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Abstract. In this paper we study a granuloma model in visceral leishmaniasis, which contains eleven
coupled reaction diffusion equations. The existence and uniqueness of the model in the local solution is
proved by using the Banach Fixed Point Theorem and theory of parabolic equation. Then, the existence
and uniqueness of the global solution are obtained by using the extension method.

1. Introduction

The free boundary problem of some cells growth is under consideration because it can fit the mechanism
of disease and predict its dynamic development, which provides a scientific explanation and theoretical
basis for effective prevention and control of diseases. Therefore, it is necessary to systematically establish
a mathematical model of some cells growth and conduct a rigorous mathematical analysis.

With consideration of the free boundary problem of tumor cell growth, Friedman and Reitich [10]
obtained the existence and uniqueness of the global solution, the stable solution and the asymptotic behavior
of the solution to model. From then on, a series of studies on the free boundary problem modeling some
cells growth were conducted with abundant theoretical results developed in [5-8,16-18].

In specific, we consider the granuloma model of leishmaniasis. Leishmaniasis is a parasitic disease
caused by infection with an obligate intra-cellular protozoa called Leishmania, the disease parasite. Two
common forms of leishmaniasis are cutaneous leishmaniasis (CL) and visceral leishmaniasis (VL). VL is
the more serious of the two and the primary symptoms of VL include abdominal pain, fever, shivering and
weight loss [9,11,13]. Furthermore, the characteristic of VL is the formation of granulomas in the liver or
the spleen. Granulomas are inflammatory foci containing infected cells, which are formed as immune cells
migrate towards the source of infection, surround the infected cells and try to kill or control them. That is,
following initial infection, there is a recruitment of new macrophages from the blood. These macrophages
play a critical role both in the pathogenesis, and in the fight against leishmaniasis [4,12].

A mathematical model describing the evolution of visceral leishmaniasis was proposed by Siewe. N
et al. [14] in 2016, which was represented by the system of ordinary differential equations. In this paper,
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however, we focus on a partial differential equations model which was also proposed by Siewe. N etal. [15].
To be specific, the model consists of a free boundary problem of a system of partial differential equations in

three dimensions in the form of
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_dl;gt) = u(R(t),t), t >0, (12)
u(0,t) =0, (13)
V-il = h(My, My, P1,P>,D,Q, 11,15, I5), (14)
8M1 _ aMl 14 _ — -
S0, =0, S+ pliog—I—(My ~ Mo) = 0on 7 = RE®), M(5,0) = M), (15)
M2 0,1 = 0, 222 (Rt 1) = 0, , Ma(r,0) = Man(r), (16)
or or
0P, . dP; B 3
W(O/ t) - O/ W(R(t)/ t) - 0/ Pl(?’, 0) - PlO(r)/ (17)
op, 9P, B B
7(0/ t) - 0/ W(R(t)/ t) - 0/ P2(r/ 0) - Pz()(?’), (18)
dD JD
W(O’ =0, > +poD =0 on r=R(t), D(r,0) = Dy(r), (19)
20 aQ D I _ _ _
200 =0, 54 Pl Q= Q0) =0 on r=R(D), Q0 = Qulr), 0)
oh L B B
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b b B B
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W(O/ t) - O/ W(R(t)/ t) - O/ 13(7’, O) - 130(7)/ (23)
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JE JE
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where
M1+M2+D+Q=1,61 =(52 =(55 =(56,
h(Mi, M, P1,P>,D,Q, 11, I, I5) = —(kuM i + koM 2 )+kQI1
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with My, M, P1, P>, D, Q representing the density of pro-inflammatory (classically activated) macrophages,
the density of anti-inflammatory (alternatively activated) macrophages, the density of Leishmania in
macrophages M, the density of Leishmania in macrophages M,, the density of dendritic cells, the density
of CD4*T cells and I, I, I3, I4, E denoting the concentration of IL-2, the concentration of IL-10, the concen-
tration of IL-12, the concentration of IFN-y, and the concentration of Nitric Oxide respectively. Moreover,u
is the component of the velocity # in the radial direction and 6,,(m = 1,2,...,11) is the diffusion coefficient.
ki(i=1,2,...,12),A(j =0,1,...,4), tm, cn(n = 1,2,3,4), N, N., B, Bo, Km, Kp, Mo, Qo are positive constants.
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Though theres simulations, the theoretical results are still undiscovered. So we will make a rigorous
mathematical analysis to the model.

