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Abstract. In the present paper, we consider non-trivial warped product pseudo slant submanifolds of type
M, X Mg and My X7 M, of Kenmotsu f-manifold M. Firstly, we get some basic properties of these type
warped product submanifolds. Then, we prove the general sharp inequalities for mixed totally geodesic
warped product pseudo slant submanifolds and also we consider equality cases. Also generalizes some
previous inequalities as well.

1. Introduction

The notion of warped product which is a natural generalization of Riemannian product was introduced
to construct the manifolds with negative curvature by Bishop and O’Neill in 1969 [8]. They gave the
definition of these manifolds as follows:

Let (M1, g1) and (M, g»)be two Riemannian manifolds and let f be a positive differentiable function on
M;. Consider the product manifold M; X M, with its projections mt; : My XM, — M; and 1 : My XMy — M.
Then their warped product manifold M = M; Xy M, is the Riemannian manifold (M; X M, g) equipped
with the Riemannian structure such that

g(X, Y) = g1 (m.X, mu.X)+(f o ) 72 (2. X, 12.X)

for any vector fields X and Y tangent to M, where * denotes tangent maps. Furthermore, a warped product
manifold M = M; Xy M is a trivial or simply Riemannian product manifold if the warping function f is
constant.

Then many authors make good jobs using this new notation. For example, Kenmotsu proved the
existence of almost contact structure on special warped product manifold and also he showed that it has
negative sectional curvature —1 [20].

On the other hand the notion of CR-warped product submanifold in a Kéhler manifold was introduced
by Chen in 2001 [10]. He obtained inequalities for the second fundamental form in terms of warping
functions. Then many authors studied the geometric inequalities of warped product submanifolds in
different ambient spaces at the series of articles [see [1-6, 21, 22, 24, 30]]. Recently, Sahin [28] constructed a
general inequality for warped product pseudo slant isometrically immersed in a Kdhler manifold.
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In the present paper, we consider these studies on Kenmotsu f-manifolds and we compute some
geometric inequalities of non-trivial warped product pseudo slant submanifolds. The warped product
pseudo slant submanifolds are natural extensions of CR-warped product submanifold.

2. Preliminaries

Let M be (211 + s)-dimensional manifold and @ is a non-null (1, 1) tensor field on M. If ¢ satisfies
¢+ =0, @

then ¢ is called an f-structure and M is called f-manifold [36]. If rankp = 21, namely s = 0, ¢ is called
almost complex structure and if rankp = 2n + 1, namely s = 1, then ¢ reduces an almost contact structure
[16]. ranke is always constant [27].

On an f-manifold M, P; and P, operators are defined by

Py =—¢?, Py=¢*+], 2)
which satisfy

Pi+Py,=1, P%:PL P§:P2,

@P1=Pip =¢, Prp=q@P,=0. )

These properties show that P; and P, are complement projection operators. There are D and D+ distributions
with respect to P; and P, operators, respectively [37]. Also, dim (D) = 2n and dim (D*) = s.

Let M be (211 + s)-dimensional f-manifold and ¢ is a (1, 1) tensor field, &; is vector field and 1’ is 1-form
for each 1 <i < s on M, respectively. If ((p, &, r]i) satisfy

0 (&) =0, @)

(Pzz—”zfli@ffi/ (5)
i=1

then (go, &, ni) is called globally framed f-structure or simply framed f-structure and M is called globally

framed f-manifold or simply framed f-manifold [25]. For a framed f-manifold M, the following properties
are satisfied [25]:

e =0, (6)
nop=0. 7)
If on a framed f-manifold M, there exists a Riemannian metric which satisfies
X =g(X &), (8)
and
7(@X, 9Y)=g(X, V)= ) 0 ()0’ (¥), ©)
i=1

for all vector fields X, Y on M, then M is called framed metric f-manifold [17]. On a framed metric
f-manifold, fundamental 2-form ® defined by

DX, Y)=g(X, ¢Y), (10)
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for all vector fields X, Y € x (A_/I) [17]. For a framed metric f-manifold,

N, + ZZdni®c§i, (11)

i=1

is satisfied, M is called normal framed metric f-manifold, where Ny denotes the Nijenhuis torsion tensor
of ¢ [19].
A globally framed metric f-manifold M is called Kenmotsu f-manifold if it satisfies

S

(Vxo)Y = ) g @X V)&= f M eX], (12)

k=1

for all vector fields X, Y € x (Z\_/I) [26].

