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Abstract. Let (A, m) be a commutative quasi-local ring with non-zero identity and let M be an Artinian
co-Cohen-Macaulay R-module with NdimM = d. Let I € m be an ideal of R with £(0 :; I) < co. In this
paper, for 0 < i < d, we study the dual of Hilbert coefficients é;(I, M) of I relative to M. Also, we prove the
dual of Huckaba-Marley’s inequality. Moreover, we obtain some consequences of this result.

1. introduction

Throughout this paper, we assume that (A, m) is a commutative quasi-local ring with non-zero identity
and A/m is infinite and let M be a non-zero Artinian A-module. Roberts in [12] defined the dual dimension
Ndim M and proved that Ndim M is equal to the least integer d for which there exists elements a, ..., a; € m
such that €(0 :p (a1, ...,a4)) < oo (see also [8]). The sequence aj, ...,a; € m is called a system of parameters

for M. Matlis in [9] defined that a sequence x, ..., x, € m is an M-cosequence if 0 :p1 (x1, ..., Xi—1) 250 ‘M
(x1, ..., xi—1) is surjective for i = 1, ..., n. In this case, it should be noted that 0 :j1 (x1, ..., x,) # 0. The codepth
of M, denoted by width M, is defined as the length of a maximal M-cosequence in m. Then it is always true
that widthM < Ndim M (see [11]). When the equality holds, it said that M is co-Cohen-Macaulay. Tang
and Zakeri in [16] proved that M is co-Cohen-Macaulay if and only if every system of parameters for M is
an M-cosequence (see also [17] and [3]).

For an ideal I of A, Kirby in [7] introduced the following two graded modules dual to the Rees ring and
associated graded ring R(I, M) = @:’1_ R(I, M),,, where R(I, M),, = M/(0 :ps I7") if n < 0 and R([,M),, =0
if n >0, and G(I,M) = @m__ G(I, M), where G(I, M), = (0 :py 71 /(0 7 I7") if n < 0 and G(I, M), = 0
if n > 0. He used the two graded modules in the proofs of theorems about the Artin-Rees property and
Hilbert polynomials for Artinian modules. For an ideal I of A such that £(0 :p I) < oo, Kirby in [7] proved
that, for n sufficiently large, the length £(0 :» I") is a polynomial function in 7 of degree d = Ndim M. From
now on, throughout the article, we will denote d = Ndim M > 0. Jorge Perez and Freitas in [6] denoted the
dual Hilbert-Samuel function of I by H, (I, M) := £(0 :p1 I"), and the dual Hilbert-Samuel polynomial of I by
P, (I, M) := £(0 :pm I") for large n. They wrote
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" 3 i 1)é0(1, M) - (n ;f 1 Z)él(l, M) + ...+ (=1)"é4(1, M)
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Z<_1)i(” fe 1)@«(1, M,

where é(I, M) fori = 0,1, ..., d are integers, called the dual Hilbert-Samuel coefficient of I relative to M. The
leading coefficient éy(I, M), called the dual Hilbert-Samuel multiplicity of I relative to M.

Sharp and Taherizadeh in [13] defined that an ideal | is a reduction of I relative to M if | C I and there
exists non-negative integer 1 such that (0 :py JI") = (0 :p I"*1). If ] is a reduction of I relative to M and there
is no reduction of I relative to M which is strictly contained in |, then it said that | is a minimal reduction
of I relative to M. When A/m is infinite and I € m is an ideal of A with £(0 :; I) < o0, every reduction of I
relative to M contains a minimal reduction of I relative to M and every minimal reduction of I relative to
M is generated by a system of parameters for M (see [13, Theorem 6.2]). The reduction number r;(I, M) of
I with respect to J is the smallest n € IN such that (0 :p JI") = (0 :p I"*!) for some minimal reduction | of I
relative to M. We define the dual of Sally module S of I with respect to J as the

s=50,m = P75 = P

nx1

An element x € I\I? is said to be co-superficial of degree one for I with respect to M if and only if there
is an integer ng such that
x(0 iy ™) + (0 2y ™) = (0 2y I™) forall n > ny.

A sequence x1, ..., X; € I is said to be a co-superficial sequence for I with respect to M if foralli = 1,...,s
the image of x; € I is a co-superficial element with respect to (0 :p (x1, ..., xi—1)). Recall that co-superficial
element was introduced in [14].

The objective of this paper is to state known results that link width of G(I, M) with linear relations among
the dual Hilbert coefficients é;(I, M) for 0 < i < d, specially for éy(I, M) and ¢é;(I, M). We have chosen two
fundamental theorems of Huckaba [4] and Huckaba-Marley [5] to illustrate the results in this area. In section
two, we introduce the dual of Sally module and state dual of some results about length of its components.
In section three, we prove the main facts for Hilbert polynomial of co-Cohen-Macaulay modules with Ndim
equal one.

In section four, we provide a simple proof of dual of two theorems of Huckaba [4] and Huckaba-Marley [5].
In section five by using the A operator we prove the main Theorem 5.3 and state a few its consequences.