We assume the following conditions on initial functions:

(A1)Mio(r), Mo (r), Pro(r), P2o(r), Do(r), Qo(r), L10(r), L2o(r), I3o(r), Lso(r), Eo(r) € Dp(0, 1);

(A2) Mio(r), M2o(r), P1o(r), P2o(r), Do(r), Qo(r), L10(r), Lao(r), I30(7), Lao(r), Eo(r) = 0.

The main result of this paper is as follows:

Theorem 1.1 Under the conditions (A1) and (A2), there exists a constant C(T) depending on time T, such that
problem (1)—(26) has a unique global solution (M1, My, P1, P, D, Q, 11, 15,13, 14, E). Moreover, for any T > 0, there
exists

R(t) e C'[0,T] for 0<t<T;

0< Ml,Mz,Pl,Pz,D, Q,Il,12,13,14,E < C(T) fOT" 0<t<T.

The structure of this paper is as follows. In Section 2 we transform the problem (1)—(26) into an equivalent
problem defined on a fixed domain. Section 3 is devoted to presenting some preliminary lemmas that will
be used in later analysis. In Section 4 we prove local existence of solutions by using the reformulated
version of the problem presented in Section 2. The last section, Section 5, aims at presenting the proof of
global existence and uniqueness.

2. Preliminary Lemmas

In this section some preliminary lemmas are shown. We first introduce some notations:
(1) Denote Q7 = {(z,7)| : 0 <z < 1, 0 < T < T}. Q7 is the closure of Qr. Define

Wy (Qr) = {u € LP(Qr) : 970} € LP(Qr) for |m| +2k <2},

and set

il = Y, 1050l

Im|+2k<2
where || - ||, represents the L¥ norm.
(2) For a number p > g, we denote by D,(0, 1) the trace space of Wﬁ'l(QT) att =0,ie. , @ € Dy0,1)if
and only if there exists u € Wﬁ’l(QT) such that u(-,0) = ¢. The norm in D,(0, 1) is defined as follows:

. _1
@lp, 01 = T llullyzr = 4 € Wy (Qn), u(, 0) = ).

Since for p > 2 W,%’l(QT) is continuously embedded in C(Qr) [1], the above definition makes sense. Besides,
it is clear that if o € W*#(0, 1), then ¢ € D,(0,1) and ||¢lIp,0,1) < ll¢llw2s(,1)-

Lemma 2.1 [3] Let D be a positive constant and a(z, t), b(z, T) be bounded continuous functions defined on
Qr (T > 0), f(z,7) € LP(Qr), ¢(z,7) € C'[0,T] and Cy € Dp(0,1) for 1 < p < oo. Let Bu = a% + B(z, T) where
Da=0,=1,2)a =1, =0, then the initial value problem

adc d*c

dc
I —D@ +LZ(Z,T)£+b(Z,T)C+f(Z,T) for 0<z<1, 0<t<T,

z=0,1:Bc=¢ for 0<7<T,
c(z,0) =co(z) for 0<z<1,

has a unique solution c(z, 7) € W;’l(QT). Moreover, there exists a positive constant C,(T) depending only on p, T,
||a||oo/ HbHoo, such that

lellwz iy < CoD(llpllwirom + leoll, o) + I1£11,)
Cp(T) are bounded for all T in a bounded set.
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Making change of variables

r

t
TRe T fo RS n(0) =R(E), Mi(z,7) = Mi(r,t), Mj(z,1) = Ma(r, t)
Pi(z,7) = Pi(r,t), Pi(z,7) = Pa(r, 1),