Now, let M be a submanifold immersed in M. We also denote by g the induced metric on M. Let TM be
the Lie algebra of vector fields in M and T*M the set of all vector fields normal to M. Denote by V and V the
Levi-Civita connections of M and M, respectively. Then, the Gauss and Weingarten formulas are given by

VxY =VxY +h(X, Y) (13)
and
VxV = -AyX + VLV (14)

respectively, for any X, Y € TM and any V € T*M. Here, V* is normal connection in the normal bundle, 1
is second fundamental form of M and Ay is the Weingarten endomorphism associated with V [9]. On the
other hand, there is a relation between Ay and & such that [9]

The mean curvature vector H is defined by H = %tmceh, where m is the dimension of M. M is said to
be minimal, totally geodesic and totally umbilical if H vanishes identically and h = 0,
h(X, Y)=g(X, Y)H, (16)
respectively [9]. Furthermore, the second fundamental form / satisfies [9]

(Vxh) (Y, 2) = Vgh (Y, Z) = h(VxY, Z) = h(Y, Vx2). (17)

3. Submanifolds of Globally Framed Metric f-manifolds

In this section, we recall some basic properties of submanifolds of globally framed metric f-manifolds
from [7].

Definition 3.1. Let M be a globally framed metric f-manifold and M is a submanifold of M. For all X € T (TM) , we
can write

@X = TX + NX, (18)

where TX and NX are called tangent and normal component of X, respectively. Similarly, for each V € T (T+M),
we have

QV =tV +nV. (19)

Here, tV is tangent component and nV is normal component of V.
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Corollary 3.1. Let M be a globally framed metric f-manifold and M is a submanifold of M. Then the following
identities hold:

T?=-1+Y ff®& —tN, NT+nN=0, (20)
k=1

Tt+tn=0, Nt+n?=-I, (21)

where I denotes the identity transformation.

Proposition 3.1. Let M be a globally framed metric f-manifold and M is a submanifold of M. Then, T and n are
skew-symmetric tensor fields.

Proposition 3.2. Let M be a globally framed metric f-manifold and M is a submanifold of M. Then, for X € T (TM)
and V € T (T+M), we have

g (NX/ V) = _g (X/ tV) ’ (22)
which gives the relation between N and t.

Proposition 3.3. Let M be a globally framed metric f-manifold and M is a submanifold of M. Then, for X, Y € T (TM)
and V e T (T+M), the following identities hold:

(Vxp) Y = VxpY - pVxY (23)
VxT)Y = VxTY - TVxY, (24)
(VxT)

(VxN) Y = VNY - NVxY, (25)
(Vxt)V = VxtV - iV, (26)
(?Xn) V= ﬁ;nv - nv;V, (27)
(VXT)Y + (VyT) X = AnxY + AnyX +2th (X, ), (28)
VxN)Y + (VyN)X = 2nh (X, Y) - h(X, TY) - h(Y, TX), (29)
(VxN) Y + (VW)

Vxt)V = AywX - TAVX, (30)
(Vxt)

Vxn)V = -h(tV, X) - NAyX, (31)
(Vi)

where h is the second fundamental form, V is the Levi-Civita connection and Ay denotes the shape operator corre-
sponding to the normal vector field V.

Definition 3.2. Let M be a globally framed metric f-manifold and M is a submanifold of M. Then, the TM tangent
bundle of M can be decomposed as

™ = Z Do ® &, (32)
k=1

where for each 1 < k < s the & denotes the distributions spanned by the structure vector fields & and Dg is

complementary of distributions & in TM, known as the slant distribution on M.
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Theorem 3.1. Let M be a globally framed metric f-manifold and M is a submanifold of M. Then, M is a slant
submanifold if and only if there exists a constant u € [0, 1] such that

Tzz—y[I—an@)ék]. (33)
k=1

Moreover, if O is the slant angle of M, then u = cos® 6.

Corollary 3.2. Let M be a slant submanifold of a globally framed metric f-manifold M with slant angle 0. Then for
any vector fields X, Y € I (TM), we find

7(TX, TY) = cos? 0 {g X, Y) - Z 1 (X) 1 (Y)} (34)
k=1
and
g(NX, NY) =sin’> 60 {g X, Y) - Z nt (X)n* (Y)} ) (35)
k=1

Definition 3.3. Let M bea submanifold of a globally framed metric f-manifold M and let M be tangent to the structure
vector fields & for each 1 < k < s. For each nonzero vector X tangent to M at p, we denote by 0 < 0 (X) < g, the

angle between X and T,M, known as the Wirtinger angle of X. If the 0 (X) is constant, that is, independent of the
choice of p € M and X € T,M — {&}, for each 1 < k < s, then M is said to be a slant submanifold and the constant
angle 0 is called slant angle of the slant submanifold

Here, if 6 = 0, M is invariant submanifold and if 6 = g, then M is an anti-invariant submanifold. A

slant submanifold is proper slant if it is neither invariant nor anti-invariant submanifold.

