Filomat 33:10 (2019), 2951-2961
https://doi.org/10.2298/FIL1910951T

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Exponential Inequalities Under Sub-Linear Expectations with
Applications to Strong Law of Large Numbers

Xufei Tang*?, Xuejun Wang®, Yi Wu?

?School of Mathematics and Statistics, Chaohu University, Hefei, 238000, PR. China
bSchool of Mathematical Sciences, Anhui University, Hefei 230601, P.R. China

Abstract. In this paper, we give some exponential inequalities for extended independent random variables
under sub-linear expectations. As an application, we obtain the strong convergence rate O(n~/2In"/? ) for
the strong law of large numbers under sub-linear expectations, which generalizes some corresponding ones
under the classical linear expectations.

1. Introduction

The classical exponential inequalities and strong law of large numbers are based on the linearity of ex-
pectations and probability measures. However, such an additivity assumption is not feasible in many areas
of applications because many uncertain phenomena cannot be well modelled by using additive probabili-
ties or additive expectations. More specifically, motivated by some problems in mathematical economics,
statistics, quantum mechanics and finance, a number of papers have used non-additive probabilities (called
capacities) and nonlinear expectations (for example Choquet integral/expectation, g-expectation) to de-
scribe and interpret the phenomena which are generally nonadditive (see Chen [1], Peng [2]). Peng [3]-[5]
introduced the general framework of the sub-linear expectation in a general function space by relaxing
the linear property of the classical expectation to the sub-additivity and positive homogeneity. Under this
framework, many limit theorems have been established recently, including the central limit theorem and
weak law of large numbers (cf. Peng [4] and [6]), the small derivation and Chung’s law of the iterated
logarithm (cf. Zhang [7]), the exponential inequalities and the laws of the iterated algorithm (cf. Zhang [8]),
the moment inequalities for the maximum partial sums (cf. Zhang [9]). In addition, Chen [10] investigated
kinds of strong laws of large numbers for capacities, Zhang [11] obtained the moment inequalities and the
Kolmogorov type exponential inequalities, Wu and Chen [12] researched the invariance principles for the
law of the iterated logarithm, Wu and Jiang [13] established the strong law of large numbers and Chover’s
law of the iterated logarithm under sub-linear expectations, Wu et al. [14] investigated the approximations
of inverse moments for double-indexed weighted sums of random variables and obtained the convergence
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rate of approximations under sub-linear expectations, and so on. In this work, we will further study the
probability limit properties for partial sums of random variables under the sub-linear expectations, espe-
cially the exponential inequalities for unbounded random variables and applications to the convergence
rate of the strong law of large numbers.

Now we use the notations of Peng [4]. Let (Q2, ) be a given measurable space and let H be a linear space
of real functions defined on (Q, ) such thatif Xy, ..., X;, € H then p(Xj, ..., X,,) € H foreach ¢ € C;1;,(R,),
where C;1;,(IR") denotes the linear space of (local Lipschitz) functions satisfying

lp(x) — @)l < CA + X" + yl™)lx — yl, Vx, y € R",

for some C > 0 and m € IN depending on ¢. H is considered as a space of random variables. In this case
we denote X € H.
Definition 1.1. A sub-linear expectation |E on H is a function B : H — R := [—c0, co] satisfying the following
properties: for all X, Y € H, we have

(a) Monotonicity: If X > 'Y, then E[X] > E[Y];

(b) Constant preserving: E[c] = ¢, where c is a constant;

(c) Sub-additivity: B[X + Y] < B[X] + E[Y], whenever E[X] + E[Y] is not of the form +oco — co or —c0 + co;

(d) Positive homogeneity: E[AX] = AB[X], A > 0.

The triple (Q, H, E) is called a sub-linear expectation space. Given a sub-linear expectation T, let us
denote the conjugate expectation ¢ of IE by

E[X] = -E[-X], VX € H.

Obviously, for all X € H, E[X] < E[X]. We also call E[X] and &[X] the upper expectation and lower
expectation of X, respectively.

The concepts of independence and identical distribution were introduced by Peng [4] and [5] as follows.
Definition 1.2. (i) (Identical distribution) Let X; and X be two n-dimensional random vectors defined respectively
in sub-linear expectation spaces (Q, Hi, Ey) and (Qo, Ho, By). They are called identically distributed, denoted by

X, £ X, if ) A
Ei[p(X1)] = Ex[p(X2)], Yo € Cirip(Ry),

whenever the sub-expectations are finite.