2. The dual of Sally module

We start this section by the following theorem.

Theorem 2.1. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that €(0 :p I) < o0
and | be a minimal reduction of I relative to M. Let S = 5;(I, M) = @@1 % = €D, Sn be the dual of Sally
module. Then

€S) = £(Sy1) = (n;le)f(o y D_(n;—fgz) 0 M])_{,(o ” Im)

Proof. Since | is generated by a system of parameters for M and every system of parameters for M is M-cosequence,
by [1, Proposition 2.2] we have

€0 ) = (” M Z - 1)5(0 o)), foralln.



F. Cheraghi, A. Mafi/ Filomat 33:11 (2019), 3277-3290 3279

Consider the two exact sequences

0 171 _}0:M]” R 0 J"

0
T T R B

-0,
and

0y IJ"1 0:m J" 0:mJ"
- -

0 :pm ]n—l 0:m ]n—l 0:m I]”_l

Now by using the above two exact sequences we have

OM]"

0— — 0.

00 IM) €0 ") =~ UG p)

OiM J"

0 IJr1
0 J"

) 0

M I]n 1

]n 1

From [1, Lemma 2.1] we have t’(%f;‘f]]: 11 (”*d 2)5 0:p 1) and K(OMUP, l) = €(S;-1). Thus

0 I
-
) ( 0 ‘M In

0 I
M]’,H)—f(

OMI]nl

€0 M J") = )

0 71
0 ‘M In

(M%) = €5 )

00 :m J" 1)+£’(

) = U(——7)-

w01 =("" 720+ ("1 P - a5,

and so
£(S,) = =0 o 'Y + (n - Z B 1)é’(O M)+ (n ;f; 1)5(0 m D).

Therefore, we have

U(Sn) = E(Sn-1)

_ (n+d—1 n+d—2)€(0:M] 0y 'L

d-1 )K(O:M])_( i-2 ) o)

O

OiMPHl

From Theorem 2.1 we can conclude that the growth of £(S,) affects the bounding of £(F7).

Lemma 2.2. Let M be a co-Cohen-Macaulay A-module with NdimM = d and let I be an ideal of A such that
€0 :pm 1) < 00. Then S1 = 0 if and only if r(I, M) = 1.

Proof. Since S1 = gﬁﬁ =0, we have 0 :py JI = 0 2 I? and so v(I, M) = 1. Conversely, let (I, M) = 1. Then

OmJI=0:mPandsoS;=0. O

Corollary 2.3. Let M be a co-Cohen-Macaulay A-module with Ndim M = d and let I be an ideal of A such that
£(0 :p I) < 0o. Then S1 = 0 if and only if

e L LR (i T

In this case G(I, M) is co-Cohen-Macaulay.

Proof. By using Lemma 2.2 and [1, Theorem 2.7] the result follows. [
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Proposition 2.4. Let M be a co-Cohen-Macaulay A-module with Ndim M = d and let I be an ideal of A such that
€(0 :pm I) < oo. Let | is a minimal reduction of l and S = S;(I, M) be the corresponding Sally module of M with respect
to 1. Then for n > 0,

HH(LM):(n+d—1),O (n+d—2

d d-1 )(é’(O v 1) = é0) — €(S,1).

Proof. 1t is a straightforward conclusion by using the equation

Hy(I, M) = (” " Z - 2)5(0 )+ (" ;’f I 2)6(0 m D) = €(Sn1).

O
The following results immediately obtain by Proposition 2.4.

Corollary 2.5. Let M be a co-Cohen-Macaulay A-module with Ndim M = d and let I be an ideal of A such that
£(0 :p I) < 0o, If Sy(I, M) # O, then the function €(S,,) has the growth of a polynomial of degree d — 1.

Corollary 2.6. Let M be a co-Cohen-Macaulay A-module with Ndim M = d and let I be an ideal of A such that
€(0 :p I) < co. Let 8,81, ..., 841 be the coefficients of the Hilbert polynomial of S;(I, M). Then

éy— 5(0 M I) + $o,
$i forall i>1.

é1

éz’+1

Corollary 2.7. Let M be a co-Cohen-Macaulay A-module with Ndim M = d and let I be an ideal of A such that
£(0 :pm I) < oo. Then the following hold:

(a) 0 1) =6y —é4.

(b) In the case of equality we have S;(I, M) = 0.

Proof. (a) This is clear by using the equality £(0 :p I) = éy — é; +5p. For (b), we have 5y = 0 and so £(S,) is the
polynomial of degree d — 2. Therefore, by Corollary 2.5, we have S;(I, M) =0. O

Proposition 2.8. Let M be a co-Cohen-Macaulay A-module with NdimM = d, I be an ideal of A such that
€(0 :p I) < oo and | be a minimal reduction of 1. Then the length of ( On Yy and 5(82—%) is independent of .