Definition 3.4. Let M be a submanifold of a a globally framed metric f-manifold M We say that M is a pseudo-slant
submanifold if there exist two orthogonal distributions Dg and D~ such that

1) The TM tangent bundle of M admits the orthogonal direct decomposition TM = D* @ Dy, where for each
1<k<sé& €TI'(Dg).

2) The distribution D+ is anti-invariant i. e.,  (D*) Cc (T*M).
3) The distribution Dy is slant with angle 0 # g, that is, the angle between Dg and ¢ (Dg) is a constant.

A pseudo-slant submanifold of a globally framed metric f-manifold is called mixed totally geodesic if
h(X, Z) =0 forall X e T (D*) and Z € I'(Dg) . Now let {ey, ..., e,} be an orthonormal basis of the tangent
space TM and e,belongs to the orthonormal basis {e,1, ..., e,} of a normal bundle T+M, then we define

Wo=g(n(e ), o) and WP = X7 g (il o), hes ¢)), %)

On the other hand, for a differentiable function A on M, we have
IVAIP =) (e (D)), (37)
i=1

where the gradient VgradA is defined by g (VA, X) = XA, for any vector field X € I' (TM).

Theorem 3.2. Let M be a proper slant submanifold of a globally framed metric f-manifold M, such that & € TM.
Then we have

i) tNX = sin 0 {—X + Yk (X) gk}, iiynNX = -NTX,
k=1

for all vector X e T (TM) .
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Proof. By applying ¢ both sides of (18), it means that

¢*X = TX + pNX,
for any X € I'(TM) . By using (5) and again form (18) and (19), we get

S
X+ Z nf (X) & = T2X + NTX + tNX + nNX.
k=1

Then by virtue of Corollary 1 and considering the tangential and normal components of the last equation,
we get the results. [J
4. Pseudo-Slant Submanifolds of Kenmotsu f-manifolds

In this section, we get some useful lemmas to compute main results in the next part.
Lemma 4.1. Let M be a proper pseudo slant submanifold of Kenmotsu f-manifold M. Then the following holds
cos? g (VxY, Z) = g(ApzTY - AnrvZ, X)
forany X, Y € Y3_; Do @ égand Z € D*.
Proof. For all vector fields X, Y € Y';_; Do @ & and Z € D+, it follows that
9(VxY, 2) = 9(VxY, Z) = g(¢VxY, 92).
By using (23), we get
9(VxY, Z) = 9(VxoY, 9Z) - g((Vx9) Y, 9Z).
Then by virtue of (12) and (18), we deduce that
9(VxY, Z) = g(VxTY, 9Z) + g(VxNY, ¢Z)
=g(h(X, TY), 9Z) - 3(VxpNY, Z)
+9((Vxp)NY, Z).
From (12) and (19), it yields
9(VxY, Z) = g(AgzTY, X) - g(VxtNY, Z) - g (VxNY, Z).
By using Theorem 2. we have

9(VxY, Z) = g(AgzTY, X) +sin” 0g(VxY, Z)
—sin?0 )" 1 (N g(Vx&, Z) + g(VxNTY, 2).
k=1
Thus using (12), (13) and (14) in the last equation give us the desired result. [
Lemma 4.2. Let M be a pseudo slant submanifold of Kenmotsu f-manifold M. Then the following holds
ApzW —ApwZ =0, (38)
forany Z, W € D*.
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Proof. It has a similar calculation to Kenmotsu one in [24] and so we omit it. [J

Theorem 4.1. Let M be a proper pseudo slant submanifold of Kenmotsu f-manifold M. Then the anti-invariant
distribution D* is integrable.

Proof. For all vector fields Z, W € D+ and X € };_; Dy @ &, then it follows

(12, W1, X) = g(V2W, X) - g(VwZ, X)
=9 ((P§ZWI (PX) -9 <(P§WZ/ (PX) + Z 1 (X) {9 (§ZW ék) -9 (§WZ/ 5k)}
k=1
=(VzoW, 0X) +9((Vzo) W 0X) - 9 (VwoZ, 9X) - ((Vwe) Z, 9X)

=Y 0 {a (W Vz&) - (2, Twe)).-
k=1

By virtue of (12) and (18), we conclude that
92, W1, X) = g(VzeW, TX) + g(VzeW, NX) - g (VweZ, TX) - g(VweZ, NX).
Then by using (13) and (14) and since the vector fields are orthogonal, we deduce
92, W1, X) = g(ApzW — ApwZ, TX) - g(pW, VzNX) + g(pZ, VwNX).