D'(z,t) = D(r, 1),
Ié(zl T) = 12(1’, t) Ié(zl T) = 13(1’, t)r

Q'(z,7)=Q(rt), I(z1)=hrt),
L(z,7) = L(rt), E'(z,1)=E@t), u'(z1)=ROu,b), (27)
the free boundary problem (1)-(26) is transformed into the following initial-boundary value problem on
the fixed domain {(z,7): 0 <z < 1,7 > 0}:
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Q" 2‘9Q' Q' 2 L Ny
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g(o, 7) =0, —(1, 1) =0, , I(z,0) = L1v(2), 41)
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(0 7) =0, (1 7) =0, E'(z,0) = Eo(2), (49)
d
Z(T) = (' (1,7), T >0, (50)
1n(0) = Ry, (51)
v(z,t)=u'(1,71)—zu’(1,7), 0<z<1, 1t>0, 52
(z,1) =u'(1,7) —zu'(1,7) (52)
a ’ ! ! / / ’ ’ ’ 4 4 ’
_zg(zzu ) = nz(T)h(erMz/P1/P2/D rQ /Ilr12113) = nzh 7 (53)
u'(0,7)=0, T >0, (54)
where
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and

M +M,+D' +Q =1,

Pr2 72 ’
1 2 1
h(M,,Mél Pll,Pél D, Q',I’,Ié, Ié) = _(an;/Z—NM;z + kleém) + k6Q’ e
P+ (355 >+ (350 1
Y P+ P, A M; I
N(Nilg)EMZ) + Pi + P,z M& + Ky Ié +C3

— (UM + poMj + usD’ + pQ’),

We summarize the above result in the following lemma:
Lemma 3.1  Under the variable transformation (27), the free boundary problem (1)—(26) is equivalent to the
initial-boundary value problem (28)—(54).

4. Local Existence

We now prove local solvability of (1)-(26) by using its reformulated version (28)- (54). Denote

u= @My, M, P, P,D,Q 1,1, I,1,,E'),
a = (M, My, P, P, D, Q1L LT B,
Uy = (M}, Myy, Py, Py, DY, Qq Iy, Iy, Iy g B,
Uz = (Miy, Myy, Py, Pyy, D5, Q5 1, g, 13y, I E).
For given T > 0 and positive constant W, we introduce a metric space (Xr,d) as follows: Xr consists of
vectorvalued functions (U, 1) = (U, 1(7))(0 <z < 1,0 < 7 < T) satisfying:
(i) n(t) € C[0, T],7(0) = Ro, 3Ro < 1(1) < 2Ry,
(i) My, M3, Py, P, D', Q' 11, I3, I3, I, E" € C(Qr), 0 < M, M), P, P, D', Q' I, I, I, I}, E" < W,
(iii) | (M7, M3, P1, P, D", Q' I}, I, 1) IS A, ie | B |[< A.
The metric d in Xt is defined as

A((ty, m1), (Uz,1m2)) = U1 = Walleo + 1171 = M2lleo.

It is obvious that Xt is a complete metric space.
Integrating (53) yields

2 4
W(z,7) = lf) f W sds. (55)
z 0
Substituting (55) into (50), we obtain

1
M _ o fo I sds. (56)

dt

We define a mapping F : Xr — X7 (for small T > 0) in the following way: given any (U, 7(7)) € X7 and
consider the following problem on (U, 7(7)):

1)
dt
7(0) = Ro, (58)

=fA(t)u'(1,7), >0, (57)
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S =0 5 @) 0 0 - @k i+ b (W e OV 0
I+ + (=3

0<z<1,1t>0,

W(Ol T) = 0/ _(]-/ T) = 0/ M,z(zl 0) = MZO(Z)/
P19, or, s P
e 32—2£(Z —) - 0(z, T)E + 17 (1) (max{a 1= {Mg o) 0
50
NM; P'PN' NMi P'PN' - Ié
BT BT AT
Pzz+(1 ) P’2+(150) 2+C2
57 ! ‘/} 57 1157
—M3P1(1 +k5E' +k4[:1+64)_‘ulN1P1 —hP1)+g3, 0<z<1,7>0,

