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Abstract. In this paper we study skew m-complex symmetric operators. In particular, we show that if
T € L(H) is a skew m-complex symmetric operator with a conjugation C, then ¢'T, 7T, and ¢ are
(m, C)-isometric for every f € R. Moreover, we examine some conditions for skew m-complex symmetric

operators to be skew (m — 1)-complex symmetric.

1. Introduction

Let L(H) be the algebra of bounded linear operators on a separable complex Hilbert space H. Let IN
be the set of natural numbers and let C be the set of complex numbers. A conjugation on H is an antilinear
operator C : H — H with C*> = I which satisfies (Cx, Cy) = (y,x) for all x,y € H. For a conjugation C,
there is an orthonormal basis {e,},, for H such that Ce, = ¢, for all n. Note thatif T € L(H) and Cis a
conjugation on H, then (CTC)* = CT*C and (CTC)* = CT"C for every k € N (see [8] or [9]). An operator
T € L(H) is said to be skew complex symmetric) if there exists a conjugation C on H such that CTC = —-T".

Less attention has been paid to skew complex symmetric operators. There are various motivations
for such operators. In particular, skew symmetric matrices have many applications in pure mathematics,
applied mathematics, and even in engineering disciplines. Real skew symmetric matrices are very important
in applications, including function theory, the solution of linear quadratic optimal control problems, robust
control problems, model reduction, crack following in anisotropic materials, and others. In light of these
applications, it is natural to study skew symmetric operators on a Hilbert space H (see [13]-[16]).

An operator T € L(H) is said to be a skew m-complex symmetric operator if there exists some conjugation
C such that I',,(T; C) = 0, where

I.(T;C) := Z (77) TmicTic.

=0
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In particular, it is obvious that a skew 1-complex symmetric operator is skew complex symmetric. It
holds that
T"TW(T;C)+ I, (T;C) - CTC =T,,11(T; C).

Therefore if T is a skew m-complex symmetric operator, then T is skew n-complex symmetric for all n > m.
In general, skew m-complex symmetric operators are not skew (m — 1)-complex symmetric. For example,

let .
Cx = E forx = 1 and T = 0 1 on C2.
X1 Xa 0 0
" 0 0 2 % %2 % 0 0 .
Then T* = CTC = 1 0 and so CT*C + 2T*CTC + T = 0. But, CTC+ T* =2 1 0 # 0. Hence T is a

skew 2-complex symmetric operator which is not skew complex symmetric (see [3]).
In 1990s, J. Agler and M. Stankus ([1]) intensively studied the following operator; for a fixed m € IN, an
operator T € L(H) is said to be an m-isometric operator if it satisfies the following equation;

m

Z(—l)f(’;’,l)T*m‘fT’"—f =0. )

j=0

Using the identity (1) and a conjugation C, we define (m, C)-isometric operators as follows; an operator
T € L(H) is said to be an (m, C)-isometric operator if there exists some conjugation C such that

Z(—l)f("?)T*"’fCTm-fc =0
=0 J

for some m € N. Put A,(T;C) := Z]m:o(—l)j (";)T*m_j CT™-IC. Then T is an (m, C)-isometric operator if and
only if A,,(T; C) = 0. Note that

T"Ap(T; CNCTC) = Ap(T; C) = Apa (T C).

Hence, if Ay, (T;C) =0, then A,(T;C) = 0 for all n > m. Moreover, it is obvious that T is an (m, C)-isometry
if and only if CTC is an (m, C)-isometry (see [5]). Furthermore, T is an (m, C)-isometry if and only if T is an
(m, C)-isometry.

In this paper we focus on skew m-complex symmetric operators. In particular, we show thatif T € L(H)
is a skew m-complex symmetric operator with a conjugation C, then T, e and ¢ are (m, C)-isometric
for every t € R. Moreover, we examine some conditions for skew m-complex symmetric operators to be
skew (m — 1)-complex symmetric.

2. Skew m-complex symmetric operators

In this section, we give properties of skew m-complex symmetric operators. It is known from [6] that if
T is m-complex symmetric, then T" is also m-complex symmetric for any n. However, the power of a skew

0 0 -1
some a € C, then T is a skew complex symmetric operator with the conjugation C(z1, 22, z3) = (—z3, 22, —z1)
from [13, Example 3.3]. A simple calculation shows that

1 a a2 -1 0 0
=10 0 —-a |and -CT>C=| -2 0 0 |[.

00 1 —a? a -1

1 a 0
m-complex symmetric operator is not skew m-complex symmetric. For example, if T = [ 0 0 a ] for
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Hence T? is not skew complex symmetric with the conjugation C. In [11], ]. W. Helton studied the following
class of operators; an operator T € L(H) is said to be m-symmetric if it satisfies the following equation;

Z( 1)1( )T*m ITi =0,

It is known from [11] that if T is m-symmetric and m is even, then T is (m — 1)-symmetric. For the study of
this property for skew m-complex symmetric operators, we prepare the following lemma which is maybe
well-known fact (cf. [10, Lemma 3.3]).