From (38) the first term of the right hand side is identically zero, hence by using (8), (9) and (23) it is said
that

92, W1, X) = g(W, V2oNX) - g (W, (V29)NX) - g(Z VweNX)+g(Z, (Vwp)NX).
Now by using (12) and (19), then we derive
92, W1, X) = g(W, V2tNX) + g(W, VznNX) - g(Z, VwINX) - g(Z, VwnNX).

In view of Theorem 2, we get

9((Z, W], X) =sin® G{g (Vwz, X)-g(VzW, X)+
— g(W, VZNTX) + g(Z, VWNTX).
By virtue of (12) and (13) and the orthogonality of vector fields, it follows
912, W1, X) =sin?0{g (VzW, X) - g(VwZ, X)} + g(AnrxZ, W) + g (Z, AnrxW).
From the well-known properties, we have
9([Z, W], X) =sin® 09 ([Z, W], X).

This implies that cos? 6g ([Z, W], X) = 0. By the assumption of the theorem, it can be said that cos? 6 # 0
and thus we have g ([Z, W], X) = 0 which means D+ is integrable. [J
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5. Warped Product Pseudo-Slant Submanifolds

In this section, we investigate some fundamental properties of warped product pseudo-slant submani-
folds of Kenmotsu f-manifolds. Firstly, we give the following lemma from [8] which we use next.

Lemma 5.1. Let M = My Xy M be a warped product manifold. Then we have

(i) VxY e I'(TMy),

(i) VzX=VxZ =(XInf)Z,

(iii) VW = VoW — g (Z, W) Vin f,

forall X, Y € T (TMy) and Z, W € T (TM,) ,where V and V° denote the Levi-Civita connections on M; and
My, respectively. Moreover, V1n f, the gradient of In f, is defined by g(VIn f, U) = Uln f. A warped product
manifold M = My Xy M, is trivial if the warping function f is constant. If M = My Xy M is a warped product
manifold then it is said to be that M, is totally geodesic and M, is totally umbilical submanifold of M.

In the following two examples, we follow a similar method which is used in [24].

Example 5.1. Let us consider R with its Cartesian coordinates (x1, X2, X3, X4, Y1, Yo, Y3, Ya, i, t2) and the
globally framed metric f-structure given by

D)2 L (2)-2 (2 -
(P((Txi)‘_a_y/ qo(a_yj)—a—x/ <P(,9—tk)—0, 1<i, j<4, t=12

d d

_, d d d 10 _ ., 9 d v 4 J
Let X = Aj=— + pj=— + 1 m be a vector field in R™. Then pX = —A; +yjaxj and p*X = Al&xi ‘u]9yj_

Ix; dY; d dy;
-X + vko'?itk' Furthermore, g (X, X) = A? + y? + v and g (X, pX) = A + y?, where g is the Euclidean inner

product of RY. Then we obtain g(pX, X) = g(X, X) — [nk (X)]Z, where N°(X) = g (X, &) and n* = dty, and

thus ((p & 1 g) is a globally framed metric f-structure. Now we consider a submanifold M of R™° defined by the
immersion

X(ull Uz, Uz, Uy, tll tZ) = (\/guﬁ»r O/ us, 0/ 23] sin 6/ Up cos 6/ O/ Uy, tlr tZ)

We set the orthonormal vector fields

. J
e, = sinf@—— + cos —

er = I o E
Then it follows that
. d
per = _8_y3’ pe; = smGa—x1 + cos 7

J d
= — 3—, = =, = O’ =0.
pes = -3 P Ll el e Pes
Under these conditions we see that geijand @ey are orthogonal to TM. Hence M is a pseudo slant submanifold
with anti-invariant distribution D* = Span {e1, es} and the slant distribution Dy, = Span {ez, es} with slant angle
01 = cos™! (sin ) such that & = es and &, = eg are tangent to M. In fact, M is a proper pointwise pseudo-slant
submanifold.
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Example 5.2. Let us consider R® with its Cartesian coordinates (x1, Xz, X3, Vi, Y2, Y3, i, t2) and the globally
framed metric f-structure given by

D)2 L (2)-2 (2 .
(P(a_xi)‘_a_y/ qo(a_yj)—a—x/ <P(,9—tk)—0, 1<i,j<3, t=1,2

We can easily show that R® is a globally framed metric f-structure with respect to the Euclidean metric tensor of R®
in a similar way of Example 1. Let M be a submanifold of R® given by the immersion x as follows

X (u1, up, uz, t, to) =(uq tanus, 2uy + 2uy, up tanusz, uy cotus,
2uq — 2uy, ug cotug, ty, £).

Then the tangent space of M is spanned by the following vectors

J J J d
Z1 =t — +2— +2— + cotuz—
1= fanis ox1  dxa oy cotits Ays’
J Jd 0 J
Zy = —_— +2——-2— -
» =tanus o + o (9}/2 + cotus 5]/1 ,
Z5 = —1 sec? Uz — + Up SeC’ Uz —— — Uy CSC> Ug—— — U] CSC> u3i
83('1 8x3 &yl &y:‘,’
J J
Zy=—, Zs5=—.
Yo T o
Now, we obtain
d d Jd d
Z1 = —t — —2— +2— + cotuz—
P2 ants 8y1 8y2 83(2 coths 8x3'
d

0 0
Zr = —t —2— + cotuz—o,
©Z an s co u38x1

A T
3y3 <9y2 &XZ

d
(pZ3 = —-U secz M38—y1 — Uy SeC2 u3a—y3 — Uy CSC2 u3a—x1 — Uy CSC2 Us E,

(PZ4 = 0, §0Z5 =0.

Hence we see that ¢Zs is orthogonal to TM and so it is said that the anti-invariant distribution D+ = span{Z3}
tan? uz + cot? uz — 2

> such that

Uz + cot? uz + 2

and Dy = span{Zy, Z»} is a proper slant distribution with slant angle 6 = arccos (t
an

d d
and &y = —— are tangent to M which means M is a proper pseudo slant submanifold. It is easy to see that

&1= 5~

ot oty
both distributions are integrable. If we denote the integral manifolds of D*and Dy by M, and M, respectively. then
the metric tensor g of M is computed as

g=9 (duf + du%) + (u% + u%) (sec2 u3 + csc? u3)2 du3 + de2 + dt3.

Thus M is a warped product pseudo slant submanifold M = Mg Xy M, with the warping function

f= \/(u% + u%) (sec? uz + csc? uz)°.

Now, we prove some lemmas for the next section. We begin with the following.
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Lemma 5.2. Let M = Mg Xy M, be a warped product pseudo slant submanifold of a Kenmotsu f-manifold M. Then
the followings hold.

i) g (X, V), 9Z) = g(h(X, 2), NY),

(i) g (h(X, Z), pW) = g(h(X, W), ¢Z),

forany X, Y e I (TMy) and Z, W e ' (TM,).

Proof. Forany X, Y e T (TMy) and Z € I' (TM, ), we obtain

g (X, V), 92) = g(VxY, 9Z) = g((Vx) Y, Z) - 9(VxoY, 2).

By using (12) the first term of right hand side is identically zero and in view of the orthogonality of vector
fields, then we get

g (X, Y), 9Z) = g(VxZ, Y)g(VxZ, TY) +g(VxZ, NY).

Thus taking into account of (13), (14) and Lemma 3 (ii) in the last equation, then we derive the first identity.
To prove second part, let us consider X € I'(TMg) and Z, W € I'(TM, ) it follows that

gh(X, Z2), pW) = g(?XZ, qu) =-g (@?XZ, W).

By virtue of (23), then we deduce

g(h(X, 2), oW) = g((Vxp) Z, W) - 9(VxpZ, W).
Substituting (12) and (14) in the previous equation, we have (ii) which completes the proof. [

Lemma 5.3. Let M = Mg Xy M, be a warped product pseudo slant submanifold of a Kenmotsu f-manifold M. Then
we have

() Lioi&kInf=s
(i) g(h(Z, W), NX) = g(h(X, W), Z) = (TXIn f) g (Z, W)

(iii) g(h (Z, W), NTX) = g (h(TX, W), ¢Z) — cos* 0 {(Xlnf) —sY ;1 (X)}g(Z, W)
forall X e T (TMg) and Z, W € T (TM,).

Proof. Let us consider X € T'(TMp) and & € I'(TM,) for each 1 < k < s. Then we have Y;_; Vyé =
Yio1 (X1In f) & and by taking the inner product with &;, we obtain (XInf) = Y'i_; g (§X£k, éi) = 0 which
implies that f is constant. Hence, we consider the structure vector fields &;s tangent to My and so we can

write Y;_; V& = Yic1 {VzE& + h(Z, &)} and moreover by using (12) and Lemma 3 (ii), we have (i). For the
second property of the lemma, let us consider any Z, W e I' (TM, ) and X € I'(TMp), then we derive

g(h(Z, W), NX) = g(VzW, pX) - g(VzW, TX).
By virtue of (9) and (23) and in view of the orthogonality of vector fields, we conclude that
g(h(Z, W), NX) = g((Vz0) W, X) - g(V29W, X) - g(W, V2TX).

By taking into account of (12), (13), (14) and Lemma 3 (ii), we obtain (ii) of this lemma. By interchanging X
by TX in (ii) and by using Theorem 1 and };_, & In f = s, we have the desired results. [J

Now we make the characterization of warped product submanifold of a Kenmotsu f-manifold which
is mixed totally geodesic. Firstly let us recall the definition of the mixed totally geodesic.

A warped product submanifold M = M; X¢ M, of a Kenmotsu f-manifold M is called mixed totally
geodesic, if h(X, Z) = 0 for any X € I'(TM;) and Z, W € I'(TM,), where M; and M, are Riemannian
submanifolds of M.
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Theorem 5.1. Let M be a proper pseudo slant submanifold of Kenmotsu f-manifold M. Then M is locally a mixed
totally geodesic warped product submanifold if and only if

ApzX =0 and AnrxZ = —cos*0 {(Xy) —sY (X)}Z (39)

orany Z € D+ and X € Y.;_, Do ® & for some smooth function on M such that W (u) = 0, for all vector fields
i gl k=1 H
e D+.

Proof. Let M be a mixed totally geodesic warped product submanifold of a Kenmotsu f-manifold. Then
AypzX = 0holds from Lemma 4 (i). On the other hand, by using Lemma 5 (iii) we get the second part of the
lemma.

Conversely, let M be a proper pseudo slant submanifold of Kenmotsu f-manifold M with the anti-
invariant and slant distributions D* and }.;_; D ® & such that (39) holds. Now from Lemma 1, we
obtain

g(VxY, Z) = sec? Og (A(pZTY — AnTYZ, X)

forany Z € D+ and X, Y € Y;_; Do ® &. By virtue of (39) and in view of the orthogonality of vector fields,
it follows g (VxY, Z) = 0 which implies that the leaves of the distribution };_; Dg @ & are totally geodesic
in M. On the other hand, from Theorem 3 the anti-invariant distribution D+ is integrable and then if we

consider a leaf of M, of D* in M and if 7 is the second fundamental form of M 1 in M, then we deduce
g(n(z, W), X) = g(V2W, X) = g (V. W, X)

for all vector fields Z, W € D* and X € };_; Dg @ &. Taking into account of (9) in the last equation, we get

(1 W), X) = g(V2W, pX)+ Y " (X) g (V2W, &)
k=1

= 9(VzoW, X) - g((Vz0) W, 9X) = Y | 1" (X) 9 (W, Vz&).
k=1

Again by using (12) and the orthogonality of vector fields, we derive

g(hz W), X) = -g(pW, V29X) = Y " (X)g(Z, W)

k=1
= —g(pW, V2TX) - g(pW, V2NX) = Y " (X) (2, W).
k=1

By taking into account of (9), (13), (14) and (23) in the last equation, it yields

g(nz, W), X) =g (W, h(Z, TX)) +g(W, VzoNX) - g (W, (Vzp)NX) =Y 1 (X)g(Z W).
k=1

From (12) and (19), we obtain

g(ﬁ z, W), X) = g(quwTX, Z)+ g(?ZtNX, W)+ g(ﬁanX, W) - Z 17 (X)g(Z, W).
k=1

By virtue of (39), the first term in the right hand side is identically zero, thus from Theorem 2 we find

g(h(z W), X)=-sin?0 {g (V2x, W) - Z 7 (X)g(W, ?ng)} — g(VZNTX, W) - Z 1(X)g(Z, W).

k=1 k=1
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Now in view of (39), then we have
g(h(z, W), X)=-(Xwg(z W).