P! o ,
(0 T) Z (1/ T) = 0/ 7 Pl(zl 0) = PlO(Z)/

B, 19 ,oP, Jp, I o

2 _ 2 2 2 2 1 2
o1 - 42_25(2 0z ) - U(Z, T) 0z +7 (T)(max{onz(l - % )r 0}

L NM, Py P, 1-6) -k NM, PP, e
+i NM; - YT NM, ., 2 27
150 P'2+(150) 150 P’2+(10) I4+C4

’ ’

~ E
— ugP (1 + k +k
paPi( SEre T

4
- NP’ WP)+g,, 0<z<1, 0,
IQ+C4) HalN2 ) 94 z T>

57 57

op, , ]
8_(0, T) = O/ _(1/ T) = O/ ’ Pé(zl 0) = PZO(Z)/

oD’ _ oD’

3 5—25(Zz ) -z, T)— — (D) (us + H)D" +g5, 0<z<1, >0,

oD’ 8 ) ) y

E(O, 7)=0, = +foD’ =0 on z=1, D'(z,0) = Dy(z),

00 _ zaQ' aQ ) Lo

o 62&( Tk’+c1) pe —h)Q" + ge,
0<z<1,1>0,

aQ/ B aQ’; D’ ) ~ ~ - B

82 (O’T)_O’ a +ﬁ80 Ok +DII/+C (Q QO)—OO”Z—l, Q(Z/O)—QO(Z),

or 19 oI or

_ 2% ’ 1 2 7
— =96 Z —Z(Z E)"‘“(LT)ZE—T](T)WH‘FW, 0<z<1,7>0,

3568

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71)
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i’ 7

1 = —1 = 7 =
E(Or T) - O/ 0z (1/ T) 0, ’ Il(Z, 0) 110(2)/ (72)
aj; 1 a 2&172 ’ &IZ 2 7
(9_7.' = 8;&(2 E)+u(1,’c)z£—n (T)[.l812+g8/ 0<z<1,1t>0, (73)
o 0,7)=0 : L1)=0,, I(z0) =1 74
E( /T) =Y Z( /T) =Yy Z(Zr ) - ZO(Z)/ ( )
af:;’) 1 a Z&Ié ’ 81?3 2 i’
90 592—22(2 E) +u (LT)ZZ - (ueli +g9, 0<z<1, >0, (75)
afé 0 0 &fé 1 0,, I'(z,0) =1 76
g( ,’l') =Y E( /T) =Yy 3(Zr ) = 30(2), ( )
or 19 .or or _

4 4 ’ 4 7
= 5102_25(222) +u'(1, T)Zg - (ol + g0, 0<z<1, >0, (77)
Lo =0, L0 =0, 7(z0) =
0z (O/ T) 0/ o0z (1/ T) O/ I4 (Z/ O) I4O (Z)/ (78)
GE 19 L0F. . OF 3
I = 6112—25(225) +u'(1,7)z 9 T]Z(T)[JHE +g11, 0<z<1, 7>0, (79)
OF’ OF -
g(ol T) = 0/ g(ll T) = 0/ E (Z/ 0) - EO(Z)' (80)

With this problem solved, we define F : (U, 1) — (U, 7).
(b1) Clearly, for any T > 0, there exists a unique solution 7j(t) € C'[0, T] of (57)-(58) thanks to Picard
Theorem of Existence and Uniqueness:

(1) = Roeh w19, (81)
According to conditions (i) and (iii), we have | u'(1, 1) |< ;—*AR%, which implies that
Roe 34K < fi(t) < RoeiRl for 0<t<T.

It follows that if T > 0 is sufficiently small such that e34R5 < 2 then 1Ry < 1j(T) < 2R, so
that 7j(7) satisfies Condition (i).
(b2) By Lemma 3.1 we see that (59)-(60) has a unique solution ]\7[1 € Wg’l(QT) satisfying

’ ’

I
1’ 4 2 ’ 4
Il < M@0 + 1Bk Mollwom + I (DM =2 l) < CDK

where K is a positive constant depends on Mjg(z) and W. e
(b3) Similarly, by Lemma 3.1, (61)-(80) have unique solutions M’, P, P,, ', Q’, I}, I, I, I, E’
€ Wg’l(QT) satisfying

