+1) - F(x) = G(x),

for the special case G(x) = x.
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Inspired by this, Hooshmand introduced the concept of limit summability in [4]. A real or complex
function f is called limit summable provided that the functional sequence

Fou) = xfm) + Y (FK) = ik + ), (5)
k=1

is convergent. Later in [5], he noticed that some important elementary functions, such as polynomials
of degree> 1 and trigonometric functions, are not limit summable. To deal with this inadequacy he
introduced the concept of analytic summability in the preceding mentioned paper. In this regard the
Bernoulli polynomials and numbers play a crucial role.

Given a complex number z the Bernoulli polynomials By(z), B1(z), - - - are generated by the equation

zt k)

te Z B, (2)
= t, |t < 2m.

et—1 n!

n=0

The sequences B,, := B,(0), b, := B,(1) are called first and second Bernoulli numbers respectively (see [2],
Chapter 12). The following notation of [5] are used for the definition of the analytic summability

Byt (Z + 1) = by
n+1

o(z") = , zeCn=0 (6)

Notice that if r € IN then we have

o)y =1"+2"+3"+ ...+ 7"

Also, putting
_ _[n +1 bn+1—k _ n!
ﬁ"k_ﬁ”’k'_( k )n+1 _k!(n+1_k)1b"+1—k )
we have
n+1
k=1

forall n>0,1<k<mn+1 (see [5]). Recall from [5] the concepts of analytic summability and related
definitions as follows.

Definition 1.1. A complex or real analytic function defined on an open domain D of the form f(z) = Y,;,2o ca2" is
called analytic summable (resp. absolutely analytic summable) at z if the functional series

(e8]

fral@) = fo(z0) = ) cu0(zf)

n=0

is convergent (resp. absolutely convergent). We call f analytic summable on E C D if it is analytic summable at
every point of E. The function f,, = f; (with the largest possible domain) is called analytic summand function of f.
If f is analytic summable on the whole C, then we call f entire analytic summable.

Notice that if f is analytic summable on D, then it satisfies the functional difference equation

fo@)=f@) + fo(z—-1), ze DN(D +1). )

In [5] there are given several criteria for analytic summability of holomorphic functions, in particular the
upper bounds (10) for analytic summand functions are estimated.
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Theorem 1.2. Let f(z) = Y.;2 cuz" be an analytic function defined on an open domain D. If ;" Zc,, is absolutely

convergent (e. g lim supn_m Vnlle,| < @ ), then f is absolutely analytic summable on D. Moreover, by putting
Absi/(f) := Yoo - e | Abs(f(z)) := Yo lcallzl", We have the following upper bounds for f,.,

Ifs(2)| < % ((g — 1) Abs(f(z)) + (€™ — 1) Absy/( f)) (10)
< 2@ = 1) Absye(f)
for every z € D.

Proof. The proof exists in [5] Theorem 4.1. Here we only prove the inequality. To achieve (10) we define the functional
sequence {g,} by

1n'

Gu(t) = (— - —)t” £>0.

T
Since g,(0) = 0, for all n, and

! 11
g;(t):%em+(;—§)n~t”_120, t>0, neN

by putting t = |z| one can conclude that Y, |c4|.gx(1z]) = 0 and consequently

2@ = 1)Absya(f) (5 = DABS(FE) + € - DAbs, ()

= Y leul - gallzl) > 0.

n=0

O

Hooshmand used the following bound of the Bernoulli numbers from [6, p.575] in the proof of the preceding
theorem

2n! 1
|Bn|=|bn|<W'm, n=273,4,5,--- (11)

and by using (11) the following upper bound for g, is obtained (see [5]):

!
1Bkl < k' ———; 1<k<n+1 (12)

In this paper, we use Alzer’s improvement (13) of (11) to improve the upper bounds of the analytic summand
functions (see [1])

2(2n)! 1
|Banl < op 1T "2 1, (13)
where
log(1 - %)
2 w7 =0.6491--- .
log?2

Also,we obtain some inequalities for many special functions by using the results.
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2. Derived inequalities from new upper bounds