Considering the definition of gradient the above equation gives us
1z, W) =-Vug(z, W)

where Vey is the gradlent of the function y. This implies that M, is totally umbilical in M with the
mean curvature H = —V® y. Furthermore, it can be proven that His parallel corresponding to the normal

connection D of M 1 in M as a similar way of [21]. Hence it is said that M, is an extrinsic sphere in M.
Moreover, by virtue of Hiepko [18] we deduce that M is a warped product submanifold which completes
the proof. [

6. A Geometric Inequality for a Warped Product Pseudo Slant Submanifold of the form Mg X M,

In this section, we obtain a geometric inequality of warped product pseudo slant submanifold in terms
of the second fundamental form such that & is tangent to the invariant submanifold and the mixed totally
geodesic submanifold for each 1 < k <s.

Now, let M = MgX M, be (m + s — 1)-dimensional warped product pseudo slant submanifold of (21 + s)-

dimensional Kenmotsu f-manifold M with My of dimension d; = 2p+sand M, of dimension d; = g, where
My and M, are the integral manifolds of Dy and D+, respectively such that &;s are tangent to M, where

M, and My are anti-invariant and proper slant submanifolds of M. Then we consider {e;, ... esb and {eg41 =

€y, - -Cqp = e;, Cgiptl = e;+1 =secOTe], ..., ey =€ 5y = SeC GTe;, em—1 = €g42ps1 = €

Cqiopts = e;p +s = &5} are orthonormal basis of D+and Dy, respectively. Hence the orthonormal basis of the

;P‘Fl = ’51/ coes Cmys—1 =

normal subbundles @D+, NDy and v are {ey4s = €1 = ey, ..., Cntstqg = € = Pegl, {emis-14q+1 = €g41 =
cscONe], ..., Cmis—1+gtp = €qip = CSC QNe;, Cmtstgip = €qipr1 = CSCOseCONTe], ...emis—14q+2p = €guap =
csc O sec GNTe;,} {e2(n+s—1) = @ms ---, €2n+s = Can—m+s)), Tespectively. It is clear that the dimensions of the
normal subspaces pD+, NDg and v are g, 2p and 2 (n — m + s) , respectively.

Theorem 6.1. Let M = MgX M be m-dimensional mixed totally geodesic warped product pseudo slant submanifold
ofa (2n + s)-dimensional Kenmotsu f-manifold M such that & € T (TMg), where M, is an anti-invariant submanifold

of dimension d, = q and My is a proper slant submanifold of dimension dy = 2p + s of M. Then we have
(i) The squared norm of the second fundamental form of M is given by

AP > qcof o[ 79 n 7| - ) (40)

where V9 In f is gradient of the function In f along M.
(ii) The equality holds in (40), if My is totally geodesic and M, is a totally umbilical submanifold of M.

Proof. By virtue of (36), we have

m+s—1 2n+s m+s—1 9
mf =Y g(n(en e), mlen )= Y Y alnlen ), er) -
i, j=1 r=m+s i, j=1

Then in view of established frame above, we derive

2n+s 2n+s 2p+s 2n+s 2p+s

P =y Zg e ), e +2ZZZg ) o)+ Y Y (e e) ). @

rm+51]1 rm+511]1 rm+sz]1
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Since M is a mixed totally geodesic submanifold hence the second term in the right hand side of (41)
vanishes identically. Then we deduce

m+s+q 2(m+s 1)-1 ¢

P =y Z (i €7), Yo Y g(nene)
r=m+s i, j=1 r=m+s+q i, j=1
2n+s q ) m+s=1+q m+s—1 5
+ Z Zg(h(ei, ej),er) + Z Z g(h<€i, Ej),er)
r=2(m+s-1) i, j=1 r=m+s i, j=q+1
2(m+s—1)-1 m+s—1 ) 2n+s m+s—1 5
+ Z Z g(h (ei, ej), er) + Z Z g(h(ei, ej), er) (42)
r=m+s+q i, j=q+1 r=2(m+s-1) i, j=q+1
+2]
9 1 2 q+2p 4 o
:Z g(n(ei ej), @) + Zg(h(el ), @)
r=1 i, j=1 r=q+1i, j=1
n+2-m 4 ) g mts+-1 )
+ Z Z g(h(ei, ej), e,) +Z Z g(h(ei, ej), er)
r=m+s—11i, j=1 r=1 i, j=g+1
q+2p m+s+-1 2n+2—m m+s+—1
0 M R TIORI I Yl S 1)
r=q+11i, j=q+1 r=m+s—11i, j=q+1

Now we calculate only the second term in (42) and we will leave all the positive terms, then we obtain

+2p
=Y Z (e e1),
r=q+1i, j=1
a+p q+2p
- Y ol(ee) e X Yalilee). 7
r=g+11i, j=1 r=g+p+1i, j=1

By using the frame of NDy, we derive

I > Z Z el e] csc QNe:)2 + Zp: i g el e] csc O sec GNTE;)Z.

r=11i, j=1 r=11, j=1

From Lemma 5 (ii) and (iii), we conclude that

P4 P4
II]* > csc? 62 Z (Te:In f)? g(ei, e]‘)2 + cot? QZ Z M) —¢ lnf)zg(e,-, e]-)z

r=1i, j=1 r=1i, j=1
2p+s
=gcsc QZ e Tvelnf) —gcsc QZ e, TVelnf)
r=p+1

—gcsc? 0 [Z Tey,, lnf] +gcot’ 0 Z (e 1n f)?,
=1 r=1

S
where 77 (¢}) = El ' (e) . Since Tey,, =Té =0 foreach 1 <[ <s, then by using (37), we derive

2p p
Il > gesc? 0 ”TVG lnf”2 —gcsc? 0 Z g(e;+,, TV lnf)2 +qcot? QZ (e Inf).

r=1 r=1
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Finally, by taking into account of (34) and Lemma 5 (ii), we arrive at

I1l* > g cot? Q(HVQ 1nf||2 ) gcsc 62 sec 0Te;, TV® lnf) + g cot? GZ (€ 1n f)?

r=1
=qcot26(||V91nf||2—s) qcotzez e Velnf +qcot262(e In f)°.

By virtue of definition of gradient, the second term of right hand side in the above equation is negatively
equal to the third term and thus (40) holds. If we have equality case in (40), then in view of the mixed
geodesic condition, we derive

h(Dgy, D*) = 0. (43)
Now by using Lemma 4 (i) and (43), it follows that
h(D*, D*) =0. (44)

Since M, is totally geodesic in M, by virtue of (44), we get M, is totally geodesic in M. In a similar way,
from the leaving fifth and sixth terms in (42), we find

h(D+, DY) LNDt and h(D*, DY) 1v
which implies that
h(D*, D*) € ¢De. (45)
Furthermore, taking into account of Lemma 5 (ii) and (43), we deduce that
gh(Z, W), NX) =(TXInf)g(Z, W).

Hence we conclude that My is totally umbilical in M by using the fact that M, is totally umbilical in M
which complete the proof of the theorem. O

7. Some Applications

In this section we discuss some consequences of our derived results. Theorem 5.1 implies for s = 0 and
s = 1, respectively.

Theorem 7.1. [28] Let M be a proper pseudo slant submanifold of Kaehler manifold M. Then M is locally a mixed
totally geodesic warped product submanifold of type M = Mg X M, if and only if

A]zX =0 and ANTXZ = - COS2 Q(XH)Z (46)
forany Z € D+ and X € T(Dy) for some smooth function on M such that W (u) = 0, for all vector fields W € D*.
Next result was proved in [24] that

Theorem 7.2. [24] Let M be a proper pseudo slant submanifold of Kenmotsu manifold M. Then M is locally a mixed
totally geodesic warped product submanifold of type M = Mg X M, if and only if

ApzX =0 and AnrxZ = - cos? 0(Xp - 1(X))Z, (47)

forany Z € D+ and X € T(Dg @ &) for some smooth function on M such that W (i) = 0, for all vector fields W € D+.
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On the other hand, Theorem 6.1 implies the following for s = 0.

Theorem 7.3. [28] Let M = Mg Xs M, be m-dimensional mixed totally geodesic warped product pseudo slant
submanifold of a (2n)-dimensional Kaehler manifold M , where M, is an anti-invariant submanifold of dimension

dy = g and My is a proper slant submanifold of dimension dy = 2p of M. Then we have
(i) The squared norm of the second fundamental form of M is given by

P > gco 0]V 1n £|| (48)

where VO In f is gradient of the function In f along M.
(ii) The equality holds in (40), if My is totally geodesic and M, is a totally umbilical submanifold of M.

Similarly, for substitution s = 1 in Theorem 6.1, we get the following result which obtained in [24]

Theorem 7.4. [24] Let M = Mg Xy M, be m-dimensional mixed totally geodesic warped product pseudo slant
submanifold of a (2n + 1)-dimensional Kenmotsu manifold M such that & € T (TMg), where M., is an anti-invariant

submanifold of dimension d, = q and My is a proper slant submanifold of dimension d, = 2p + 1 of M. Then we have
(i) The squared norm of the second fundamental form of M is given by

AP 2 ot o [79 1 A - 1), (49)

where VO In f is gradient of the function In f along M.
(ii) The equality holds in (40), if My is totally geodesic and M is a totally umbilical submanifold of M.
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