“(Mél pi/pér ﬁ,/ Q,/ fi/ I;r 1?3/11/ El)'lw:ll(QT) < C(T)K

Combining (b2) and (b3), we conclude that if K > 0 and T > 0 sufficiently small, then C(T) is bounded

such that C(T)K < W and || My, P, P, D', Q' I}, I}, IL, I}, " llyz1 o)< W. By the embedding W, (Qr) ©

7 1/
CA,%(QT) when p > g and A f 2— %, we have IIMQ, Z,P} D, Q/,fi,fé,lé,lz,
E'llo < W, so M}, P, P, D,Q, n,n,r,T, E’ satisfies condition (ii) and
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From the above assertions we see that the mapping F is well-defined, and it maps Xr into itself for small
T. In the sequel we prove that F is a contraction mapping if T is further small.
Let U;, n; € Xr(i = 1,2), the denote ;
(uir ﬁl) = F(ui/ ni)/
d((Uy, M), Uz, M) = It = Ualles + 1171 = 12lo-

(B1) By direct calculations we deduce
| 1) (z,T) — u5(z,7) I< C(T)d,

and consequently from (81) we have
M = Malle < TC(T)d.

(B2) Denoting M = M}, — M/,, we have
aM; 19, ,0M oM, I, P2 .
e 51_25(2 —) - u(z, T)— - () I + ki1 s (1%1 STt h)M; + fu,,
ONE: N L o 1;11 I, 3
- lz=0=0, -5 mﬁklo G M = Bka(m I - 772[, )(MO - M) onz=1, Mi(z,0) =
where

i’ ’ ’ 72

M, I, o, 2
fm, =(v1 —2) e +k2(T]1M21I, —nzMzzﬁ) k1M 2(771

( 150
—nz—ﬁ) My, (7 — m3) — M2, (nthy — mahs) — kM, (3 el -1 b ).
P,Z (NMiz 5 12V 2 12\ 22 12 11&1 + 0 21£2+C2
12 150
Thus
Il fur,lleo < C(T)Wd
18k b, o (Mo - M,)llw < kil TR llooll Mo — M, |
47]1L,u+ T]I, 0 ) 47]1 41+4 T]2I:12+C4oo 0 121le0

< C(T)Wd.

It follows from the maximum principle [2] that

I 4

I, _
LT I, )(Mo M,,)llw) < C(T)Wd.

IMilleo < (Il fity lloo + IIﬁk4(171
41 +e

(B3) Similarly, denoting

M; =M, M;z, Pl = P’ P’u, P = P’ P;z, D*=D;-D;, Q' =Q;-Q)
I = I’ Iiz, I; = I’ Iéz, 13 = I’ Iéz, 14 = I’ 1212/ E*=E -E,
we get

IQlleo < TCT)Wd,  NIljlleo < TCMWA, Il < TCT)Wd,  [I5lleo < TC(T)Wd,
Ifillo < TCTYWd, |IE*lle < TC(T)Wd.
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From (B2) and (B3), we have
Ity = Uzl < C(T)WA.

Combining with (B1), we conclude that
d((Uy, M), Uz, M) = Ity — Ualles + 1M1 — M2l < C(T)WA.

If T is further small such that C(T)W < 1, F will be a contraction mapping. In view of the contraction
mapping theorem F has a unique fixed point (U, 7) in X7, which is the unique local solution of (57)—(80).
Back to the original problem (1)—(26), we get the following result:
Theorem 4.1 Under the conditions (A1) and (A2), problem (1)—(26) has a unique solution for 0 <t < T.

5. Global Existence

Note that by (56) we cannot expect that the solution to (28)—(54) exists for all 7 > 0. However, since the

¢
variables t and 7T can be rewritten as t = fOT 17?(s)ds and T = fo R+$)ds, we cannot conclude that the solution

to (1)-(26) does not exist for all ¢ > 0. Hence, in order to get global solutions to (1)—(26), we must study this
problem directly. For this purpose we now establish the following preliminary lemmas:
Lemma 5.1 The solution to (1)—(26) satisfies

M11M2/P1/P2/ D/ Q111112/I3/I4,E > 0.

Proof. Clearly, g, is monotone increasingin M, (’, Ii, Ié, Ig, I :1' E’, g, ismonotone increasing in M’, Q’, Ii, Ié, Ié,
I}, E’, g¢ is monotone increasing in M, M}, I1, I, I}, I}, E’, g7 is monotone increasing in M}, M}, Q', I}, I, I}, E’,
gs is monotone increasing in Mj,M;,Q’,I},I}, I}, E’, go is monotone increasing in M|, M}, Q’, I}, I}, I}, E’,

g10 is monotone increasing in M}, M}, Q’,I1, I, I, E’, g11 is monotone increasing in M}, M}, Q’, 1, I, I}, I}.

Hence, (28), (30), (38), (40), (42), (44), (46) and (48) generate a quasi-monotone increasing system and
(0,0,0,0,0,0,0,0) is a lower solution of (28)-(31) and (38)—(39), so that
M, M;, Q' 13,1, 1,13, E" > 0

It follows that g; is monotone increasing in P}, D’, g4 is monotone increasing in P}, D’, g3 is monotone
increasing in P}, P, then (32),(34) and (36) are a quasi-monotone increasing system and (0,0, 0) is a lower
solution of (32)—(37), therefore

P}, P, D" >0.

Consequently
M|, M;, P}, Py, D, Q' 1, 1, 1,1y, E” > 0.
Thanks to Lemma 2.1, we have
My, M, P1,P,,D,Q,1I1,1,13,14, E > 0.
O
Next, it follows from My + M, + D + Q = 1 that 0 < My, M,, D, Q < 1. Denoting
A =max{h|0 < M1,M,,D,Q < 1},

and (14) can be written as

10
ﬁg(rzu) = h,
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by differentiating it with respect to r, we can deduce

u(r, t) = :—ZL s°h ds.

lu(r, t)| < %Ar,

then

i.e.
1 1
—gAr <u(rnt) < gAr, 0<r<R(@#),0<t<T,

and substituting it into (12) we get

1 . 1
—EAR(t) <R() < §AR(t), 0<t<T
Consequently
Roe 34 < R(f) < Roe?, 0<t < T,
which implies that
Roe 34T < R(#) < Roe4T
ie.

_1 1
Roe 34T < n(t) < Roe3”T.

Lemma 5.2 Forany 1 <p < oo, there exists a positive constant C(T) depending on time T such that

||(M1/M2/ P11P2/ D/ Q/ 11112113/ 14/ E)”OO S C(T)

Proof. Since 0 < M/, M,,D’,Q’ <1 and Roe 34T < (1) < Roe34T, we have g; € LP(Qq)(i = 1,2,5,6,...,11),
so that problems (28)-(31) and (38)—(39) have unique solution

M}, M, D', Q' 1, I, I, I, E' € Wy,

and from Lemma 3.1,
M5, M5, D, Q' T, 1, 1, Ty, By, < C(D).

Applying W' (Qr) C CM3(Qr) whenp > Zand A =2 - %, we get
”M’ /M,Z/ D’I Q// I, 4 Ié/ I:/;/ Ii/ EI”OC S C(T)

By Lemma 2.1, we also have
”(Ml/ MZ/ D/ Qr Il/ 121 I3r 14/ E)HOO S C(T)

With additional consideration of (32) and (34), we obtain

AP, + P)) AP, +P))

’ ’ 1 2 ’ ’
—or <OVA(Py + P)) — o(z, O—g,— —c(Pi+P))
/ P/ (82)
+ C(T) max{a Py (1 - NM, ), 0} + C(T) max{a,P;(1 - N, —),0},
150 150

where 0 = 03 = 64 and c is a positive constant.
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Multiplying both sides of (82) by (P} + P}) and integrating on Qr, we get

18(1)/ ) ’ 7 \k 2D/ ’ ’ 7 \k
——— (P} + P)'dzdt <0 V (P} + Py)(Py + P dzdt

f f v(z, T)a(P, /)(P’+P’)kdzd7

—cf f(Pi+P§)k+1dsz
o Jo

T 1 p/
+C(T) f f max{a; Pj(1 — W) 0}(P} + P,)*dzdt
0 0

150

T 1 ,
+C(T) f f max{a, P5(1 — NPM ), 0}(P; + P})'dzdt
0 0 150
=h++3+]s+]5

We can also know that

T 1 9P, + P,
f f M(P1+P§)kdzd’r— f f(P’ +P§)k”dzd’r
0 Jo at
i f f (P} + Py dzdr
Ldt Jy Jo

(83)

N‘
\~+

and

T _—
= f f V(P + P,)(P; + Py)fdzdt = —kf f V(P} + Py)R(P, + Py ~'dzdr < 0 (84)
0o Jo o Jo

(P
We assume that
Set

>OonQTICQTad <Oor1£)T\QT1

a(P' P o P +P) ) ok
A :_f oz 1) (P + PY)dzdr — | 0(z, 1) ———=(P| + P})'dzdr
ar, On\or,

=/ + J2.
By [v(z, 7)| < C(T) and Young’s inequality with ¢ we compute

3(P; + P;) ‘
Jo1 = (=v(z, 1)) ——=—=—(P] + P})'dzdt
Qr, dz

(P! + P))
< lo(z, Dl f %(P{JrP;)kdsz
. (85)

P
C(T) %(F’ + P)fdzdt
QT1
< C(T)g V(P + PP, + Py 'dzdr + Cz( D

Py + Py ldzdx,
Qr ¢ Jor,
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and

a(P, ,) ’ 7 \k
J22 :f u(z, )(——)(P + Pl)*dzdt
Qr\Qr,

IPL+PY).
<o Ol [ ()P + Py)dzdt (86)
Qr\Qr, Z
< (M) IV(P; + Py)P(P; + Py dzdt + —— c@ f (P} + P dzdr.
2 Qr\Qr, 2e Qr\Qr
Therefore
h=Jn+]»

T 1 T 1 (87)

< C(T)e f f IV(P] + PY)P(P; + Py)'dzdt + @ f f (P} + Py dzdr.
0 0 0 0

Combining (84), (86) and let ¢ = ¢( be sufficiently small such that —ok + ¢C(T) < 0 yields

I1+Iz+13<—ffp’+P'k“dsz

Let J4 = Ja1 + Ja, if {maxay P{(1 - %),0} =mPi(1- N—A;]) on Qr, € Qr, then
T T
Jun = C(T) max{a; P{(1 -

Wﬂ;)f O0}(P} + Py)fdzdt
150

C(T) a1 P (P} + Py)rdzdr
QTZ

CT) | (P +Py)*dzdr.
QTZ

And if max{a; P;(1 - %), 0} =0 on Qr \ Qr,, then
T

/

P
Juio = C(T) max{a; P} (1 - ﬁ) O}(P} + P)fdzd = 0.

Qr\Qr, 50

Therefore .
Ja=Jut+]p < C(T)f f (P} + Py dzdr.
o Jo

Similarly, we can also find that

T 1
J5 < C(T) f f (P} + Py)*dzdr.
0 0

Hence

! &(P/ k k+1
f f (p' + P)dzdr < C(T) f f (P} + P+ dzdr. (88)

Using similar method, substituting p(z, 7) = fo j(; (P + Py)F*1dzdr into (89) and combining (83), we infer

that
dp(z, 7)
dt

< C(T)p(z, 1),
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which leads to p(z, T) < C(T) due to the Gronwall inequality.

From the above assertions we see that [|P] + P}|lyq;) < C(T). According to Lemma 5.1 we obtain

1P}l < C(T), NIPyllr@py < C(T).

Further using Lemma 3.1 yields

1P}z < CT), 1Pl < CCD).

Besides, applying the embedding Wz’l(QT) c Ch2 (Qr) when p > g and A =2 — ;57' we have

IP}llee < C(T), [IP3lleo < C(T).

Moreover, using Lemma 2.1, we get

IP1]lo < C(T), [IP2lle < C(T).

Now we conclude that

”(MllMZ/ P11P2/ D/ Q/ 11112113/ 14/ E)”OO S C(T)

O

By Theorem 4.1 and Lemma 5.2, we complete the proof of Theorem 1.
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