0:pp 741

Proof. The result immediately follows by using the two equations

5(8 ﬁ b =00:m ) = €0 :m 1) = éo(I, M) = £(0 2 I),

and
0(S,) = (n * ;l a 1)éO(I,M) + (n ;f; 1)€(O v D) = €(0 g I,

O

3. The dual Hilbert function of 1-dimensional co-Cohen-Macaulay modules
We start this section by the following notations. The dual postulation number of I is defined by
n(I, M) = max{n € Z | P,(I, M) # H, (I, M)}.

Let f : Z — Z be an integer valued function. Then Al(f) denote the first difference function defined
by N f)n) = f(n+1) - f(n), for all n € Z. Inductively we define the ith difference function of f by
Al(f) = A1)
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Theorem 3.1. Let M be a co-Cohen-Macaulay A-module with Ndim M = 1, I be an ideal of A such that €(0 :p I) < o0
and ] = (a) be a minimal reduction of I. Then AY(P,(I, M) — H,(I, M)) > 0 for all n > 0.
Proof. Since P,(I, M) = néy(I, M) — ¢1(I, M), we have

Pysi(I, M) = Hyya (I, M) (n + 1)éy(I, M) — é1(I, M) — £(0 g ")

= o, M) - (1, M) ~ (2 é’(OM{il)
O:m ] I
= P, M) H(IM)+£’(OMI{11+1)

Since 5(%) > 0, we conclude that A'(P,(I, M) — H,(I, M)) > 0, as required. [

Corollary 3.2. Let M bea co-Cohen-Macaulay A-modulewithNdim M = 1, I be an ideal of A such that €(0 :p I) < oo
and | = (a) be a minimal reduction of I. Then for all n > 0 we have

ri(I, M) = n(I, M) + 1.
Proof. By the proof of Theorem 3.1, we have

OM]I

Hysa (1, M) = Prsa (1, M) = Hi (1, M) = Pl M) = 62000

Putk =n(I,M), r = rj(I, M). Then foralln > r
H,(I, M) = Py(I, M) = H,(I, M) = P:(I, M).

Since Hy(I, M) = P,(I, M) for all n > 0, we have H,(I, M) = P,(I, M). Therefore k < r — 1. Now we show that
k>r—1. Let n = k + 1. By using the above equations we have

0 Ik+1
Hioal, M) = Prsa(l, M) = Hiaa 1, M) = P, M) = 00520,
Thus f(ooMIIIk+2 ) =0and so 0 :y JI! = 0 3y IF2. Therefore r < k + 1 and this completes the proof. [

Theorem 3.3. Let M be a co-Cohen-Macaulay A-module with Ndim M = 1, I be an ideal of A such that €(0 :p I) < o0
and | = (a) be a minimal reduction of 1. Then

(@) 611, M) = Ty 0220 > 7,0 £(QtDOil')y

Ol Omal™)
M) 6(,M) = anlé’((o%)# if and only if G(I, M) is co — Cohen — Macaulay.
Proof. Part (a). For all m > 1 we consider the exact sequence
o JIm 1
0= O p I") = O 1"y = (I
0 ‘M Im

Therefore we have

. m—1
f(%) = L0 JI"Y) = 60 oy I
= L0 )+ L0 JI™) = €0 p J) = €00 2 I™)
ml
= 0+ I 0 )

O0:m ]
= U0 ])+ 00 "1 — €00 o I™)

= L0:m )+ 60 ™Y = €0 g I

= 0w -G
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Hence for allm > 1,

Oul" 4o 0w I 0 JI
) = (0 ) = () = ll, M)~ (=

(5

).
Adding the above equation for m =1, ...,n we obtain

0 1 JIM!

€0 2 I") = néo(I, M) — ' _ €(
m 0 ‘M Im

)-
Taking n > 0, we get,

nam) 0 i JI"

Pn(I/M) = néO(I/M) - él(I/M) = néO(I/M) - Zm=1 f( 0y I )

Thusé; (L, M) = £/ e(%I0 ) Since (0 2 J)+(0 a I™) € (0 2 JI"), we obtainéy (1, M) > £/ (sl Oul))
For (b), equality holds if and only if (0 ;s J) + (0 :p ™) = (0 :p JI™Y) for all m > 1. By using [15, Theorem

3.2] this condition is equivalent to G(I, M) is co-Cohen-Macaulay. O

4. The dual of Huckaba-Marley’s inequality
We start this section by the following lemma.

Lemma 4.1. Suppose M is co-Cohen-Macaulay and x is a co-superficial element for I with respect to M. Then
(1) x is a cosequence element of M.
(2) x(0:p1 ") = (0 :p I"Y) for n sufficiently large.
(3) Pu(I, M) = Py(I, M) — P,,_1(I, M) for all n, where M = (0 :p1 ) .

Proof. (1) By definition of co-superficial element, there exists a positive integer ¢ such that x(0 :p; I") + (0 :m
I°) = (0 :p I"™Y) for n sufficiently large. Now consider the following exact sequence:

X n 0 I
050 (%) >0 " S50 am—m.
Hence for large n we have:
Hy(I,M) = €0y I",x))
LR
T x(0 g I
0:m I" x(0 :pr ') + (0 :p I9)

= ¢ £

Commromd T Cxomm )

0 ‘M I" 0 ‘M I

= ¢ £ .

((0 M I”*l)) " (x(O m I N0 :pm IC))

IA

Hy(I, M) = Hp1(I, M) + €(0 21 I).

Since x(0 a1 I') € (0 :p1 I"!) we have ¢ (X(OO::A;‘AI};)) > {( (0?%,1,:)). It therefore follows

Hy(LM) = £0:m (I",x))
0 ‘M I
(X(O ‘M In)
0:pm I"
Qo 17D
= Hn(IrM) - Hn—l(I/ M)

>
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Therefore, we obtain
P,(I, M) = P,_1(I, M) < P,(I, M) < P,,(I, M) — P,_1(I, M) + £(0 :p1 I)

Thus, deg P,(I, M) = deg P,(I, M) — 1. Since deg P,(I, M) = Ndim M and deg P,,(I, M) = Ndim(0 :js x), we
have Ndim(0 :p x) = NdimM — 1. Since M is co-Cohen-Macaulay this implies that x is a cosequence
element of M. To prove (2) it is enough to show (0 :p; I°) € x(0 :p1 I") for n sufficiently large. To see this, by
Artin-Rees Lemma [7, Proposition 3], there exists an integer p such that (0 :p1 x) + (0 1 I'") = (((0 :m x) + (0 :pm
7)) :m I"7P) 2 ((0 :p x) :m I"7P). Therefore we have x(0 :p xI"7) € x(0 :p I"). Now since x is a cosequence
elementi.e., xM = M, for r € (0 :p; I""?) there exists 11 € M such that r = xmz and r["7 = 0. So xmI"? = 0 and
therefore 71 € (0 :p; xI"77). Consequently r € x(0 :p xI"™7) and so x(0 :p I") 2 (0 :p I"7F). Thus

(0 Iy € x(0 g T"F) € x(0 2 I').

Therefore, for n sufficiently large, (0 :p I¢) C x(0 :p I"). Part (3) follows by part (1) and the proof of part
2. O

Proposition 4.2. Let M be a co-Cohen-Macaulay A-module with Ndim M = d and x = x1, ..., X is a co-superficial
sequence for I. Let M = (0 :p x). Then é(I, M) = é(I, M) for 0 < i <d —kand é(I, M) =0 fori>d —k.

Proof. It suffices to prove the case k = 1. To see this, by Lemma 4.1, we have
Py(I, M) = Py(I, M) — P,_1(I, M) for all n.

Since

Py (I, M) = (” " Z B 1)é0(l, M) - (” ;f | Z)él(l, M) + ...+ (=141, M),

we have
-1 . .
o Cyirrd—i-1\ (n+d—-i-2
PALM)—;( 1){( . ) ( o

Now by the following fact
n+i+1) (n+i) _ (n+i
k k) \k-1)

P, (I, M) = (” ;f I 2)é0(l, M) - (" ;”_i ; 3)é1(1, M) + ... + (=1)"é,_1 (I, M).

)}éi(I/M)-

we obtain

This completes the proof. O
The following theorem is a dual of [5, Theorem 4.7].

Theorem 4.3. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that €(0 :p I) < o0
and | be a minimal reduction of I. Then

O:m )+ 0:p I")
0:m 1)

0y JI" 1
0 ‘M It

Ls14( ) < é1(I, M) < Zps1£( )-

Proof. We prove this by induction on d. For d = 1, it is proved in Theorem 3.3. Now let d > 2 and
J = (x1, ..., x4), where x1, ..., x4 is a co-superficial sequence for I. Let M = (0 ;s x). Then NdimM = d — 1 and

so by Proposition 4.2
é(IL,M) =é(I,M) forall0<i<d-1.
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Hence by induction hypothesis,

0 2 JI7!
0 ‘M I )
0 (1, JI7Y)
0:m (Xl,p)
0 ()N T, I
0 ‘M I
0:m ]Ii_l

< Iml( 0l T )-

él(I/M) = él(ll M) < Z‘iZlf(

Zis1{(

IA

Lis1{( )

A

The first inequality yields by the following injective homomorphism:
0 ia (e1, JT7)/0 2n (01, 1) — 0 (1) NI JTH/0 0 I

m+0:u (Xl,li) o m+ 0y Ii.
Again by using induction hypothesis

H(,M) = él(I,M) > Zizlf(M
O I
0:m (1, ) + 0 (1, I')
0 ‘M (xl,Ii)
(0:m))

(0:m )N (0 (x4, 1))
0:m)) )
O:m )N (0 T
O:m )+ (0:mT)
(0 ‘M I’)

)

= Zaizlf( )

Li»1{(

Lix1{(

Ziz1{( )-
This completes the proof. [J

Lemma4.4. For any x € A, let v(x) = the integer i such that x € I' \ I''! and x* = x + '®*L. Ifx" isa
G(I, M)-cosequence, then
G(L,0 :p x) = (0 :gum X7) (*)

Proof. By [15, Theorem 3.2] x is an M-cosequence and for all n > 0,
0 xI"™ = (0 I+ 0 :mx). (1)
On the other hand by [15, Lemma 3.1], (*) is an isomorphism if and only if
0t (I, xI™"®) = (0o 1) + (0 (I, %)), (2)
By using the equation (1) and (2) the result follows. O

Theorem 4.5. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that €(0 :p I) < o0
and ] be a minimal reduction of I. If width G(I, M) > d — 1, then

0 1 JT

G M) = Zen (5

)
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Proof. 1f d = 1, then by Theorem 3.3 we have the result. Letd > 2 and | = (x3, ..., x4) be a minimal reduction
of I such that x] is a G(I, M)-cosequence. Then G(I, 0 :p x1) = (0 :g¢,m) ¥7) and so width G(I, M) >d-2. Thus
by induction hypothesis we have
0 M ]Ii_l
0 M I
0:m (x1,]1i_1))
0:m (x1,I)
0 :pm ]Ii_l
= Lil(———).
()
For the third equality we use [15, Theorem 3.2]. O

G(LM) = &, M)=Zi1( )

= Xil(

Theorem 4.6. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that €(0 :p I) < o0
and | be a minimal reduction of 1. If G(I, M) is co-Cohen-Macaulay, then

O ])+0:m 1"
(0:p I)

Proof. Let ] = (x1,...,x4) be a minimal reduction of I. Hence x4, ..., x4 is a M-cosequence and since G(I, M) is
co-Cohen-Macaulay we have (0 :p J) + (0 2 I") = (0 i1 JI"™1). Thus X3, ., X3 is a G(I, M)-cosequence and so
by Lemma 4.4, G(I, 0 :m x1) = (0 :gg,m) x]) is co-Cohen-Macaulay. By induction hypothesis

O )+ (0 :yg IM)
0y I

é(IL, M) = L1 (

).

O:p )+ (0 M)

é1(I,M) = él(I/M) = anlf( (0 ‘M In)

) = Zus1(

).
O

Corollary 4.7. Let M be a co-Cohen-Macaulay A-module withNdim M = d, I be an ideal of A such that £(0 :p I) < oo

and | be a minimal reduction of I. If R(I, M) is co-Cohen-Macaulay, then we have

O:m)+O:mI"
(O :p IM)

Proof. Since R(I, M) is co-Cohen-Macaulay, by [17, Theorem 4.5] G(I, M) is co-Cohen-Macaulay and r(I, M) <
d — 1. Thus by Theorem 4.6 the result follows. [J

é(IL, M) = L1 (

).

The following theorem is a dual of [2, Proposition 3.1].

Theorem 4.8. Let M be a co-Cohen-Macaulay A-module with NdimM = d. Let I be an ideal of A such that
€0 1) < oo, | be a minimal reduction of I and £( (;): Afflﬂﬂ) = 1. Then for all n > O the following conditions are
equivalent:

(a) G(I, M) is co-Cohen Macaulay.
B OmDN+O:pm )= JIFY  forallk=1,..,n and 0y ] €0 " ,0 9y JIM =0 2y 2

Proof. (a) = (b). Suppose that G(I, M) is co-Cohen-Macaulay. Then by [15, Theorem 3.2], one has that
(0:p N+ 00 I¥) = (027 JIY)  forallk. Inparticular (0 :ar J)+(0 iy I") = (0 g JI") and 0 :pp J € 0 2pp I
since if 0 :p1 ] € 0 :p "1 we have (0 :p; I'"™) = (0 :p JI") and so K(M) = 0, a contradiction. Moreover,

OZMI”H
0 JI"

0:M1"+1) = 1 one concludes that ((?: Aﬁ{”]]f:l) = ]’%. Therefore m(0 :p JI") € 0 ;a1 I'"*! and hence

from £(

(000 ) S0 :pg JT) C (0 i I s m= 0 5 Il € 0 5 T2,

Therefore (0 ;a1 %) = (0 i1 J) + (0 :pg I"2) = (0 :pp JT™).
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(b) = (a). From the short exact sequence

0_)(0:M])+(O:MI"+1)_) 0:m JI R 0:m JI" -
0 :p Imt1 0 :p I"t1 O:pm D+ 0:m I"+1)

0,

together with the fact that £(34) = 1 and QuDOu) % 0 (as 0 s J & 0 o ™)) it follows that

0:pgI+1 0:pgI+1
(0 a1 J) + (0 :pr I™1) = (0 :pp JI"). However, (0 :pp JT'™1) = (0 :pp I"*?) implies that (0 :pr ) + (0 :p I¥) = (0
JI<YY  forall k > n + 2. Hence by [15, Theorem 3.2] we conclude that G(I, M) is co-Cohen Macaulay. [

5. The A operator and Hilbert coefficients
We start this section by the following proposition.

Proposition 5.1. Let M be a co-Cohen-Macaulay A-module with NdimM = d, I be an ideal of A such that
€0 :pm 1) < 00 and x = x1, ..., x4 be a co-superficial sequence for I. Then

AT [Po(I, M)] = (=1)'é(I, M).

Proof. We prove by induction on d. Let i be an integer such that 1 < i < dand M = (0 :p x). If d = i, then the
result is clear. Suppose i < d and let x be a co-superficial element for I. Then by induction hypothesis

AT [Po(I, M) = AT [Po(I, M)] = (<1)'é(I, M) = (=1)'é(1, M).
0

Lemma 5.2. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that £(0 :p I) < oo.
Ifx € I\ I%, then x* is a G(I, M)-cosequence element if and only if for all n > 1 we have

x(0 ") = (0 27 I'7Y).
Proof. (=). By [15, Lemma 3.2] x is a M-cosequence element and for all n we have
(0 a1 ") + (0 :pr x) = (0 :g ™71,

Thus we have x(0 :p I") = x(0 :p xI"™!) and since x is M-cosequence we obtain x(0 : xI"™1) = (0 3 I'™Y).
Indeed, for r € (0 :p I'"™1) there exists #1 € M such that r = xri7 and r["™! = 0. So xml"™! = 0 and therefore
m € (0 :p xI"') consequently r € x(0 :p xI"!). Conversely let m € x(0 :p xI"™!). Then m = xt such that
txI"=! = 0. Therefore, mI"~! = 0 and so x(0 :p; xI"™') C (0 :p1 I"!). Therefore x(0 :pr I') = (0 17 I'71).

(<=). Suppose x(0 :p I") = (0 3 ["™?) for all n > 1. Ttis clear (0 :p x) + (0 a0 I") € (0 :p xI™7Y). Let
m € (0 :pr xI"™1) and so mxI"™! = 0. Thus mx € (0 :;p; I"™!) = x(0 :p I'') and so there exists n € (0 :p I") such
that mx = nx. Therefore m € (0 :;; x) + (0 ;pr I") and so (0 :p1 x) + (0 :pr I') = (0 :py xI"™). Hence x* is a
G(I, M)-cosequence element. []

Theorem 5.3. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, [ be an ideal of A such that €(0 :p I) < o0
and width G(I, M) > d — 1. Then for 0 < i < d and for all non-negative integer n,

(=) Al(P,(I, M) — H,(I, M)) 2 0.

Proof. It suffices to prove the case i = d. To see this, let h(n) = P,(I, M) — H,(I, M). Suppose we have
(=1 Al(h(n)) > 0 for all n and some i > 0. Then

(1) ' (k) = A" (=) A (B(n)] 2 0

for all n. Since h(n) = 0 for n sufficiently large, (1)~ A"} (h(n)) = 0 for n sufficiently large and so for all
n we have o
(-1 2" (h(n)) < 0,
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which gives the theorem for i — 1. Hence it is enough to prove that
AP (I, M) — H,(I, M)) > 0 for all n.

We do this by induction on d. For d = 1 we proved in Theorem 3.1. Now let d > 1, since width G(I, M) > 0,
there is a cosequence element x* in G(I, M) such That

G(I, M) = (0 :gm X°).
Hence width G(I, M) > d — 2. So by induction hypothesis we get
AP, M) - H,(I,M)) 20 for all n.
Now from the exact sequence

0 ‘M I"
X(O ‘M I")

050 I"x) > 0" S0y " - - 0.

Therefore €(0 :p (I", x)) = 5(%). By Lemma 5.2 we have x(0 :p I") = (0 : ["™!) for all n and so
Hy(IL,M) = €0 :m (I",x))
_ 0 ‘M I
B f(x(O M I”))
0 ‘M I"
4
(0 ‘M I"_l)
= H,(I,M)-H,_1(I, M) forall n.

Clearly P, (I, M) = P,(I, M) — P,_1(I, M) for all n. Hence we get

A (Py(1, M) — Hy (I, M)) AT AN (PA(I, M) — Hy(I, M)))
= AN Py (I, M) — Hyea (I, M) 2 0

for all n. This completes the proof. [

Corollary 5.4. Let M be a co-Cohen-Macaulay A-module withNdim M = d, I be an ideal of A such that £(0 :p1 I) < oo
and width G(I, M) > d — 1. Suppose Pr(I, M) = Hi(I, M) for some integer k. Then P,(I, M) = H,(I, M) for all n > k.

Proof. By Theorem 5.3, we have

(-1 1aAY(P,(I, M) — H,(I, M)) > 0.

Hence
()" Ppar(I, M) = Hys1 (I, M) > (=11 (P, (I, M) — Hy(I, M))

for all n. But since for n sufficiently large P,(I, M) — H,(I, M) = 0, we get

(=D (Pe(L, M) = Hi(I, M) < (=1)"(Ps(I, M) = Ha(L, M) < 0
for all n > k. Thus if Pi(I, M) — H(I, M)) = 0 then P, (I, M) - H,(I, M)) =0 foralln > k. O
The following result relates n(I, M) to the Hilbert coefficients.

Corollary 5.5. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that £(0 ;1 I) <
0. For 0 <i < d — 1 we have the following:

(a) Ifn(I, M) < —i, then é;(I, M) = 0 for j > d —i.

(b) If width G(I, M) = d — 1, then the converse of (a) is true.



F. Cheraghi, A. Mafi/ Filomat 33:11 (2019), 3277-3290 3288
Proof. Sincen(I, M) < —i < jwehavg Pj(I,M) = H;(I, M)andsofor—i < j < 0,P;(I, M) = Z?IO(—l)iéi(I,M)(jJij_l
0. Now if j > d—i—1, we have (]+Z:’i_l) # 0 and so é;(I, M) = 0. For part (b), note that é;(I, M) = 0 for
j=d—igives P_i(I, M) = 0 = H_;(I, M). Thus by Corollary 5.4 for all n > —i, P,(I, M) = 0 = H,(I, M) and so
n(I,M) < —i. O

Lemma 5.6. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that £(0 :p I) < oo.
Let x € I\ I?, x* be a cosequence element in G(I, M). Then

n(I, M) = n(I, M) + 1.

Proof. By the proof of Theorem 5.3 for all n we have H,(I,M) = H,(I,M) — H,_1(I, M) and P,(I,M) =
P,(I, M) — P,_1(I, M). Clearly that H,,(I, M) = P,(I, M) for all n > n(I, M) + 1, so n(I, M) < n(I, M) + 1. Now we
show that the case n(I, M) < n(I, M) + 1 is not true. Since in this case we have Hym+1(I, M) = Puaan+1(I, M)
and so H,m)(I, M) = P,qmy(I, M), this is a contradiction. Hence n(I, M)y=n(,M)+1. O

Corollary 5.7. Let M bea co-Cohen-Macaulay A-modulewithNdim M = d, I be an ideal of A such that €(0 :p I) < oo
and width G(I, M) > d — 1. Let é, ..., é; be the Hilbert coefficients of I relative to M. Then for 0 <i < d

(a) é > 0.
(b) (—1)i(é0 —é1+ ..+ (—1)iéi -0 : 1) >0.

Proof. Recall that if x = x1, ..., x; is a co-superficial sequence for I, then (I, M) = é(I,M) for0 < i <d—k
and é(I,M) = 0 for i > d — k, where M = (0 :p1 x1,...,xx). Also by Lemma 5.2 and [6, Proposition 3.4], if
X1, ..., X¢ € I\ I? such that X7 e X form G(I, M)-cosequence, then x1, ..., xx is a co-superficial sequence for I. To
prove statement (a), note that é is always positive so we may assume i > 0. Since width G(I, M) > d—1, there
exist elements x1, ..., x;_1 € I\ I? such that X}, -, X5, form G(I, M)-cosequence. Let M = (0 1 x1, .00 Xa—i)-
Then as i > 1, we have x4, ..., x4—; also forms cosequence, M is co-Cohen-Macaulay of NdimM = i and
é(I, M) = é,(I, M). Furthermore, as G(I, M) = (0 :gqm) (¥}, ..., X;,_,)), width G(I, M) > i — 1. Consequently, we
can reduce the problem to the case i = d; i.e., it is enough to show that the last coefficient is non-negative.
But by Theorem 5.3, (—=1)*(Po(I, M) — Ho(I, M) > 0 so (=1)*¢,(I, M) > 0 and hence é;(I, M) > 0.

For the second statement, note that it is true for i = 0, since éy = €(0 :p; ), where | is the minimal
reduction of I. So we may assume i > 1. Also, by the same argument as above we can reduce to the case
i = d, noting that €(0 :p I) = €(0 :5; I). But by Theorem 5.3 we have (-1)*(P1(I, M) — Hy(I, M)) > 0 and so
(=D —é1 + ... + (=1)%; = (01 D)) > 0. O

Corollary 5.8. Let M be a co-Cohen-Macaulay A-module withNdim M = d, I be an ideal of A such that £(0 :p I) < oo
and width G(I, M) > d — 1. Let éy, ..., é; be the Hilbert coefficients of I relative to M and suppose é; = 0 for some
1<i<d-1 Thené;=0foralli<j<d.

Proof. It is enough to show é;.1 = 0. Then as in the proof of Corollary 5.7, we can assume thati = d — 1.
Since by assumption éy > 0, we must have that d > 1 and so width G(I, M) > 0. Thus there exists x € I \ I?
such that x* is G(I, M)-cosequence. Let M = (0 :p x), then M is co-Cohen-Macaulay and NdimM = d — 1.
Also width G(I, M) > d — 2. Now since é;_1(I, M) = é;_1(I, M) = 0 we have that Py(I, M) = 0 = Hy(I, M). Now
by Corollary 5.4, n(I, M) < —1. From Lemma 5.6 we get that n(I, M) = n(I, M) — 1 < -2. By Corollary 5.5, we
getthaté; =0. O

Lemma 5.9. Let M be a co-Cohen-Macaulay A-module with Ndim M = d and I be an ideal of A such that €(0 :m
I) < oo, Then

(a) é;(I, M) = é;(I*, M) fork > 1.
(b) width G(I¥, M) > 1 for k sufficiently large.

)=
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Proof. Part (a). Note that for n sufficiently large
Py(I*, M) = Hy(I", M) = Hi (I, M) = P (I, M).
Thus for all n, we have P, (I¥, M) = Py,(I, M). So

é1(I", M) = (=1)Po(I*, M) = (=1)Po(I, M) = é4(I, M).

Part (b). Since A/m is infinite, there exists an element x € I \ I which is co-superficial for I. Therefore,
by Lemma 4.1, we can find a positive integer ¢ such that x(0 :p I") = (0 :p ") for n > ¢. If k > ¢, then
xK(0 :pp 1) = (0 iy IKD) for all n > 1 and so by Lemma 5.2, (x*)* is G(I, M)-cosequence. [J

The following result is a dual of Narita’s Theorem [10].

Corollary 5.10. Let M be a co-Cohen-Macaulay A-module with NdimM = d > 2, I be an ideal of A such that
£(0 :p I) < 00. Then é,(I, M) > 0.

Proof. By the proof of Corollary 5.7, we can reduce to the case d = 2. Choose k > 0, so by Lemma 5.9 we
have width G(I, M) > 1. Again by Lemma 5.9, we get é(I, M) = é(I*, M) > 0. O

Lemma 5.11. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that €(0 :p I) < o0
and ] be a minimal reduction of I relative to M and there exists x € I \ I such that x* is G(I, M)-cosequence. Then

(L, M) = (1, M)
Proof. Letr = r;(I, M) and s = r;(I, M). Suppose (0 :y; I**1) = (0 :y; JE). It is equal to
03 FY N (0 301 %) = (021 JE) N (0 21 X).
Summing with (0 :p I and by [15, Theorem 3.2], we have
0 :m P = (0:m JP) N (0 xP°).

Therefore, (0 :p 1) = (0 :p JI°) and so r < s. Conversely, if (0 :p I'™1) = (0 2 JI"), we have (0 :p ') N (0 2
x) = (0:p JI) N (0 271 %) 50 (0 237 I'Y) = (0 17 JT'). Thus s < r. This completes the proof. [

Theorem 5.12. Let M be a co-Cohen-Macaulay A-module with NdimM = d and I be an ideal of A such that
(0 :p1 I) < 00 and width G(I, M) > d — 1. Then

r(I, M) = n(I, M) +d.

Proof. We use induction on d. If d = 1 then, by Corollary 3.2, we have the result. Now let d > 1. Since
width G(I, M) > d — 1, there exist elements x1, ..., x;_1 € I \ I? such that X}, -, X5_, form a G(I, M)-cosequence.
Let M = (0 :p x1). Then as x; is a cosequence element, M is co-Cohen-Macaulay of NdimM = d - 1.
Furthermore, as G(I, M) = (0 :g¢,m) ;) we have width G(I, M) > d — 2. So by induction hypothesis

r(I, M) = n(I, M) +d — 1.
By Lemmas 5.6 and 5.11, we obtain r(I, M) = n(I, M) +d. O

Corollary 5.13. Let M be a co-Cohen-Macaulay A-module with Ndim M = d, I be an ideal of A such that £(0 :m
I) < coand widthG(I,M) >d —1. Thenfor 1 <i<d

(1) é(I,M) =0if andonlyif r(I,M) <d—1.
(2) r(I, M) = max{i | é(I, M) # 0} if n(I, M) < 0.
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Proof. Part (1), by Theorem 5.12 we have r(I, M) < i — 1 if and only if n(I, M) < i — d. But by Corollaries 5.5
and 5.7, n(I, M) < i — d if and only if é,(I, M) = 0. The second part follows from the first part and Corollary
55. O

Lemma 5.14. Let xy, ..., X, € I' \ I¥*! such that x; = x; + I**! # 0. Then x5, ..., x; is G(I, M)-cosequence if and only
if x1, ..., X, is M-cosequence and (0 :py I") + (0 1 X1, ..., %) = (0 2 K0V (xy, ..., x,)) forall n > 1.

Proof. By using induction and [15, Theorem 3.2] the result immediately follows. [

Proposition 5.15. Let M be a co-Cohen-Macaulay A-module with NdimM = d, I be an ideal of A such that
(0 :p1 I) < oo. Then width G(I¥, M) > width G(I, M) for k > 1.

Proof. Let x1,..,x, € I\ I? such that X3, ., X; is a G(I, M)-cosequence. Then (x;)k,..., (x:)k is also G(I, M)-

cosequence and we have (x})f = (xf)* for i = 1,..,7. Thus (xf), ..., (x})* is a G(I, M)-cosequence and so by
k

Lemma 5.14, we have X3,

., XX is M-cosequence. Therefore
O I + (0 iy X5,y 28 = (0 20 D, L, 6.

Hence
0 ()" + (0 :p X,y 28) = (0 ()1, .., 2.

Thus (x’{)", oy () isa G(Ik,M)-cosequence. O
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