The upper bounds (12) yields the following upper bounds for o(z") (for more details see [5]):

n+1

=2 n! 7t|z|)k
T Z( k!) < nm e ), (14)
k=1

Now by using (13) and a proof similar to that of (14), we achieve the following improved upper bounds for
Buk and o(z"):

n! 2(n —k+1)! 1
|ﬁnk| < ! . . . —
(n—k+1)!  @Qu)—k1 1 —2p-(n—k+1)
_n! 1
- Jln—k+1 ’ 1 — 2B—(n—k+1)
n! 1
Sk!n”_k‘*l.Z—Zﬁ_l ’ 1<k<n-1
this leads us to
: ifk=n
Bl <4 O ifn+l—-kisoddand k <n (15)
M#—E—l—k ifn+1—-kisevenandk <n+1
where
1 1 7-(2
= = =—=0.822---.
T 5 _ oltlogy(1-%) 12
Also, we have
| |"+1 |z|" v .
o < ==+ 5+ Z Bz
n— klsodd
_ |z|" + lfql:} + Z,f,ll IBuom-1llz*"1; nis even 6
% + |Z|+1 + 2 2 B omllzP™ ;nis odd

We now are in a position to the previous relations in order to improve the upper bounds of the analytic
summand functions. Moreover, several inequalities will be derived. Following Hooshmand’s notation in
[5], we use the next notation:

. ~ (&) 1’[! . ~ (&) 1/[_'
Abs(f)= ) el Absi(= ) el

n=0 n=0
nis even n is odd

F(z) = Z nc-: 1 z"™!  (the primitive function of f).
n=0

Theorem 2.1. Let f(z) = Y., cnz" be an analytic function defined on an open domain D. If Y.
convergent (e.g. limsup, . Vn'lc,| < ), then f is analytic summable on D and

=0 o L ¢, is absolutely

If5(2)| < %Abs(f(z)) + (1 - p) Abs(F(z)) + % sinh(nlzl)Absf/n(f) (17)

+ %(cosh(nlzl) —1) Abs!,, (), z € D.
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Proof. Putting fs\(2) = fon, = YN o c.0(z"), and using the inequalities (15), (16) and splitting the sigma into
two summations (for even and odd terms), we obtain

N
fon @1 Y lealloz")
n=0

N 5 N 1 n 1
|Z|n |Z|n+1 |Z|” |n+
Z leal| 5 + g +Z|ﬁn2m 2+ Y el +Z|ﬁn2m||z| "

n=0
nis odd

5
73
2o
IS
3

Hos

jal | B E Z g1
12 n+1 F(Zm 1)' n=2m+2

n=0
niseven
N 1 5
B I | = S Ay L E—CT
o 2 n+1 £t ™ (2m) -2l
nis odd
1Y N 3+l N ICI
2m—1 n 1
32T W TR R
=0 1
" nlS el’lm 1’115 eIl
n+1 N
2m n+1
Zym( 2"+ (1~ p) Z 2
2m )l = —2m+1
0 1
nlzoddm nls d

< %AbsN( F(2) + (1 - 1) Absn(F(2)) + %sinh(nlzl) Abs{,,(f) + %(cosh(nlzl) ~1) Abs!)..(f)
Since f5,(z) = f5(z) (by Theorem 1.2), by letting N — co we get (17). [

Corollary 2.2. Under the conditions of the preceding theorem, we have

Ifs(2)| < %Abs(f(z)) + (1 - p) Abs(F(z)) + £ sinh(nlzl)Abs‘f/n(f) + %(cosh(nlzl) —1) Abs), (f) (18)

—_

= Abs(f(z)) + (1 — ) Abs(F(z)) + = s1nh(n|z|)Abs,/n( )

— N

<= ((E — 1) Abs(f(z)) + (€™ — 1) Absy/( f))

N3

< ;(enlzl — 1) Absy/(f)

Proof. The last inequality of (18) is proved in Theorem 1.2, and the first and second inequalities of (18) are
obtained from (17) together with the fact cosh(n|z]) — 1 < sinh(rt|z[). What remains is to prove the third
inequality. To do this, define the functional sequence {h,} by

_1+‘usir1h(nt)‘n_!_ﬂ+y—lth’ 50

h(t) =

T nm n n+1

Since h,(0) = 0, for all n, and

n

|
H,(t) = (€™ + p cosh(rh)) - ;‘— — 2P -1

:_( e n_nn_ nn%

=l [.l_l’l' n
o Tt T oyt ) e cosh(mh) +utt 20,
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for all n and t > 0, then we conclude that h,(t) > 0. By putting t = |z| we have Y, |cu|h,(|z]) = 0 and so

% ((g ~ 1) Abs(f(2)) + (€™ — 1) Absyn( f)) -

5 Abs(f(2)) + (1 - ) Abs(F(z)) + £ sinh(rlz) Abs, ()

=Y leulh(lzl) > 0,
n=0
this completes the proof. [

The following corollary presents an interesting inequality for the summation f(1) + f(2) +--- + f(r) when f
is an analytic function with conditions told before and r is a positive integer.

Corollary 2.3. Let the assumptions in Theorem 2.1 hold. If v is a positive integer in D, then we have the following
inequalities for the partial summation of the sequence {fi == f(k)};_,.

Y £

< %Abs( F() + (1 — 1) Abs(E(r)) + %sinh(nr) Abs{,,(f) + %(cosh(m’) “1)Abs) () (19)
k=1

< %Abs( £(r) + (1 — ) Abs(F(r)) + %sinh(m’) Absy/(f)
< %{(g — 1) Abs(f(r)) + (€™ — 1) Absy/(f)}
< %(e’” - 1) AbS[/T,(f).

Proof. By using the difference functional equation (9) for z = r and the point that when r € D sois 7 — 1, one
can conclude

fo) = fQ)+ f2)+---+ f(r).

Now Corollary 2.2 completes the proof. [

Example 2.4. According to [5] the natural exponential function exp(z) = e is entire analytic summable and

exp,(z) = ¢ 1(ez -1), zeC.

e —

By using (18) for the natural exponential function we have

|L(e2—1)|<1e‘Z‘+(1—y)(eIZ'—1)+ " sinh(rt|2]) + —— (cosh( [2]) = 1)
e—1 =3 1 1

2 — n? —

1
< L0 VA= :
< 26 + (1 =) -1)+ — sinh(m |z[)
-2
< Wl Ll
= e+ _1(e 1)
2
< 7|z| 1
-1 (e )

which is stronger than the inequality obtained in Example 2.1 in [5].
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3. Applications

In this section, we present several applications of the results of the preceding section. The main results
are as follow: (1) finding upper bounds for Bernoulli polynomials, (2) obtaining upper bounds for sums of
powers of natural numbers , (3) offering some inequalities for hyperbolic, trigonometric and the exponential
functions.

Example 3.1. Considering (6) we have:
IBu(2)| < nlo(z = 1" + [bal.
Now by using (16) we conclude that

11 1 n—1)! —
n('z S L mm”z‘l'm 1)+|b"|’
B0 < T 1| . nis odd
Z—1|" 7— n—
n(EE 4 I T e 1) 4
n is even

where the constant u is as in section 2.

Example 3.2. Suppose p is an arbitrary positive integer and put f(z) = z¥. Since f is entire analytic summable, then
by using Corollary 18 and 2.3 one can obtain the following upper bounds for “r sums of powers of natural numbers”
as two cases:

p is even:
1 rp+1 HPI
P4oP 43P P < 4P —
1P+2P+3F + ..+ szr +(1 M)P+1 e sinh(ntr)
Pt
_(___),,+ LSE =)
ZP' o
< erl( -1).
p is odd:
1 rp+1 upl
P4op 43P P < g
P+2P+3P + .. +7 szr +(1- y)p+1+ erl(cosh(T(r) 1)
1 1 p!
oIy e -
S(Z n)r +71P+1(e 1)
2p!
< p+1( 1)

Hence, for every positive integer r, we have

|
P +2P+3 +.. 4+ < 27 e -1).
p+1

Example 3.3. Since (sin),(z) = %ﬂs%ﬂm (see [5]), then

sin(z) +251_“;1C)O; (ii)n G+l %sinh(|z|) + (1 - w)(cosh(zl) — 1) + nz“_ —(cosh(re[z) ~ 1)
< %sinh(|z|) + (1 - u)(cosh(lzl) — 1) + nz‘l_ (sinh(rt )
1 1. S
< > sinh(|z|) + 7 (e 1)

— (€™ - 1).
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In particular, if z = r € N then

e -1
nz—1

|sin(1) + sin(2) + - - - + sin(r)| < % - % sinh(r) +

2
< . 1(6’" -1).

3230

Remark 3.4. In [5] Hooshmand showed that the complex function a* is analytic summable for |Ina| < 7 and then

a
a—1

oa(a®) = @ -1), |Inal<mn,zeC.

Hence, for e™* = ()7, we have

oale™) = ——( ~ 1)

1-e
and so
o L 12 e = 1) + T sinh(r ) + —E— (cosh(rt|2l) — 1)
l—-e |2 nz—1 nz—1
2
< nilz| _ .
S 1(e 1)

Also, we have

4+ 1—(eZ+e)
2(1 —e)

oa(cosh(z)) = %oﬂ(ez) + %Gﬂ(eiz) =
B €Z+1 —eZ N 1
T 21-e) 2

and we arrive at the inequalities

ez 1| 1 ' _
20=e) + > < 3 cosh(|z]) + (1 — p) sinh(|z]) + ] sinh(7t|z])
< (3 - 2)cosh(l) + (- 1)
< %(6”"" -1).
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