(ii) (Independence) In a sub-linear expectation space (Q, H, ]E), a random vector Y = (Yq,...,Yy), Yi € H
is said to be independent to another random vector X = (Xq,...,Xm), Xi € H under E if for each test function
¢ € Cirip(R™ X R"), we have

IE[(P(Xr Y)] = ]E[]E[@(xr Y)]'JC:X]r

whenever @(x) = ]E[l(p(x, Y)|] < oo for all x and ]E[I(p(X)|] < o0,

(iii) (Independent random variables) A sequence {X,,, n > 1} of random variables is said to be independent, if
Xiy1 is independent to (Xq, ..., X;) for each i > 1.

Zhang [11] introduced the following concept of extended independence under sub-linear expectations.
Definition 1.3. A sequence {X,,, n > 1} of random variables is said to be extended independent, if

ﬁ Pi(Xi)
i1

Anarray (X, 1 <i<n, n = 1} is said to be rowwise extended independent, if for any fixedn > 1, {X,;, 1 <i < n}
are extended independent random variables.

It can be showed that the independence implies the extended independence. Itis obvious that, if {X,,, n >
1} is a sequence of independent (extended independent) random variables and f(x), f2(x),... € Cj1;p(R),
then {f,(X,), n > 1} is also a sequence of independent (extended independent) random variables.

LetG c F. A function V : G — [0, 1] is called a capacity if

= [[Eloixal, ¥ n =2, v0< i) € Cuyp(R).

i=1

E

V($) =0, V(Q) = 1and V(A) < V(B), YACBandA, B€G.
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It is called to be sub-additive if V(A|UB) < V(A)+ V(B), VA, BeGand A|JB € G.

Let (Q, H,TE) be a sub-linear space. It is natural to define the capacity of a set A to be the sub-linear
expectation of the indicator function I, of A. However, I, may be not in H. So, we denote a pair (V, V) of
capacities by

V(A) = inf{E[£] : I4 < &, & € H}, V(A) := V(A),YA € F,

where A° is the complement set of A. Then
E[f]1 < V(A) < Elgl, E[f1<E[A1<é&lgl, if f<Ia<y, f, geH.

Also, we define the Choquet integrals/expecations (Cy, C) by

00 0
CyIX] = fo V(X > B)dt + f [V(X > £) - 1]d¢

with V being replaced by V and V, respectively.

In this work, we will establish some exponential inequalities for identically distributed extended in-
dependent random variables under the sub-linear expectations. In addition, by using these exponential
inequalities, we will further investigate the strong law of large numbers under sub-linear expectations
with the strong convergence rate O(n~/2In"?* ). The results obtained in the paper will generalize some
corresponding ones under the classical linear expectations.

Throughout the paper, let C represent a positive constant which may vary in different places. Denote
logx = Inmax(x,e), S, = Y11 Xk, Bn = Yy IE[X}%] and M,, = Yi BIXiPl, Mup+ = Yig ]‘AE[(X;)”].
a, = O(by,) stands for a, < Cb,, where {a,,n > 1} and {b,,n > 1} are two sequences of positive constants.

2. Main results and their proofs

Let {X,;, n > 1} be a sequence of random variables and {c,, n > 1} be a sequence of positive numbers such
that lim ¢, = oo. For fixed n > 1, denote for 1 < i < n that
n—oo

X,'/n = —CnI(Xi < —Cn) + Xl'l(—Cn < X,‘ < Cn) + CnI(Xi > Cn),
Yin = (Xi = co)I(Xi > cy), Zi,n = (Xi + en)l(Xi < —cy). (2.1)

It is easy to check that X;, + Yi, + Zi, = X; for 1 <i <n, n > 1 and X;, are bounded by c, for each fixed
n > 1. If {X,,n > 1} are extended independent random variables, then {X;,,1 < i < n}, {Yi,,1 <i < nj
and {Z;,,1 < i < n} are all extended independent random variables for each fixed n > 1 under sub-linear
expectations.