Lemma 2.1. ([10]) Let m be any nonnegative integer. Then the following identities hold.

(1) Z(_l)j(r;.l)ijOfOTﬂllkzo,l,z,--',(m—]).
=0

(i) Z(_l)j( 1;1 ) =D for m=1,2,--
=0

Now we will introduce exponential operators T := e~ which act on a wave function to move it in time
and space (see [2]). Note that T is a function of an operator f(A) which is defined its expansion in a Taylor

series;

iy = T EA (iA)
T = exp(—iA) = Z — = —iA+ 5 +.
The most common one is the time-propagator or time-evolution operator U which is the Hamiltonian

function and propagates the wave function forward in time;

—iHt 1( lHt)
h 2' h

U=exp(— ) =1+

For an operator T € L(H) and a conjugation C, if t € R, then

. 1 3
eii’T I+iT + (lzt) (1;_? T3 4+, (2)
Lemma 2.2. If T € L(H) is a skew m-complex symmetric operator with a conjugation C, then
m—1 . i
TN s —itk)
@M C(e'yC = ( (.),) I'{(T;C) 3)
=

for each k € N where I'o(T; C) = L.

Proof. From (2), we have

itT\* _ ( lt)z ﬂ <3
@)y =1+ + —— o — T2+ Al T
and .
Ce'TC =1+ (- zt)CTC+( ) CT?C + - t) ~—2CT°C+

Therefore, we have

@TyCeT™C = I+ (=it)(T" + CTC) + (T2 + 2T"CTC + CT2C) + - -

(—it)*
2!
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_ I+(—it)1"1(T;C)+( lt)z (;t)s

I(T;C) +

I5(T;C) + - 4)
From equation (4), we have for k € N
(eitT)*kC(eitT)kC — (e—itkT*)(CeitkTC)

[+ (—iHkT1(T; C) + (_it)z

(k)2 (T C)

it)3 it)m1
P TSI 0 4 o (0 (T3 0)
(= lt)’” " ,
Sl K)"T(T;C) +---. ®)
Moreover, since T is a skew m-complex symmetric operator, i.e., I (T; C) = I'y1(T;C) = --- = 0, it follows
from (5) that
E@MCEC = I+ (=i)tkI(T;C) + == - ) t2k2 IH(T; C)
s G 1) U BIRTH(T;C) + -
( Z)m ! m-17m-1 .
= 1)!t K" Tpr (T C).

So we complete the proof. [

As an application of Lemma 2.2, we get the following theorem.

Theorem 2.3. Let T € L(H). If T is a skew m-complex symmetric operator with a conjugation C, then T, e7*T,

and e T are (m, C)-isometric for every t € R.

;e

Proof. By Lemma 2.2, we get that

i 1)]( 77 )(eitT)*m—j C(eitT)m—jC

j=0

Am (eitT; C)

= i( 1y ( i )(1+ (=it)m = ) T1(T; )

. ]
j=0
s 2 1 3
L8 2lt) (m j)zfz(T;C)+%(Tn—j)3r3(T}C)
m—1

= Z( 1)]( " )1+< it (T; 02( 1)]( " )(m )

j=0
(2”) FZTC)Z( (" - ¢
TC)Z( 1>f(m)<m—])

m—1
+ Eml? ) m 1(T C)Z 1)]( " )(m )m—l. (6)
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By Lemma 2.1, equation (6) becomes A, (¢"T; C) = 0. Hence ¢'T is (m, C)-isometric for every t € R. On the
other hand, since A,,(¢"”; C) = 0 and €T is invertible, it follows from [5, Theorem 3.7 (i)] that e~ *T is (m, C)-
isometric for every t € R. Moreover, since et is (m, C)-isometry, it follows that e~ g (m,C)-isometry. [J
Remark 2.4. In general, the converse of Theorem 2.3 may not be hold. But, if ¢'T is a (1, C)-isometric
operator and T is a skew 2-complex symmetric operator with the conjugation C, then T is a skew complex
symmetric operator.

Indeed, in this case, equation (4) gives that

0= A (e";C) = (") Ce"C — I = —itTy(T; C).

Therefore I'/(T; C) = 0. Hence T is a skew complex symmetric operator.

If T € L(H), we write 0,(T) and 0,,(T) for the point spectrum and the approximate point spectrum of T,
respectively. As some applications of Theorem 2.3, we obtain the following corollaries.

Corollary 2.5. If T € L(H), then the following statements hold: ' '
(i) Let lee skew m—complea'c symmetric with a conjugation C. If A € agp(e"T), then % € ogp(e™™). In particular, If
A € g, (e"T), then % € ap(e7T).

(it) If T is skew m-complex symmetric with a conjugation C, then e

(iii) Let {Ty} be a sequence of skew m-complex symmetric operators with a conjugation C such that limy_,c |e
0. Then e"T is an (m, C)-isometric operator.

T js an (m, C)-isometric operator for any n € IN.

it Ty _eitT| | —

Proof. If T is a skew m-complex symmetric operator with a conjugation C, then ¢'T is an (m, C)-isometric
operator from Theorem 2.3. The proofs of (i), (ii) follow from [6, Theorems 3.4 and 3.7].

(iii) Suppose that {T} is a sequence of skew m-complex symmetric operators with a conjugation C such
that limy_, [le"Ts — ¢T|| = 0. Then €T+ is an (m, C)-isometric operator from Theorem 2.3. Hence ¢! is an

(m, C)-isometric operator from [6, Theorem 3.7 (iii)]. O

Corollary 2.6. If T € L(H) is skew m-complex symmetric and complex symmetric with a conjugation C, i.e.,
T* = CTC, then the following statements hold:

(i) e'T is an algebraic operator of order at most 2m.

(ii) Cker(Ty,—1(e"T; C)) is invariant for e'*T.

Proof. Let T be a skew m-complex symmetric operator with a conjugation C. Then ¢'T is an (m, C)-isometric
operator from Theorem 2.3.

(i) Since
T T G 1) SR G 1) L
@7y =TI+ (=T + ( 2!) T2 + %T3+
and
(=it)? (=it)®

Ce'TC =1+ (-it)CTC +

2 3
o CT C+TCT C+---,

it follows that ¢T is complex symmetric with a conjugation C. Hence ¢/'T
at most 2m frqm [5, Theorem 3.7(ii)].
(i) Since €T is an (m, C)-isometric operator, it follows that

e—itT*rm_l(eitT; C)CeitTC — rm_l(eitT; C) (7)
Let x € ker(T,,—1(¢"T; C)). Then by (7), we have
0 =T, 1(e"T; C)x = e T,,_1(e"T; C)CeT Cx.

Therefore I',,1(¢"T; C)Ce"TCx = 0. Thus Ce"Cx € ker(I',—1(¢"T; C)), which means that Cker(I,,-1(¢"7; C)) is
invariant for 7. O

is an algebraic operator of order
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Corollary 2.7. If T € L(H) is skew m-complex symmetric and complex symmetric with a conjugation C, then the
following statements hold.
(i) €T is unitarily equivalent to a finite operator matrix of the form:

@ A oo e e Ato
0 ay Ay v e Agom
0 0 a3
0 0
0 0 Aom-12m
0 0 Ao

where aj are the roots of the polynomial p(z) of degree at most 2m.
(ii) The dimension of \/xeo{(e"T)x} is less than or equals to 2m.

Proof. (i) The proof follows from Corollary 2.6 and [12].

(ii) If p is a nonzero polynomial p(z) of degree at most 2m, then p(eT) = 0. Hence we complete the
proof. [J
Recall that cos(tT) = % and sin(tT) = ewaﬁ_ﬁ for every t € R.

Corollary 2.8. Let T € L(H) be skew complex symmetric with a conjugation C and let t € R. Then the following
statements hold.

(i) cos(tT) is a (1, C)-isometric operator if and only if cos(2tT*) = I.

(ii) sin(tT) is a (1, C)-isometric operator if and only if cos(2tT*) = —I.

Proof. (i) Let T € L(H) be skew complex symmetric with a conjugation C. Then ¢’ and ¢™T" are (1,0)-
isometric operators by Theorem 2.3. Since e *T"Ce''C = I, it follows that Ce"’C = ¢/*T". Therefore we
have

I — (cos(tT))*C(cos(tT))C
el 4 omitT  ifT 4 o=itT
- 1—2 7V

= J-— Z(efitT* + eitT*)(CeitTC + Ce*itTC)

)C

— 411 (e—itT» Ce'TC + ¢tT CetTC + T Ce T C + gitT*Ce—il‘Tc)

I— 1 (2T 4 ¢ 2T
4

Hence cos(tT) is a (1, C)-isometric operator if and only if cos(2tT*) = 1.
(ii) As the proof of (i), we get that

[ — (sin(tT)) C(sin(tT))C
eitT _ o=itT . T _p

I_g TR

I— Z(e—itT* _ eitT*)(CeitTc _ Ce—itTc)

—itT

)C

I— l(e—itT*CeitTC _ eitT*CeitTc _ e—itT*Ce—itTc + eitT*Ce—itTc)
4
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1 1, .~ - )
= EI + Z(eli‘T CeltTC + e—ltT Ce—thC)
1 1
= EI + Z_L(e

1.1 .
= EI + Ecos(ZtT ).

2T + e—thT )

Hence sin(tT) is a (1, C)-isometric operator if and only if cos(2tT*) = =I. O

Remark that if T and e™"T" are skew complex symmetric operators, then
1, e . - .
cos(itT)* + Ccos(itT)C = E(e_”T +CeTC+ e + Ce™C) =0
and
1, e A - A
sin(itT)* + Csin(itT)C = E(e_”T +Ce'TC - e — Ce™C) = 0.
Therefore cos(itT) and sin(itT) is skew complex symmetric operators.

Remark that if an invertible operator T is an (1, C)-isometric operator with CTC = T and m is even, then
T is an invertible m-isometric operator. Hence it follows from [4] that T is an (m — 1)-isometric operator.
Thus T is an (m — 1, C)-isometric operator. However, we still do not know the answer to the following.

Question If T € L(H) is skew m-complex symmetric with a conjugation C and m is even, is it skew (m — 1)-
complex symmetric?

Finally, we give a partial solution for the above question. To this, we need the following lemma.

Lemma 2.9. Let T € L(H) be an invertible (m, C)-isometric operator and let m be even. If Ay—1(T;C) and
(T*Y" Y Ap—1(T~Y; C)CT™1C are nonnegative, then T is an (m — 1, C)-isometric operator.

Proof. By the hypothesis, T is an (m, C)-isometric operator and
m—1 {m -1 . )
N (T;C) = Z(—l)]( j )T*m_l_JCTm_l_]C > 0.
j=0

Since m — 1 is odd, it holds that

m—1 {m—1 ] .
Z(—l)]( . )T*’CT’C
=0 J
m—1

- 2(_1)1(’“ ]‘ 1)T*m-1((tr-1)"”"1‘f o) c)eric
=0

= T" 1 A, (T75C)-CT"IC > 0.

_Am—l (T/ C)

Therefore A,,—1(T; C) < 0 and so Ay,—1(T; C) = 0. Hence T is an (m — 1, C)-isometric operator. [J

Theorem 2.10. Let T € L(H) and let C be a conjugation on H. Suppose that ((¢"7)")" ' A1 (e*T; C)C(eT)" ' C
and Ay1(e""; C) are nonnegative. If T is a skew m-complex symmetric operator with a conjugation C where m is
even, then T is skew (m — 1)-complex symmetric and é'T is an (m — 1, C)-isometric operator for all t € R.
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Proof. Suppose that T is a skew m-complex symmetric operator and 1 is even. Then ¢

from Theorem 2.3. Using equation (5) we have

is (m, C)-isometry

m—1

0 = Apa(@l;0) = Z( 1)]( m] 1 )(u‘T)*m 1] ¢ (e Tyn=1-ic

- Z(_w‘( ’”]‘ )(I+(—it)(m—1—j)F1(T;C)
=0

(_Zit)2 (m—1—j) Ta(T; C)+( lt)3(m 1- )’ T3(T; O)
m-2
4o E ”2),( ~1- "2 Ta(T;0)
_iym-1 Sr\m
+Emlt) 57 = 1= )" (T C)+( D% 1 (T )+ - )

ml

= Z( 1)]( ml ) I+ (=i T(T; c>(Z< 1)f(m ' )(m—l—]'))

m=1
( zt)ZFZ(T C)(Z( 1)]'( m] 1 )(m 1 ])2)

j=0

m—1

( t)mZ _ e
R MTC)(;( 1)](’” )(m—l—;) ?)
m m=1
L a0 L ("7 -1- )
NG

’t)m TC)(Z( 1)](’”? )(m—l—j)'”)+

Moreover, since T is a skew m-complex symmetric operator, it follows from Lemma 2.1 and I'x(T; C) = 0 for
some k > m that

m—1

_anym—1
(Z( 1y ( mel )(m - j)m-l)ﬁm“? 5 Tt (T30 = 0. ®)
Since »
D ( " ' )(m —1=p"T = (D) =1 £ 0
=0

by Lemma 2.1, it follows that (8) implies I';,—1(T;C) = 0. Hence T is a skew (m — 1)-complex symmetric
operator. On the other hand, since m is even and €T is invertible, it follows from Lemma 2.9 and the
hypothesis that ¢'T is an (m — 1, C)-isometric operator. [

Corollary 2.11. If T € L(H) is skew m-complex symmetric with a conjugation C, m is even, and T = CTC, then T
is skew (m — 1)-complex symmetric.

Proof. Suppose that T is skew m-complex symmetric and m is even. Since T = CTC, it follows that
Am_l(eitT; C) and ((eitT)*)m—lAm_l(e—itT; C)C(eitT)m—lc

are nonnegative. Hence T is skew (m — 1)-complex symmetric from Theorem 2.10. [J
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