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Abstract. In this paper, we study properties of operators which are power similar to complex symmetric
operators. In particular, we prove that if T is power similar to a complex symmetric operator, then T is
decomposable modulo a closed set S C C if and only if R has the Bishop’s property () modulo S. Using the
results, we get some applications of such operators.

1. Introduction and preliminaries

Let H be a separable complex Hilbert space and let £(#) denote the algebra of all bounded linear
operators on H. If T € L(H), we write 6(T), 0,(T), 05,(T), and o.(T) for the spectrum, the approximate point
spectrum, the surjective spectrum, and the essential spectrum of T, respectively.

A conjugation on H is an antilinear operator C : H — H which satisfies (Cx, Cy) = (y, x) forall x, y € H
and C? = I. An operator T € L(H) is said to be complex symmetric if there exists a conjugation C on ‘H such
that T = CT*C. In this case, we say that T is a complex symmetric operator with a conjugation C. The
terminology of complex symmetric operators was motivated by the antilinear eigenvalue problem Tx = AX
where T is an nxn symmetric complex matrix and X denotes the complex conjugation of the vector x in
C". In [18], T. Takagi noted that this equation gives information about eigenvalues of |T| := (T*T)? and
he obtained various results based on this observation. Indeed, complex symmetric operators have been
studied for many years in the finite dimensional setting. In 2006, S. R. Garcia and M. Putinar ([4]) have
proven interesting results for this class of operators in the infinite dimensional case. The class of complex
symmetric operators includes all normal operators, Hankel operators, compressed Toeplitz operators, and
the Volterra integration operator, and there are a lot of consequences and applications concerning complex
symmetric operators (see [4], [5], [8]-[11], etc.).
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Definition 1.1. Let R € L(H) be a complex symmetric operator. We say that an operator T € L(H) is power
similar to R if there exists a positive integer n such that T” is similar to R”. In this case, we use the notation

TRR.
For a fixed complex symmetric operator R € L(H), define the following subset of L(H):
PS,(R) ={T € L(H) : T" is similar to R"}
where 7 is a positive integer. We observe that the following relations hold:
PS1(R) € PS,(R) € PS,2(R) € PS,;5(R) C - --

for each positive integer n. Set
PS(R) := U™, PS,(R) = {T € L(H) : TX R).

An operator T € L(H) is said to have the single-valued extension property, abbreviated SVEDP, if for every
open subset G of C and any analytic function f : G — H such that (T —z)f(z) = 0 on G, we have f(z) =0
on G. An operator T € L(H) is said to have the Bishop’s property (B) if for every open subset G of C and
every sequence f, : G — H of H-valued analytic functions such that (T — z)f,(z) converges uniformly to 0
in norm on compact subsets of G, then f,(z) converges uniformly to 0 in norm on compact subsets of G. It
is well known from [13] that

Bishop’s property () = SVEP.

It can be shown that the converse implication does not hold in general as can be seen from [13].
Anoperator T € L(H)is called upper semi-Fredholm if it has closed range and finite dimensional null space
and is called lower semi-Fredholm if it has closed range and its range has finite co-dimension. If T € L(H)
is either upper or lower semi-Fredholm, then T is called semi-Fredholm, and index of a semi-Fredholm operator
T € L(H) is defined by
ind(T) := a(T) — B(T)

where a(T) := dimker(T) and p(T) := dimker(T”), respectively. If both a(T) and (T are finite, then T is called
Fredholm. An operator T € L(H) is called Wey! if it is Fredholm of index zero and Browder if it is Fredholm
of finite ascent and descent, respectively.

In 2015, S. Jung, E. Ko, and M. Lee ([12]) studied operators which are power similar to hyponormal
operators. Recently, S. Zhu and J. Zhao ([19]) considered similarity orbits of complex symmetric operators.
From the main results of [12] and [19], we study operators which are power similar to complex symmetric
operators.

The outline of the paper organizes the followings. In section 2, we investigate examples of an operator
T which belongs to PS,(R) and basic properties of such operators. In section 3, we prove that if T € PS,(R)
for a complex symmetric operator R, then T is decomposable modulo a closed set S C C if and only if R has
the Bishop’s property (f) modulo S.

2. Examples and basic properties

Let C be a fixed conjugation on H. For a complex symmetric operator R with respect to a conjugation
C, we set PS,(R) = {T € L(H) : T" is similar to R"} for some positive integer n and PS(R) = U;", PS,(R).
In this section, we investigate examples of an operator T which belongs to PS,(R) and basic properties of
such operators. Even if R is complex symmetric, then T € PS,(R) may not be complex symmetric. In the
following example, we know that complex symmetry is not invariant under power similarity.
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0

Example 2.1. LetR = (0 0

) ® Al on C° for some nonzero A € C. Then R is a complex symmetric operator

from [4, Example 6]. Since o((g (l))) N o(AI) = 0 from [16, Corollary 0.15], it follows that R is similar to

011

T= (O 0 0] by [6, Corollary 3.22]. Therefore T belongs to PS1(R). But T is not complex symmetric from
0 0 A

[19, Lemma 2.16].

Example 2.2. LetR = (0 A) where A is a complex symmetric operator with a conjugation C. Then R? is a

I 0

complex symmetric operator with a conjugation C®C. If T € PSy(R) such that T? = X*R?X for some unitary
operator X, then T? is a complex symmetric operator with a conjugation X*(C & C)X.

In general, if C is a conjugation on H, then U*CU is a conjugation where U is unitary from [4]. But,
X~'CX may not be a conjugation as in the following example.

Example 2.3. On €2, define X : C2 — C2 as X(a,b) = (2a,b). Define C : C2 — C2 as C(a,b) = (b,@). Then X is
invertible and C is a conjugation on C2. Moreover, since

X'CX(a,b) = X~1C(2a,b) = X~(b, 22) = (%E, 27),

it follows that (X~1CX)*(a,b) = X"'CX(1b,27) = (127,21b) = (a,b), which means that (X"'CX)? = I. On the
other hand for x = (4,b) and y = (c, d), we have

(XTCX)x, y) = (X7'CX)(a,b), (c, d)) = <(%E, 27), (¢, d)) = %Ea +2ad

and
(X7'CX)y, x) = (XT'CX)(c, d), (a,b)) = <<%H, 2), (a, b)) = %Ha + 2¢h.

Thus X~'CX is not isometric. Hence X~!CX is not a conjugation.

Now, we state some conditions for X~!CX to be a conjugation in the following lemma.

Lemma 2.4. Let C be a conjugation on H and X be an invertible operator. If X CX is isometric, i.e., (X 'CXx, y) =
(X~ICXy, x) for all x,y € H, then X~'CX is a conjugation on H.

Proof. Let C be a conjugation on H and X be an invertible operator. Then X'CX is clearly antilinear and
(X7ICX)? = X71C?X = I. Since (X7!CXx,y) = (X"ICXy,x) for all x,y € H, it follows that X"!CX is a
conjugation on H. [

Example 2.5. On €2, define X : C2 — C2 as X(a,b) = (Aa, Ab). Define C : C2 — C? as C(a,b) = (b, ). Then X
is invertible and X~!CX is a conjugation on C2. Indeed, since

X~'CX(a,b) = X"'C(Aa, Ab) = X~ (Ab, Aa) = (%E, %a),

it follows that (X"'CX)?(a, b) = (a, b), which means that (X"!CX)? = I. On the other hand, for x = (a, b) and
y = (¢, d), we have

a), (c,d)) = %EE + %aﬁ

> >

(X CX)x, ) = (O CX0@, b, e, = (5,
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and

A= A_ A= A-
), (a,b)) = de ch.

(XTICX)y, x) = (XT'CX)(c, ), (a, b)) = (54, 4¢

Thus X 1CX is isometric. Hence X"'CX is a conjugation.

Proposition 2.6. Let R € L(H) be a complex symmetric operator with a conjugation C. If T € PS,(R), that
is, T" = X"'R"X for an invertible operator X, then (X 'CX)T"(X"'CX) = (X*X)"'T"(X*X). In particular, if
(X1CXx, y) = (X7ICXy, x) for all x,y € H, then T" is complex symmetric with the conjugation X"'CX if and only
if [T",|X[*] = 0 foralln € N.

Proof. Since R is a complex symmetric operator with a conjugation C, so is R" with a conjugation C. Since
T € PS,(R), there exists an integer n > 0 such that T" is similar to R", i.e.,, T" = X-1R"X for some invertible
X € L(H). Then

(XICcxX)T(X~1CX)

X ICX(X'R"X)X~'CX
X IC(RMCX = X Y(R")'X
XHXT'XYyX
X—l((x—l)*T*nX*)X

= (XX)'T(X*X). (1)
In particular, if (X"!CXx, y) = (X"'CXy, x) for all x, y € H, then X"'CX is a conjugation from Lemma 2.4. If
[T",1X[*] = 0, then (1) gives that

(XICX)T'(XICX) = (X*X) ' T™(X*X) = (T").

Similarly, the converse statement holds. Hence T" is complex symmetric with the conjugation X"!CX if and
only if [T",|X]*] =0 foralln e N. O

For u,v € H, let u ® v denote the operator given by (u ® v)f = (f,v)u for f € H, which has rank one
when u,v # 0. Note that the operator R = u ® v satisfies R = CR*C if and only if R is a constant multiple of
u ® Cu (see [4, Lemma 2]).

Example 2.7. Let T € PS;(R) where R = u ® Cu. Then
R? = (u® Cu)(u ® Cu) = (Cu, u)(u ® Cu)

and so R? is clearly complex symmetric from [4, Lemma 2]. Since T? = X"'R2X where X is invertible with
X1 # CX*C, we get that T? = (Cu, u)(X'u ® X*Cu). On the other hand,

CT? = (u, Cu)(CX'u ® X*Cu) and T**C = (u, Cu)(X*Cu ® CX'u).

Thus CT? # T**C in general. So T? is not complex symmetric.

Let R € L(H) be a complex symmetric operator with a conjugation C. For some 1 € IN, set
CPS,(R) :={T € L(H) : T" is similar to R" and T" is complex symmetric}.

Then from Examples 2.2 and 2.7, CPS,(R) is a nonempty proper subset of PS,(R).

Proposition 2.8. Let R € L(H) be a complex symmetric operator with a conjugation C. If T € CPS,(R), then the
following properties hold:

(i) T is left invertible if and only if T is right invertible. Hence T is left or right invertible if and only if T is invertible.
(ii) ker(T) is trivial if and only if ran(T) is dense in H.

(iii) If R is Fredholm, then T is Weyl. Conversely, if T is Fredholm, then R is Weyl.
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Proof. (i) If T is leftinvertible, then there exists an operator A € L(H) such that AT = I. Thus A"T" = I, which
means that T" is left invertible. Since T" is a complex symmetric operator, it follows from [4, Proposition
1] that T" is left invertible if and only if T" is right invertible. Hence T" is right invertible. Since there
exists an operator B € L(H) such that T(T""'B) = T"B = I, it follows that T is right invertible. The converse
implication holds by similar methods.

(ii) Assume that ker(T) is trivial. Then ker(T") is trivial. Since T" is a complex symmetric operator, it
follows from [4, Proposition 1] that ker(T") is trivial if and only if ran(T") is dense in H. Moreover, since

ran(T") c ran(T) € H, it follows that ran(T) is dense in H. Similarly, the converse implication holds.

(iii) Since R is Fredholm, R" is also Fredholm. Moreover, since T" = X 'R"X, it follows that T" is
Fredholm. Hence T is Fredholm by [17, Theorem 3 (b)]. Since T" is complex symmetric, ind(T") =
n - ind(T) = 0 by [4, Proposition 1]. Hence T is Weyl. Conversely, if T is Fredholm, then T" is Fredholm.
Since T € CPS,(R), R" is Fredholm and so R is also Fredholm from [17]. Moreover, since R is a complex
symmetric operator, ind(R) = 0 from [4, Proposition 1]. Hence R is Weyl. [

We next focus on the stability of complex symmetry for T € PS,,(R) for some symmetric operator R. Recall
that an operator T € L(H) is said to be polynomially compact if p(T) is compact for some nonzero polynomial
p(z). In[15], C. L. Olsen proved that each polynomially compact operator is the sum of an algebraic operator
and a compact one. So, if T is polynomially compact, then ¢.(T) is finite. Let CSO denote the set of all
complex symmetric operators. Let R € L(H) be a complex symmetric operator and let T € PS,(R). If 6(R)
is connected, then the following theorem says that o(T") is a singleton. Moreever, if T € PS,(R),n > 1 for
some complex symmetric operator R € L(H) and o(R) consists of two components, then T may not be an
algebraic operator of order 2. For example, if N is a normal operator with o(N) = {z € C : |z — 2| < 1}. Define
T =R =N®&(—N). Then T and R are complex symmetric, T € PS,(R), and o(T) = o(R) consists of two
components. Hence T is not algebraic.

Proposition 2.9. Let T € PS,(R) for some complex symmetric operator R € L(H). If o(R) is connected, then o(T")
is a singleton.

Proof. We want to show that ¢(T") is a singleton. If not, then o(T") is an infinite connected set. Then do(T")
is infinite. By [3, Chapter XI. 6.8 and 6.9], 0.(T") D do(T) is infinite. Then T" is not polynomially compact
and so R” is not polynomially compact. By [19, Lemma 2.18], R" is not complex symmetric, which is a
contradiction. Since o(T") is connected, it follows that ¢(T") is a singleton. [

3. Local spectral properties

In this section, we focus on the local spectral properties of operators T € PS,(R) for a complex symmetric
operator R € L(H). Recall an operator T € L(H) has the single valued extension property, respectively,
Bishop’s property () modulo a closed set S C C if for all open subsets V C C \ S the mapping

OV, H)—=OWV,H), fe(T-2)f

is injective, respectively, injective with closed range on the space O(V, H) of all analytic functions on V with
values in H. Fix an arbitrary open set V C C\ S and let now X be the quotient of the space w(IN, O(V, H))
of all sequences in O(V, H) modulo the subspace co(IN, O(V, H)) of all sequences that tend to 0 in O(V, H). If
these conditions are satisfied with S = 0, the T will be said to possess the single valued extension property
or Bishop’s property (B), respectively. By Theorems 8 and 21 in [2], an operator T € L(H) is decomposable
modulo a closed set S C C if and only if T and its adjoint T* € .L(H") both have the Bishop’s property ()
modulo S. Hence we get the following theorem.

Theorem 3.1. Let T € PS,(R) for some complex symmetric operator R € L(H). Then T is decomposable modulo a
closed set S ¢ C if and only if R has the Bishop’s property (8) modulo S.
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Proof. We first show that if R has the Bishop’s property (8) modulo a closed set S C C, then T has. Suppose
that R has the Bishop’s property () modulo a closed set S C C. Let zg € C\ S and let G be an open set in
C\ Sand let {fi};?, be any H-valued analytic function on G such that

lim (T~ 2) izl = 0
uniformly on compact subsets K of G, which implies that

lim (T = 2")fi(2)] = 0
uniformly on compact subsets K of G. Since T" = X" !R"X, it follows that

lim [[(R" = )X )| = lim [[(R = DQR, 2)X /@) = 0 @
uniformly on compact subsets K of G. Here, by the fundamental theorem of algebra,

Q(/\l Z) = (/1 - Plz) e (/\ - pn—lz)

where p1z,- -+, py-12 list the zeros of Q(A, z) by multiplicities. Set p,, = 1. Since each p; is nonzero, we obtain
from (2) that

tim | TR - 2X @)l = 0 ©)
T Pj

uniformly on compact subsets K of G.
We claim that it holds forr =1,2,--- ,n that

khm I H(%R—z)ka(Z)H =0 4)
—00 j=1’ ]

uniformly on compact subsets K of G. We will prove the induction on r. If r = 1, then the claim holds clearly
by (3). Suppose that (4) is true for some r = t < n, that s,

o1 71
lim (=R -2) [ [ (=R-2X£@)l =0
k—o0 pt =41 ]

. . 1 . ’
uniformly on compact subsets K of G. Since R has the Bishop’s property () modulo S,

tim || ] (R - X fia)l = 0 ©

j=t+1 ]

uniformly on compact subsets K of G.
From (4) with » = n, we have

lim [|(R - DX fi2)l = 0

uniformly on compact subsets K of G. Since R has the Bishop’s property () modulo S, it follows that
limy e IX f(A)Il = 0 uniformly on compact subsets K of G. Moreover, since X is invertible, it holds that

lim [|fi ()] = 0 (6)

uniformly on compact subsets K of G. Hence T has the Bishop’s property (8) modulo S. Since R is a complex
symmetric operator, R* has also the Bishop’s property () modulo S by [11, Theorem 2.1]. Therefore, T*
has the Bishop’s property () modulo S. Hence T is decomposable modulo S from [13]. Conversely, if T
is decomposable modulo S, then T has the Bishop’s property (8) modulo S. Since T € PS,(R), R has the
Bishop’s property (f) modulo 5. O
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Recall that a closed subspace M of H is called an invariant subspace for an operator T € L(H)if TM c M.
We say that M C H is a hyperinvariant subspace for T € L(H) if Mis aninvariant subspace for every S € L(H)
commuting with T. As some applications of Theorem 3.1, we provide several useful results.

Corollary 3.2. Let T € PS,(R) for some operator R € L(H) which has the Bishop’s property (B). If T # A for any
A € Cand or(x) G o(T) for some x € H \ {0}, then T and T* have a nontrivial hyperinvariant subspace.

Proof. Since R has the Bishop’s property (), T is decomposable from Theorem 3.1. The proof follows from
similar arguments in [12]. O

An operator T in L(H) is called quasitriangular if T can be written as sum T = Ty + K, where Tj is a
triangular operator (i.e., there exists an orthonormal basis for H with respect to which the matrix for T, has
upper triangular form) and K € K(H). We say that T is biquasitriangular if both T and T* are quasitriangular
(see [14] for more details).

Corollary 3.3. Let T € PS,(R) for some complex symmetric operator R € L(H). Then the following statements
hold:
(i) If R has the single-valued extension property, then

O_u(T*) = O'(T*) = UH(T)* = O—(T)* = O'su(T)* = O'su(T*)‘

Moreover, in this case, T is biquasitriangular.
(ii) If R has finite ascent of order m(> 2), then T and T" are finite ascent of order n. