Filomat 33:11 (2019), 3425-3440
https://doi.org/10.2298/FIL1911425F

Published by Faculty of Sciences and Mathematics,
University of Nis, Serbia
Available at: http://www.pmf.ni.ac.rs/filomat

Tauberian Conditions Under Which Convergence Follows from Cesaro
Summability of Double Integrals Over R2

Goksen Findik?, ibrahim Canak?

Ege University, Department of Mathematics, Izmir, Turkey

Abstract. For a real- or complex-valued continuous function f over R? := [0, 0) X [0, o), we denote its
integral over [0, u] x [0,v] by s(u, v) and its (C, 1, 1) mean, the average of s(u, v) over [0, u] X [0, v], by o(u, v).
The other means (C,1,0) and (C,0,1) are defined analogously. We introduce the concepts of backward
differences and the Kronecker identities in different senses for double integrals over R2. We give one-
sided and two-sided Tauberian conditions based on the difference between double integral of s(, v) and
its means in different senses for Cesaro summability methods of double integrals over [0, ] X [0, v] under
which convergence of s(u, v) follows from integrability of s(u, v) in different senses.

1. Introduction

Tauberian theorems for Cesaro (or (C,1)) summability methods for functions of one variable over
R, := [0, o) have been studied by Méricz and Németh [9] and Laforgia [8]. Namely, Méricz and Németh
[9] investigated Tauberian conditions under which convergence of integral follows from summability (C, 1)
for functions of one variable over R, := [0, ) and they obtained a one-sided and two-sided Tauberian
conditions of Landau and Hardy type as corollaries of their main results. Laforgia [8] established an
alternative proof of a Tauberian theorem for the summability (C, 1) for functions of one variable over IR.

In some recent works [2, 3, 5], Tauberian conditions for Cesaro summability methods have been based
on the difference between the integral of a function of one variable and its Cesaro means. Firstly, Canak and
Totur obtained an alternative proof of the generalized Littlewood Tauberian theorem for Cesaro summability
of improper integrals in [2]. Secondly, Canak and Totur generalized some classical type Tauberian theorems
given for Cesaro summability in [3]. Finally, Canak and Totur obtained alternative proofs of some classical
Tauberian theorems for the Cesaro summability of integrals for functions of one variable in [5].

Tauberian theorems for Cesaro summability methods for functions of two variables over R? have been
studied by Méricz [10] and Totur and Canak [6]. Namely, Méricz [10] extended the results in [9] to Cesaro
summable double integrals over R2. Following Laforgia [8], Totur and Canak [6] obtained analogous
results for integrals of functions of two variables.

Recently, the concept of generator sequence, which is the difference between a sequence and its Cesaro
mean, has been introduced by Canak and Totur [4]. Belen [1] introduced the double analogue of the concept
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of generator sequence and obtained Tauberian conditions based on double generator sequences for double
sequences of real or complex numbers.

In this paper, we introduce the concepts of backward differences and the Kronecker identities in different
senses for double integrals over R2. We give one-sided and two-sided Tauberian conditions based on the
difference between the double integral of a function of two variables and its means in different senses for
Cesaro summability methods of double integrals over [0, #] X [0, v] under which convergence of improper
double integral follows from integrability of improper double integral in different senses.

2. Tauberian theorems for (C, 1, 1) summability of improper double integrals over ]Rfr

Suppose that f is a real- or complex-valued continuous function defined on R2 := [0, o) X [0, c0) and
s(u,v) = fou fov f(x, y)dxdy for 0 < u,v < co. The mean (C,1,1) (or Cesaro mean in sense (1, 1)) of s(u,v) is
defined by

o(s(u, v)) = o11(s(u,v)) = %I} ](; s(x, y)dxdy

for u,v > 0. The integral

fo i fo wf(x,y)dxdy 1)

is said to be (C, 1, 1) summable (or Cesaro summable in sense (1, 1)) to a finite number L if

Jlim_ o(s(1,0)) = lim fo ' fo ) (1 - g) (1 - %) Fx, y)dxdy = L. @)

The backward difference in sense (1, 1) of s(u, v) is defined by

2
Ayis(u,v) = % = f(u,v)

foru,v > 0.

The Kronecker identity in sense (1,1) has been given independently by Totur [13] and Belen [1] for
double sequences of real or complex numbers. The identity defined by Belen is slightly different than the
identity defined by Totur. We prefer the identity defined by Belen [1] for our purposes. Next, we obtain an
analogous Kronecker identity in sense (1, 1) for improper double integrals.

From
[ 0=3)0- Y seemas
fou fo vf(x,y)dxdy—% fo ' fo vxf(x,y)dxdy
_% fo fo v yf(X,y)dxdy+$ fo ' fo nyf(x,y)dxdy,

s(u,v) — o1 (3(u, v)) =t V'O (Ans(u, v) 3)

011 (S(M, U))

we have

where Vﬁ)(Ans(u, v)) = V;%)(Ams(u, v)) + V((ﬁ)(Agls(u, v)) — ul_v f f xyf(x, y)dxdy. This identity is known
0o Jo

as the Kronecker identity in sense (1,1). (See Sections 3 and 4 for the definitions of Vi%)(Ams(u, v)) and
VO (Anis(u,v)))
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For each nonnegative integer m, the iterative means of s(u, v) and V;?(Alls(u, v))insense (1, 1) are defined
by

1 ! ’ (m—-1)
057)(5(“/?’))2 %f(; f(; oy 6 y)dxdy, m=1

s(u,v), m=0

and

m>(A11s(u v)) = uvf f Vi Ao y)dxdy, m =1
Ans(u 0)), m=0

respectively. Note that 011 (s(1, 7)) = agll)(s(u, 0)).
Throughout this paper, convergence is always used in Pringsheim’s sense for convergence of improper
double integral [11]. Namely, both 1 and v tend to co independently of each other in (2).
A function s(u,v) is bounded if there exists a real number H > 0 such that |s(u,v)| < H for all u,v > 0.
In this case, we write s(1,v) = O(1). Moreover, a double integral s(u, v) is said to be one-sided bounded if
there exists a real number H > 0 such that s(u,v) > —H for all u,v > 0.
Assume that the function s(u, v) is bounded on R2. If the limit
lim s(u,v) =1L 4)
U,0—00
exists, then the limit (2) also exists. The converse of this statement is not true in general, even if s(u, v)
is bounded on R2. Adding some suitable condition, which is called a Tauberian condition, one may get
the converse. Any theorem which states that convergence of the improper double integral follows from
its Cesaro summability in sense (1,1) and some Tauberian condition is said to be a Tauberian theorem. A
similar situation is valid for the Cesaro summability methods in senses (1,0) and (0, 1).
For the real-valued functions defined on R?, we need the following definitions:
A real-valued function s(i, v) defined on R? is said to be slowly decreasing in sense (1,0) [10] if
lim lim inf mm [s(x v) —s(u,v)] =0

A—>1t u,v—00 y<x<A
or equivalently

lim liminf min [s(u,v) — s(x,v)] = 0.
A—>1" uv—c0 Ausx<u

Analogously, a real-valued function s(u, v) defined on IR is said to be slowly decreasing in sense (0, 1)
[10] if

>
AR R G ) = s 0l 20

or equivalently

fim i inf min [s(0,0) = (e )] 2

A real-valued function s(u, v) defined on R? is said to be strong slowly decreasing in sense (1, 0) if

)\h—{% 1%1 Jgf ur<r;1n [s(x,y) —s(u, )] =0
v<y<Av

or equivalently

il nf ruin s(,y) = o0, ] 2 0
Av<y<v
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Analogously, a real-valued function s(u, v) defined on IR? is said to be strong slowly decreasing in sense
(0,1) [10] if
lim liminf min [s(x, y) —s(x,v)] = 0

A—=1t uv—0c0 y<x<Au
v<y<Av

or equivalently

}\11_)1{[ 1114121)1 _glof /\{trgcr;u[s(x, v) —s(x,y)] = 0.
Av<y<v

Note that the concept of slow decrease was introduced by Schmidt [12] for the sequences of real numbers.

For the complex-valued functions defined on IR?, we need the following definitions:

A complex-valued function s(u, v) defined on IR is said to be slowly oscillating in sense (1, 0) [10] if

lim limsup max |s(x,v) —s(u,v)| =0
A—>1* u,v_)oopusxS/\ul ( ! ) ( ! )|

or equivalently

lim limsup max |s(u,v) —s(x,v)| = 0.
A—1- U,p—oc0 AUSX<U

Analogously, a complex-valued function s(u,v) defined on R? is said to be slowly oscillating in sense
(0,1) [10] if

lim limsup max |s u,vy)—s(u,v | =0
A—-1+ u,v_mop v<y<Av ( ’y) ( ’ )

or equivalently

lim limsup max |s(u,v) —s(u =0.
lim ngst (u,0) = s(u, y)|

U,0—00

A complex-valued function s(u, v) defined on R? is said to be strong slowly oscillating in sense (1, 0) [10]
if
}ir{k lim sup ma} Is(x, v) —s(u, y)l = 0

u,p—oo USXS
v<y<Av

or equivalently

Ah_)rrl[ limsup AIJE;(L‘ Is(u, y) = s(x, y)| = 0.

Uu,v—00
. Av<y<v

Analogously, a complex-valued function s(u, v) defined on RR? is said to be strong slowly oscillating in
sense (0,1) [10] if

lim limsup max |s(x, y) —s(x,v)| =0
A=1+ uv_}(,opusacsAul (xy) = s(x,0)|
. v<y<Av

or equivalently

}1_)1{{1_ 111{1; _s)t:()p A{{g;(u Is(x, v) = s(x, y)l = 0.
! Av<y<v
Note that the concept of slow oscillation was introduced by Hardy [7] for the sequences of complex
numbers.
First, we consider Landau type one-sided Tauberian conditions sufficient for convergence of s(u, v) to
follow from its (C, 1, 1) summability.
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Theorem 2.1. Let the double integral s(u, v) be bounded. If (1) is (C,1,1) summable to a finite number L and there
exist constants H > 0 and xo > 0 such that conditions

uAmVﬁ)(Ans(u, v)) 2 -H )
and

vAmV (Ans(u v)) > -H (6)
are satisfied for all (u,v) € R2 with u,v > xo, then we have (4).
As corollary of Theorem 2.1, we have the following two-sided Hardy type Tauberian theorem.

Corollary 2.2. Let the double integral s(u, v) be bounded. If (1) is (C, 1, 1) summable to a finite number L and there
exist constants H > 0 and xo > 0 such that conditions

uhio Vi (Aus(u, v) = O(1) )
and

00V} (Ans(u,0)) = O(1) (8)
are satisfied for all (u,v) € R2 with u,v > xo, then we have (4).

Next, we give one-sided and two sided Tauberian conditions sufficient in order that convergence follows
from (C, 1, 1) summability for real and complex-valued functions, respectively.

Theorem 2.3. Let the double integral s(u,v) be bounded. If (1) is (C,1,1) summable to a finite number L and
Vi1(Anis(u, v)) is slowly decreasing in sense (0, 1) and strong slowly decreasing in sense (1,0) or slowly decreasing
in sense (1,0) and strong slowly decreasing in sense (0, 1), then we have (4).

Theorem 2.4. Let the double integral s(u,v) be bounded. If (1) is (C,1,1) summable to a finite number L and
Vi1(A11s(u, v)) is slowly oscillating in sense (0, 1) and strong slowly oscillating in sense (1,0) or slowly oscillating
in sense (1,0) and strong slowly oscillating in sense (0, 1), then we have (4).

2.1. Proofs of Main Results

The following lemma gives two representations for the difference s(u, v) — o(s(u, v)).

Lemma 2.5. Let s(u, v) be a double integral over the rectangle [0, u] X [0,v]. For sufficiently large u, v
@HIfr>1,

2
51, 0) — (s, v) = (%) (0(s(At, AD)) — 0(s(1, ) + (0(s(1, 0) — o(s(Awt, D))

A
(A-1y
A A Au Av e
o ) = otstn, 100 = s [ [ 609 - stw o) sy

G)IFO <A <1,

2
s(u,0) — o(s(u, 0)) = (%) (0(s(Aut, o)) — o (s(u, 0)) + — (0(s(,0)) - o(s(A, )

A
a-1

(1 BT 5 (0(s(u, v)) — a(s(u, Av))) + m N A: (s(u,v) — s(x, y)) dxdy.
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Proof. (i) By definition, we have

dimm=a ), [, s = ([ [ [ oy
= ()\_Sﬁ fﬂu fM s(x, y)dxdy — m fﬁu fv s(x, y)dxdy

- 1)2Mv f f Ms(x Yaxdy + 1)2 f f s(x, y)dxdy

A A
= (/\T) o(s(Au, Av)) — A-17 ——o(s(Au,v)) — - 1)2 o(s(u, Av))
(/\ 1)2 ———0(s(u,v)) — a(s(u, v)) + o(s(u, v))
Ay A A
= (/\T) o(s(Au, Av)) — A-17 ——o(s(Au,v)) — A-17 ——0(s(u, Av))

2
(/\2 12 a(s(u,v)) = (/\ A 1) o(s(u,v)) + a(s(u, v))

= (25) tstau, o) - otstu, 0 + 2 ot = o2, 0

(A -1 (o(s(u, v)) — a(s(u, Av))) + o(s(u, v)).

Adding s(u,v) to both sides of the previous equation and then arranging this equality, we reach to the

equality (i) of Lemma 2.5.
(ii) The proof of Lemma 2.5 (ii) can be verified in a similar way. [

Proof of Theorem 2.1 Assume that the double integral s(u, v) is bounded, (1) is (C, 1, 1) summable to L and
conditions (5) and (6) hold. Since the (C, 1, 1) summability method is regular and lim agll)( (u,v)) =L, we

have lim a (s(u v)) = L. Taking (C, 1, 1) means of both sides of (3), we obtain hm V( )(Ans(u v)) =

If we replace s(u, v) by V11 (A118(u, v)) in Lemma 2.5 (i), we obtain

VO Burs(a,0) - VO (Answ,0) = (15 1) (VO (Ans(Au, A0)) - VD (Ans(u, 0)))

+ (VD (Ans(u,v) - V) (Ans(Au, v))

(A-1)

+ 5 (VD (Aa1s(u, 0)) = VID(A1s(u, Av)))

Au Av
—m f f (VQ (A, y) = VI(Ans(u,0))) dxdy.  (9)

In addition, we obtain by (5) and (6) that

(A -1

< AV (Ans(s, v AVO(Aqys(u, t
f (11(]/))d+f 11 (A11s( ))dt

[ LY
- fuft) )

Vﬁ)(AnS(X, y) — Vﬁ)(Aus(u, v) =

\%
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for some H > 0. Taking lim sup of both sides of (9) as u,v — oo and taking (10) into consideration, we get

2
lim sup (Vﬁ)(Ans(u, v)) — V(l)(Ans(u v))) ()\/1 1) lim sup (V (A118(Au, Av)) — V(l)(Ans(u v)))

Uu,0—00 U, 0—00

A
+ A—-1) lim sup (Vﬁ)(AnS(u, v)) — V(l)(Ans(/\u v)))

: ) ) . Au Av
+ -1 hLIl/I;_SiP <V11 (A118(u,v)) = Vi (A11s(u, /\v))) + thrl,r;_s)ip (ln( ” ) +1In ( 5 ))

Since lim Vﬁ)(Ans(u, v)) = 0, the first three terms on the right-hand side of the previous inequality are
U,0—>00

vanished and we get

im sup (V\)(Ans(u, ) - VI)(Ans(u,0)) < 2HInA.

u,0—00

Hence taking the limit of both sides of the last inequality as A — 1%, we have

lim sup (V7 (A11s(u,0)) - VP (Ans,0))) < 0. (11)

U,u—00

If we replace s(u, v) by V (A11s(u v)) in Lemma 2.5 (ii), we obtain

Vi (Ans(u, 0)) = ViY (Ans(u, 0)) = ) (Vi) (Ans(Au, o)) - Vi) (Anis(u, 0)))

( A
1-A

+ (Vﬁ)(AnS(u, v)) - Vgll)(Ans(/\u, v)))

(1-7)
A

T (VO (Ans(u, 0)) - VO (Aus(a, Av)))

v
T = Au - Av) Au)(v—/\v) fA fA D (Auis(u,0) - Vi) (Ans(x, ) ) dxdy.  (12)

In addition, we obtain by (5) and (6) that

+

©) (0)
V11 (Alls(u/ U)) - VH (Alls(xr y)) As At

(e )
—H(ln(x)+ln(;)) (13)

for some H > 0. Hence taking lim inf of both sides of (12) as u,v — oo and (13) into consideration, we get

fu AV (Ans(s, ) ea f AV (Ans(u, 1) "
x y

v

AV
tim inf (V0(Anis(,0)) — VO (Ans(, o)) 2 ( - A) lim inf (V) (Avis(An, 10)) = VO(Arrs(u, )

u,v—00 U,0—00

+ e i (ViY (s, 0) = Vi (Ans(hu, )

lim 1nf(V (A115(u, v)) — V(l)(Ans(u, /\v))) Hlim sup (ln (/\ ) + ln(fv ))

(1 A)? oo 1,900
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Since lim Vﬁ)(Aus(u, v)) = 0, the first three terms on the right-hand side of the previous inequality are
U,0—>00

vanished and we get

lim mf(V( )(Ans(u,v)) - Vﬁ)(A“S(”’ v))) 2z —2H ln(%).

u,0—00

Hence taking the limit of both sides of the last inequality as A — 17, we have
lim mf(v< (Ais(,0) - VD (Ans(u,0)) > 0. (14)

Uu,0—00

From (11) and (14), we obtain lim Vﬁ)(Ans(u, v)) = lim Vﬁ)(Ans(u, v)) = 0. Thus we have (4) by the
U,0—00 U,0—>00

Kronecker identity (3). O

Proof of Corollary 2.2 It is plain that conditions (7) and (8) imply (5) and (6) in Theorem 2.1. [

Proof of Theorem 2.3 Assume that the double integral s(u, v) is bounded and (1) is (C,1,1) summable to
a finite number L. Without loss of generality, we assume that V11(A115(1, v)) is slowly decreasing in sense
(0,1) and strong slowly decreasing in sense (1,0). If we do the same calculations as in the proof of Theorem
2.1, we obtain that V( )(Aus(u v)) convergent to zero.

Taking lim sup of both sides of (9) as u, v — oo, we have

2
lim sup (Vﬁ)(AuS(u, 0)) — Vﬁ)(AuS(u, v))) < (%) lim sup (V( )(A11s(Au, Av)) — V(l)(Aus(u, v)))

U,u—00 U,0—00

i (1) (1)
+ oo limsup (Vi) Qs o) = Vi (Ansihu, )

i (1) (1)
+ TR hgiiP (V11 (A1s(u, v)) — Vi (Anis(u, Av)))

Au Av 0
— liminf (/\u—u)(/\v v)f f Ans(x y) — Vgl)(Aus(u,v)))dxdy. (15)

U,0—00

Since Vgll) (A115(u, v)) is convergent to zero, the first three terms on the right-hand side of (15) are vanished.
Moreover, we have

Au Av
(Au—u)(Av 5 f f (VIQ(Ans(x, ) - VIO(Ans(u, ) dxdy
> min (V) (Ause, ) - VI (Ans, ).

u<x<Au
v<y<Av

Taking lim inf of both sides of the last inequality as 1,7 — oo, we have

o 1 Au Av
lim inf m f f (Vﬁ)(Ans(x, Y) — Vﬁ)(Ans(u, v))) dxdy

u,0—00

> lhr?_}gf ug;ir/{ (V( )(Ans(x, Y)) — V(O)(Ans(u y))) + It%ljgfvgin (V11 (A11s(u, y)) — Vﬁ)(Ans(u, v)))
v<y<Av

Since V11(A115(u, v)) is slowly decreasing in sense (0, 1) and strong slowly decreasing in sense (1, 0), we get

liminf —————— f " f (VO (Ans(x, v) - VI (Ans(u,0)) dxdy > 0 (16)
()\u—u)(/\v v) Vi ’ -

1L,0—00

by taking the limit of both sides of the last inequality as A — 1*. Hence from (15) and (16), we obtain
tim sup (V) (Ans(u, ) - V{)(Ans(u, 0))) < 0. (17)

u,0—o00
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In addition, taking the lim inf of both sides of (12) as 1, v — oo, we have

AV
tim inf (VO (Ans(, 0)) - VI (Ans(u, 0))) 2 ( - A) timinf (Vi) (Anis(ha, A0)) = Vi) (Ans(u, )

u,0—00

+ o min (Viy (st 0) = ViV (Ais(hn, )

+ e lminf (Vi) (Quistu, o) - VS’(Ans(u, Av)

+liminf s e Au)(v_ T fA fA (VI (Aaas(u, 0) = VIO (Ans(x, ) dady.  (18)

Since Vﬁ) (A115(1, v)) convergent to zero, the first three terms on the right-hand side of the previous inequality
are vanished. Moreover,

e ., J,, (o)~ v st )y
> min (V( )(AHS(M U)) Vﬁ)(Alls(xl ]/)))

Ausx<u
Av<y<v

Taking lim inf of both sides of the last inequality as #,v — oo, we have

ligggf (u — Au) (v Av) fAu f)\v V( D (An1s(,0) = Vi (Aus(x, y))) dxdy

> liminf min (V\)(An1s(u,0)) = Vi) (Aus(u, )

u,v—00 Av<y<v

+liminf min (VIO (s, y) = VIO (Ans(x, ).
Av<y<v

Since V11(A11s(u, v)) is slowly decreasing in sense (0, 1) and strong slowly decreasing in sense (1, 0), we get

0) _ O S
i e, J, (e - sy = v
by taking limit of both sides of the last inequality as A — 1~. Hence from (18) and (19) we obtain
lim inf (VI (A11s(u,0) - VID(Ans(u, ) > 0. (20)

Thus we have (4) from (17), (20) and (3) as in the proof of Theorem 2.1. [J

Proof of Theorem 2.4 Assume that the double integral s(u, v) is bounded and (1) is (C, 1,1) summable to
a finite number L. Without loss of generality, we assume that V11(A115(u, v)) is slowly oscillating in sense
(0,1) and strong slowly oscillating in sense (1,0). If we do the same calculations as in the proof of Theorem
2.1, we obtain that Vill)(Ans(u, v)) convergent to zero.

From (9),we get

VO(Ans(at, 0)) - VO (Ans(u, o) _(%) VO (Aris(Au, 10)) ~ VO (Ayrs(a, o)

+(A 17 |V(1>(Aﬂs(u v)) — V§11>( Avrs(Au, Z)))|

Vi (A, 0) = Vi) (Ans(u, A0))|

o1y

Au Av
+‘m f f (VQ(Aus(x, y) - VI(Ans(u, v))) dxdy] 1)
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Taking lim sup of both sides of (21) as u,v — oo, we have

lim sup IV )(Ans(u v)) — V (Ans(u, 0))| < (/\f

u,0—00

2
1) lim sup )Vﬁ)(Aus(Au,Av)) - Vﬁ)(Ans(u, v))
U,v—00

MR T [V (Ans(u, ) = Vi) (Ans(Au, o)

+ 0 /\1) lim sup‘V (A115(u, v)) — Vill)(AnS(u, /\v)))
1 Au Av 0 .
+Im SUP | = (o — o) f f (VOAus, ) - VO(Aus(u, 0))) ddy|.

Since Vﬁ)(Aus(u, v)) convergent to zero, the first three terms on the right-hand side of the last inequality
are vanished. Moreover,

Au Av
m f f (V9 (A, ) = VI (Ans(u, ) dxdy‘
< max |V11 (A11s(x, y)) — Vﬁ)(AnS(MIU))"

u<x<Au
v<y<Av

Taking lim sup of both sides of the last inequality as 1, v — oo, we have

Au Av
T —u)(/\v v)f f V()A“S("'y))‘Vﬁ)(AHS(""”)))d"dy‘

< limsup max |V (A1s(x, v)) — Vﬁ)(Ans(u, y))|

up—oo USXS
v<y<Av

lim sup

U,u—00

+lim sup max |V(?(Ans(u, y) — Vﬁ)(Ans(u, v))| .

up—co VSYsAv

Since V11(A115(1, v)) is slowly oscillating in sense (0, 1) and strong slowly oscillating in sense (1, 0), we get

Au Av
T _u)(Av 5 f f (V@ (A, y) - VI (Ans(u,v))dxdy| < 0. (22)

limsup | ~—F7—

U,u—00

by taking the limit of both sides of the last inequality as A — 1*. From (21) and (22), we obtain

limsup [V (Aqis(u,0) — VO (Aus(u,0)l < 0.

U,u—00

Hence we have (4) from the last equation and (3) as in the proof of Theorem 2.1. [J

3. Tauberian theorems for (C, 1, 0) summability of improper double integrals over ]Rfr

Suppose that f is a real- or complex-valued continuous function defined on IR2. The mean (C,1,0) (or
Cesaro mean in sense (1, 0)) of s(u, v) is defined by

o10(s(u, v)) = %fu s(x, v)dx
0

for u,v > 0. The integral (1) is said to be (C, 1,0) summable (or Cesaro summable in sense (1,0)) to a finite
number L if

lim o19(s(u,v)) = lim ff 1—— f(x, y)dxdy = L.

u,0—00
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The backward difference in sense (1, 0) of s(u, v) is defined by
ds(u, v ¢
st o) = 252 = [ sy
u 0

foru,v > 0.
From

o10(s(u, v))

fou ﬁv (1 - g)f(X, y)dxdy
j(; " fov fx, y)dxdy — % fou fov I

where A1gs(x,v) = fov f(x, y)dy, we have

s, v) = o10(s(1t, v)) = VO (Aros(u, 0)), (23)

1 U
where Vi%)(Ams(u, v)) = " f xAq95(x, v)dx. This identity is known as the Kronecker identity in sense (1, 0).
0

For each nonnegative integer m, the iterative means of s(u, v) and V( )(Aws(u v)) in sense (1, 0) are defined
by

1 oD
("’)(s(u 0)) = ;]{; (s(x,v)dx, m=>1

s(u,v), m=0
and
1 o)
m)(AwS(M v)) = ;f (Aos(x, v))dx, m =1
VO(A1os(u, ), =0
respectively.

First, we consider Landau type a one-sided Tauberian condition sufficient for convergence of s(u, v) to
follow from its (C, 1, 0) summability.

Theorem 3.1. Let the double integral s(u, v) be bounded. If (1) is (C, 1,0) summable to a finite number L and there
exist constants H > 0 and x¢ > 0 such that condition

uh1o V) (Aros(u, ) > ~H (24)
is satisfied for all (u,v) € R2 with u,v > x,, then we have (4).
As corollary of Theorem 3.1, we have the following two-sided Hardy type Tauberian theorem.

Corollary 3.2. Let the double integral s(u, v) be bounded. If (1) is (C,1,0) summable to a finite number L and there
exist constants H > 0 and xy > 0 such that condition

uA1V\)(A10s(u, v)) = O(1) (25)
is satisfied for all (u,v) € ]R_2F with u,v > xq, then we have (4).

Next, we give one-sided and two sided Tauberian conditions sufficient in order that convergence follows
from (C, 1,0) summability for real and complex-valued functions, respectively.

Theorem 3.3. Let the double integral s(u,v) be bounded. If (1) is (C,1,0) summable to a finite number L and
Vio(A10s(u, v)) is slowly decreasing in sense (1,0), then we have (4).

Theorem 3.4. Let the double integral s(u,v) be bounded. If (1) is (C,1,0) summable to a finite number L and
Vio(A1os(u, v)) is slowly oscillating in sense (1, 0), then we have (4).
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3.1. Proofs of Main Results
The following lemma gives two representations for the difference s(u, v) — o1o(s(u, v)).

Lemma 3.5. Let s(u, v) be a double integral over the rectangle [0, u] X [0,v]. For sufficiently large u, v
@HIfr>1,

Au
(0,0 = or0s,0) = T 1060w, 0) = oals(u, o)) = 1 [ (5,0) - s(w,0)
) Ifo<A <1,
s(,0) —010(5(u,0)) = 7 (010(s(1,0)) — o10(s(Au, V) + —s(x,0)) dx.

Proof. (i) By definition, we have

1 Au
,0)d
/\u—ufu s(x, v)dx

= 1)u(f}m f)s(xv)dx

= m](; s(x, v)dx — = 1)f (x, v)dx

= L olsti, o) -

/1 1 o10(s(u, v)) + o10(s(u, v))

= (05 ) = ools(u,0) + o1, )

Adding s(u,v) to both sides of the previous equation and then arranging this equality, we reach to the
equality (i) of Lemma 3.5.
(ii) The proof of Lemma 3.5 (ii) can be verified in a similar way. [

Proof of Theorem 3.1 Assume that the double integral s(u, v) is bounded, (1) is (C, 1,0) summable to L and
condition (24) holds. Since the (C, 1,0) summability method is regular and lim a(llo)(s(u, v)) = L, we have
M}ginw agzo) (s(u,v)) = L. Taking (C, 1, 0) means of both sides of (23), we obtain u}ginm V%’(Ams(u, v)) = 0.
If we replace s(u, v) by Vi%)(Alos(u, v)) in Lemma 3.5 (i), we obtain
A
Vi (Auos(ut,0)) = Vig (Maos(at,0)) =+ (Vi (Aros(A,0) = Vi (Aros(,0)))
1

T Au-—u

Au
f (Vi (Aros(x, 0) = Vi) (Asgs(u, 0))) dx. (26)

In addition, we obtain by (24) that

X AV(O) A s t,v
Vig (Aros(x, ) = Vig (Anos(i4, ) f AV Buost,0)

. [
- _Hln(g) (27)

for some H > 0. Taking lim sup of both sides of the equality (26) as u,v — oo and (27) into consideration,
we get

\%

. A
lim sup (V;%)(Alos(u, v)) — V%)(Ams(u,v))) < T-1 lim sup (V;%)(Alos(Au,v)) V( o (A1os(u, v)))

U,u—>00 U,u—>00

+H lim sup ln(%).

u,0—00
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Since lim V%)(Alos(u, v)) = 0, the first term on the right-hand side of the previous inequality is vanished
and we get
: (0) _y®
tim sup (V< (Aos(, 0)) = Vi (Aros(u,0)) < HInA.
Hence, taking the limit of both sides of the last inequality as A — 1*, we have
Tim sup (V1) (Asos(u, ) = V) (Aros(u, ) < 0. (28)

For 0 < A <1, in a similar way from Lemma (3.5) (ii) we have

nurgjgf(vg)(mos(u,v))—Vﬁ))(Aws(u,v))) > 0. (29)

From (28) and (29), we have lim Vg%)(Alos(u, v)) = lim V%)(Alos(u, v)) = 0. Hence, we have (4) by (23). O
1,—00 U,0—00

Proof of Corollary 3.2 It is plain that condition (25) implies (24) in Theorem 3.1. [

Proof of Theorem 3.3 Assume that the double integral s(u, v) is bounded, (1) is (C, 1,0) summable to a finite
number L and Vig(A19s(u, v)) is slowly decreasing in sense (1,0). If we apply same calculations as in the
proof of Theorem 3.1, we obtain that Vglo) (A10s(u, v)) convergent to zero.

Taking lim sup of both sides of (26) as 1,7 — oo, we have

lim sup (Vﬁ%)(Alos(u, v)) — V%)(Alos(u, v))) <

U, u—00 A= Uu,v—00

A
1 lim sup (Vﬁ%)(Alos(Au, v)) — Vg%)(Ams(u, v)))

— liminf
U,0—>00 u-—1u

Au
f (Vi (Aros(x, 0)) = VO (Aros(u, 0))) dx.  (30)

Since V%)(Aws(u, v)) is convergent to zero, the first term on the right-hand side of the above inequality is

vanished. For the second term on the right-hand side of (30), we have

L B © o (VO ©
s | (Vs o) = VY Quas, ) > iy (VD s, 1) = Vs, 00).

Taking lim inf of both sides of the last inequality as #,v — oo, we have

liminf
up—co AU —u

Au
f (VO(Aw05(x, ) — VO (Aros(u, 0)))

> liminf min (Vi)(A10s(x,0)) = Vi) (Awos(n, 0))).

u,v—-00 y<x<Au

Since Vi9(A105(1, v)) is slowly decreasing in sense (1,0), we get

Au
timinf [ (Vi @ans(r ) - VI Qs 29) e 0 &)
by taking the limit of both sides of the last inequality as A — 1*. Hence from (30) and (31), we obtain
lim sup (V') (Awos(,0)) - V) (Awos(,0))) < 0. (32)

For 0 < A <1, in a similar way from Lemma 3.5 (ii) we have

lim inf (V\(A105(u, v) = Vi (Ar0s(u,v)) > 0. (33)
Hence, we have (4) from (32), (33) and (23) as in the proof of Theorem 3.1. [

Proof of Theorem 3.4 The proof can be given as in that of Theorem 3.3 by using Lemma 3.5. So we omit
the proof of it.
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4. Tauberian theorems for (C, 0, 1) summability of improper double integrals over ]Rfr

Assume that f is a real- or complex-valued continuous function defined on R2. The mean (C,0, 1) (or
Cesaro mean in sense (0, 1)) of s(u, v) is defined by

oot o) = 5 [ stu, iy

for u,v > 0. The integral (1) is said to be (C,0, 1) summable (or Cesaro summable in sense (0, 1)) to a finite
number L if

lim o¢1(s(u,v)) = lim f f 1—— f(x y)dxdy = L.

U,u—00 U,u—00

The backward difference in sense (0, 1) of s(u, v) is defined by

AOls(ul U) = &Sg/z U) = f f(xr v)dx
0

for u,v > 0.
From

ouctu0) = [ [ (1=2) e mady

fff(%y)dxaly—%ffyf(x,y)dxdy
0 Jo 0 Jo

where Apis(u, y) = f f(x,y)dx, we have
0

s(u,v) — 001(5(1, 0)) = V) (Aqrs(u, v))

0
where Vé(;)(Ams(u, v)) = % f yAo1s(u, y)dy. This identity is known as the Kronecker identity in sense (0, 1).
0

For each nonnegative integer m, the iterative means of s(u, v) and Vgi)(Ams(u, v))in sense (0, 1) are defined

by

1 (m-1)
(m)(s(u ) = EL (s(u, y))dy' m=>1

s(u,v), m=20
and
lf VI (Ags(u, y)dy, m>1
ng)(Ams(u,v)): v Jo S Y)ay, =
Voy (Aars(u, 0)), m=0
respectively.

First, we consider Landau type a one-sided Tauberian condition sufficient for convergence of s(u, v) to
follow from its (C, 0, 1) summability.

Theorem 4.1. Let the double integral s(u, v) be bounded. If (1) is (C,0,1) summable to a finite number L and there
exist constants H > 0 and x¢ > 0 such that condition

A Vgi) (Ao1s(u,v)) = —H (34)

is satisfied for all (u,v) € R2 with u,v > x,, then we have (4).
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As corollary of Theorem 4.1, we have the following two-sided Hardy type Tauberian theorem.

Corollary 4.2. Let the double integral s(u,v) be bounded. If (1) is (C,0, 1) summable to a finite number L and there
exist constants H > 0 and x¢ > 0 such that condition

vAn Vi (As(u, ) = O(1) (35)
is satisfied for all (u,v) € R2 with u,v > xo, then we have (4).

Next, we give one-sided and two sided Tauberian conditions sufficient in order that convergence follows
from (C, 0, 1) summability for real and complex-valued functions, respectively.

Theorem 4.3. Let the double integral s(u,v) be bounded. If (1) is (C,0,1) summable to a finite number L and
Vo1 (Ao1s(u, v)) is slowly decreasing in sense (0, 1), then then we have (4).

Theorem 4.4. Let the double integral s(u,v) be bounded. If (1) is (C,0,1) summable to a finite number L and
Vo1 (Ao1s(u, v)) is slowly oscillating in sense (0, 1), then then we have (4).

4.1. Proofs of Main Results
The following lemma gives two representations for the difference s(u, v) — oo1(s(, v)).

Lemma 4.5. Let s(u, v) be a double integral over the rectangle [0, u] X [0, v]. For sufficiently large u, v
@ IfA>1,

Av

Av—o J,

(001 (S(u/ /\0)) — 001 (S(u/ U))) - (S(u/ y) - S(M, U)) dy

s(u,v) — ao1(s(u, v)) )\/1 1
@ Ifo<A<1,

1 i\ 7 (001(5(u, 0)) = 001(5(u, A0))) + —1/10

s(u, v) — o (s(u, v)) f (s(u,v) — s(u, y)) dy.
Av
Proof of Theorem 4.1 The proof can be given as in that of Theorem 3.1 by using Lemma 4.5. [
Proof of Corollary 4.2 It is plain that condition (35) implies (34) in Theorem 4.1. O
Proof of Theorem 4.3 The proof can be given as in that of Theorem 3.3 by using Lemma 4.5. [J
Proof of Theorem 4.4 The proof can be given as in that of Theorem 4.3 by using Lemma 4.5. [J

Conclusion

In this paper, one-sided and two-sided Tauberian conditions have been obtained in terms of the difference
between double integral of s(u,v) and its means in different senses for Cesaro summability methods of
double integrals over [0, u] x [0, v] under which convergence of s(u, v) follows from integrability of s(i, v) in
different senses. As a natural continuation of this work, we plan to extend the results obtained to weighted
summability of double integrals in different senses over IR? in the forthcoming paper.
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