Before we state the main results of the paper, we first list some important lemmas, which will be used
to prove the main results of the paper
Lemma 2.1.(Borel-Cantelli lemma, cf. Zhang [9]) Let {A,,, n > 1} be a sequence of events in F. Suppose that V is
a countably sub-additive capacity. If ¥, V(A,) < oo, then

V(Anio.) =0, where {A,i.0.} ﬁ O

n=11i

Lemma 2.2. Let Xy, Xp, -+, X, be extended independent random variables in (Q, H, ) with E[X;] < 0 for all
i=1,2,---,n

(a) Forall x,y > 0,
x? 2 xy

W(San)SW(I?axXka)+exp{— B
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(b) For any p > 2, there exists a constant C, > 1 such that forallx > 0and 0 <6 <1,

V(s >x)<c5—2PM”"”’++ex S (2.3)
n=t =ty X PAT2B, 70" '

(c) We have for x > 0, r > 0 and p > 2 that

X rB
+ > < + >z r n .
W(S"_x)_w(r?fnxxk - r)+e (an+x2)' @4)
Cv[(51] < pCu|(max X{ | + CoB”. 25)

In particular,

V(S,>x)<(1+ e)%. (2.6)

Proof. It is obvious that, if {X,,, n > 1} is a sequence of extended independent random variables, then they
are extended negatively dependent with K = 1. Similar to the proof of Theorem 3.1 in Zhang [11], we can
obtain Lemma 2.2 immediately. O

Lemma 2.3. Let {X,,, n > 1} be a sequence of extended independent random variables in (Q, H JE) with E[X:] <0
foreach i > 1. If there exists a sequence of positive numbers {c,,n > 1} such that |X;| < c; for each i > 1, then for any
t>0andn>1,

n

i’ZX,‘

i=1

IE|exp

< exp {g Z etc’]‘E[X?]} : 2.7)

i=1

Proof. It is easy to check that ¢* < 1+ x + 3x2e" for all x € R. Thus, by E[X;] < 0 and |X;| < ¢; for eachi > 1,
we have that for any ¢ > 0,

E[e™] < 1+68[X]+ %tsz [x2e™ ] <1+ %tzlﬁ [x2ei]

A

1 . 1 .
< 1+§tze”’]E[Xi2]Sexp{ztzetc"]E[Xiz]}. (2.8)

By the definition of extended independent random variables and (2.8), we can see that

= H i3 [efxf] < exp {; Z effflfz[xf]} . (2.9)
i=1

n n
i=1

tZXI'

i=1

I [exp

This completes the proof of the lemma. O

Noting that B[X? ] < E[X?] for 1 <i < nand n > 1, we can therefore get the following corollary for
Xin,1<i<nn>1}.
Corollary 2.1. Let {X,,, n > 1} be a sequence of extended independent random variables in (Q, H, ]‘E) and {Xi,, 1 <
i <n,n > 1} be defined by (2.1). Then for anyt > 0and n > 1,

on: (Xi,n - IAE[K‘,n])]

i=1

N

IE [exp

<exp {2t262tc’“ Z JE[X?]} . (2.10)

i=1
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Proof It is easily seen that {X;, — IE[X,;,,], 1 <i<n,n > 1}are still extended independent random variables
with E [Xi,n - ]IAE[XI',”]] =0and |X;, —]E[Xi,n]l < 2¢, foreach1 <i<mnandn > 1. By Lemma 2.3, C,-inequality
and Jensen’s inequality, we have

E|exp ti(xi,n—]fi[xi,n]) < exp{g 5y [ ,n—]fz[xi,n])z]}
L =
< p{g ) E2(x §n+1[5:2[xi,,1])]}
< exp {th e F[X?,n]}
< exp {the”c" n JE[X?]}, @1y

=1

which yields the desired result (2.10). O

Now, we present the main results of the paper. The first one is the exponential inequality for {X;,,1 <
i<n,n>1}.
Theorem 2.1. Let {X,,, n > 1} be a sequence of extended independent random variables in (Q3, H, ]E) and {Xin, 1 <
i < n,n > 1} be defined by (2.1). Denote B2 = 2B,
nx1,

nooe
i=1

A\
i=1 i=1

{Z (Xin — BIX;0]) > s} U {Z (Xin — &1X]) < —e}]

2
< 2exp {_8332 } . (2.12)

Proof By Markov’s inequality and Corollary 2.1, we have that for any ¢ > 0,

n

Z (Xi'” - IE[Xi,n]) > 8] < e—té‘]E

< exp {—t& + 2t232tc”Bfl}.

n

tZ (Xi,n - IE:[in])]

i=1

exp

Taking t = and noting that 2fc, < 1, we can obtain

4327

n

Z (Xi,n - ]E[Xi,n]) > e] <exp {—%}. (2.13)

i=1

Vv

Since {-X;,,1 < i < n,n > 1} is still a sequence of extended independent random variables, we have by
(2.13) that

W[Zn" (Xin — E[Xin]) < —e]

i=1

V[Zn“ (~Xin — B[-X;]) > g]

i=1

&2
exp {_8632 } . (2.14)
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Combining (2.13) and (2.14), we can get that

W[{Z‘ (Xin — BIX;]) 2 e} U { (Xin — E[Xin]) < —e}]

Z”] (X — BIX;1) 2 eJ + v[ n (Xin = E1Xi]) < —e]

i=1 i

i=1
2 e 215
exp {_SEB%}‘ (2.15)

This completes the proof of the theorem. O
For identically distributed extended independent random variables {X,, n > 1}, we can get the following
corollary by Theorem 2.1.

Corollary 2.2. Let {X,,,n > 1} be a sequence of identically distributed extended independent random variables in
Q,H,E)and {X;,,1 <i<n,n>1}bedefined by (2.1). Then for any ¢ > 0 such that ¢ < 2EIX]) andn >1,
( : Y y c

n

\% ({Z (Xi — EIX;]) > ne} g {Z (Xi = EX]) < —ns}] <2exp {_Seg;] } .
1

i=1 i=1

=

i=1

IN

\%

IN

Proof By Theorem 2.1 ,we have

W[{ZH" (Xin — BIX;]) 2 ns} U { in (X3 — E[Xin]) < —ns}]

i=1

n2e? ne?
< 2 eXp - W—AZ =2 exp - = > .
8e Y, BIX] 8eli[ X2

The proof is completed. O

For arrays {Y;,,1 < i < nn > 1} and {Z;,,1 < i < n,n > 1}, we have the following exponential
inequalities.
Theorem 2.2. Let {X,,n > 1} be a sequence of identically distributed extended independent random variables in
(Q, H, E) with 611330 E[(X1]2 = ¢)*] = 0. Let Yin,1<i<nn>1}and {Z;,,1 <i < n,n > 1} be defined by (2.1).

Assume that there exists a 6 > 0 satsifying sup E[e™1] < M, < oo, where My is a positive constant depending only
It|<o

on 6. Then for any € > 0, T € (0,6], and all n large enough,

\ [{Z (Yin + E[-Yi]) > ne} U {Z (Yin = BLY;u]) < —ne}]

i-1 i=1
32(1 + e)(tc? + 1)M;

< o (2.16)
and
\% [{Z (Zin + BI-Zin]) 2 ne} U { (Zin - BIZin]) < —ne}]
i=1 i=1
< 32(1 +e)(tc? + 1)M5. 2.17)

nte2ete
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Proof We first prove (2.16). Note that

IA

i=1

\% Z (Yin + BI-Y;]) 2 ne]

n

|+ (Yi,n — B[Vl + BIY;0] + BI-Yi0) > e]

V—Z o — BIY; ] >g——Z (B[] + B[-Y. ])]

By (2.1) and lim E[(|X] - ¢)*] = 0, we have
c—00

INIA

L X (BYial - B-Y,0)

LY (BICK = ea)I(X; > 6] + BI=(X; — c)I(X; > )])

i=1
2E[1X7 — call(Xq > ¢u)] = 2E[(X1 = ¢)*]
2E[(IX1] = )] = 0, asn — co.

It follows from (2.18) and (2.19) that for all n large enough,

W(

Zn: (Yin + BI-Y;]) 2 ne]

i=1

IN

&
A\ _Z in i,n ZE
n

= V| Y (Yiu- By 2 2|

i=1

2957

(2.18)

(2.19)

By Markov’s inequality, (2.6), C,-inequality and Jensen’s inequality, we can get that for all n large enough,

and

|

\%

1

Zn: (Yi,n + ]E[_Yi,n]) > né‘] i (Yl-,n - F[Y; ]) > %

i=1

—1

IA
<

i=1

% Zn: B [(Yi,n - ]E[Yi,n])z]

IN

IN

IN

16(1 +e)z,.:1 JE[Y;.{n] _1e(1 +e)E[Y] ]

n2e? ne?

n

(Yin — BLYia]) < —ne] Yin = B[Yin]) 2 ne

Il
<
—
|
i =
—~

IN

V[ y (_Yi,n - ]E[_Yi,n]) > %J

n

4(1+¢) Z B [2 (Yiz,n + IEZ[Yi,n])]
i=1

n2¢2

IA

16(1 + o) E[Y] ]

ne?

IA
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Therefore, it remains only to estimate le[Yin]. For arbitrary random variable X, it can be verified that, if
lim E[(IX]? = ¢)*] = 0, then lim E[(]X| — ¢)*] = 0, and thus, E[|X|] < Cy[|X]]. One can refer to Lemma 3.9 of
zlo;ng [9], or Zhang [11] fo;_iﬁ)stance. Noting that

0 < Jim E[{(1 - 6210 > 6) - | < lim BI0X:P - 0*] =0,

we have E[(X; — ¢,)2I(Xq1 > ¢x)] < Cy[(X1 — ¢»)2I(X1 > c,)]. Hence
B[Y,] < Cv[(Xi—cI(X: > )]

IA

f ) V(X1 = ¢,)*I(X1 > c) = Hdt
0

IA

f V(X3 (Xq > cy) > tydt
0

2 )
f V(X2 > 2)dt + f V(X2 > tydt
0 c2

E[e™Xi] . E[e7™]

- eten et
(tc2 + 1)E[e™X]
- et )

Noting that sup [E[e™1] < M, < 0o, we have that for all 1 large enough,

|7]<o

A\ [{Z (Yin + BI-Y;0]) 2 ne} U {Z (Yin - BYia]) < —ne}]

i=1 i=1

Y [i (Yi,n + ]E[—Yi,,,]) > ne] +V [i (Y,-,n - ]E[Yi,n]) < —ns]

p) i=1
32(1 + e)(tc? + 1)M;

nte2etc:

IA

For (2.17), the proof is similar to the case for (2.16) and is omitted.

The proof is completed. O

By Theorem 2.2, we can get the following corollary immediately.
Corollary 2.3. Let {X,,,n > 1} be a sequence of identically distributed extended independent random variables in
(Q, H,E) with Clgglo E[(X1]2 = ¢)*] = 0. Let Yin,1<i<nmnx>1}and {Z;,,1 <i < n,n > 1} be defined by (2.1).

Assume that B[e"X1] < co for some 6 > 0. Then for any & > 0 and for all n large enough,

\% [{Z (Yin + BI-Y;0]) 2 ne} U {2 (Yin = BIYia]) < —ne}]

i=1 i=1
32(1 + e)(6c2 + 1) B[]

nde2eden

and

=

v [{Z (Zin + BL-Zin]) 2 nf} g {

i=1 i=1
32(1 + e)(6c2 + 1)E[e*X1]

2
nde2edc

(Zi,n - E[Zi,n]) < —716}]




Tang et al. / Filomat 33:10 (2019), 2951-2961

2959

Proof It is easily seen that sup E[e™] < [E[e*X] = M < oo, which implies the desired results immediately

|7|<6
from Theorem 2.2. O

Theorem 2.3. Let {X,,n > 1} be a sequence of identically distributed extended independent random variables in
(Q, H,E) with im E[(|X1* — ¢)*] = 0 and ]E[eéx%] < oo for some & > 0. Let {c,,n > 1} be a sequence of positive
Cc—00

numbers such that

nelE[X?] "
0<c, < for somen > ny,
20
where ny is a positive integer. Denote €, = 86€E[X%]C% /n. Then for any n > ny,

v [{% Z (x; - BIx)1) 3en} U {% Z (xi - &[x1]) < —3en}]

i=1 i=1

N 2
< o1 4(1 + e)((Sc? + DIE[eX1] ey
262elE[X2]cy
Proof It is easy to check that ¢,c, < ZEIE[X%] for n > ng and Sggiz] = 6c2. Noting that
1

E[Xi] 2 E[X;,] — BI-Yiu] ~ B[-Zi]
and . .
8IXi] < E[Xin] + BIY ;] + E[Z],
we have by Corollaries 2.2 and 2.3 that

Y [{% Z (X - BXi]) > 35,,} U {% Z (x: - &1xi]) < —35,,}]

i=1 i=1

<V [{% Zlvl (Xi,n - ]E[Xi’n]) 2 8"} U {% Zl (Xi,n - S[Xi,n]) < —En}]
+W({% n (Yi,n + ]E[_Yi’”]) 2 g”} U {% y (Yi,n - E[Yi,n]) < —En}]
i=1 i=1
+V( % n (Zi,n + ]E[_Zi’”]) 2 6”} U {% n (Zi,n - E[Zi,n]) < —€n}]
i=1 i=1
< 2expl- ne, |, 6401 +o)oc + D™ s
8eE[X]]) noe?
_ o[y, 4 +e)(6¢2 + 1)E[e*X] e
B S2elB[X2]c ’

which yields (2.21). This completes the proof of the theorem. O
Taking c, = VInn and 6 > 1 in Theorem 2.3, we can get the following result.

(2.20)

(2.21)

Theorem 2.4. Let {X,,n > 1} be a sequence of identically distributed extended independent random variables in

(Q, H, F) with lim B[(X1]? - ¢)*] = 0 and E[e*X7] < co for some 6 > 1. Denote ¢, = \/(8631E[X%] Inn)/n. Then
c—00

n=1 i=1

i \% [{% Z (X,- - E[xi]) > 3en} U {% g(xi -&[X)) < —3£n}] < 0.

(2.22)
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Proof It follows from (2.21) that

i V[{% Z (xi - B[X)]) > 3en} U {% Y (xi-&xi) < —3en}]

=

n=1 i=1 i=1
o) 2 1 5X2 o] [e]
< CZ 1+ Gl 6)(65” + DB e < CZ e = CZ n < oo,
n=1 626HE[){%]C% n=1 n=1

which implies (2.22). The proof is completed. O
Corollary 2.4. Let {X,,n > 1} be a sequence of identically distributed extended independent random variables
in (Q,H,E) with lim B[(1X;2 — ¢)*] = 0, B[X;] = &[X;] = 0 and E[*X]] < oo for some 6 > 1. Denote

Ep = \/(8661E[Xf]ln n)/n. Then

(o] 1 n
ZV[E;XI»

n=1

> 3€n\] < oo, (2.23)

Remark 2.1. The Borel-Cantelli lemma implies that 1 I, X; converges almost surely in capacity V with
convergence rate O(n~1/2 In'/? n) under the conditions of Corollary 2.4.
Taking c, = 4/logn -loglogn and 6 > 0 in Theorem 2.3, we can get the following result.
Theorem 2.5. Let {X,,n > 1} be a sequence of identically distributed extended independent random variables in
(Q, H, E) with lim B[(|X;2P—c)*] = 0and E[e*XT] < oo forsomed > 0. Denote e, = \/(8631E[X%] log 1 - loglog n)/n.
c—00

Then

n i=1 i=1

(e8] 1 n . 1 n R
) \G [{; Z (x: - B[x1) > 3gn} U {; Z (X - &[x1]) < —3gn}J < oo, (2.24)

Proof It follows from (2.21) again that

i v[{% Z (xi - BIXi]) > 36,1} U {% Z (X - &Ix1]) < —36,1}]

n=1 i=1

i=1

[e) 2 LS 6X2 (o] [es]

p CZ 1+ 41 + 6)(6En + 1)IE[¢**1] e < CZ e < CZ e 2108 < oo
n=1 626HE[)(%]C% n=1 n=1

since —6c2 < —2logn for all n large enough. Hence, the desired results (2.24) is proved. O
Corollary 2.5. Let {X,,n > 1} be a sequence of identically distributed extended independent random variables
in (Q,H,E) with lim E[(1X;2 - 0)*] = 0, B[X;] = &[X;] = 0 and E[¢*X(] < oo for some 6 > 0. Denote

& = (85¢E[X]log n - loglog n)/n. Then

(o] 1 n
ZV[E;&

n=1

> 35n] < oo, (2.25)

Remark 2.2. The Borel-Cantelli lemma implies that 1 Y7, X; converges almost surely in capacity V with
convergence rate O(n~/21log!/? 12
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n -log ' log n) under the conditions of Corollary 2.5.
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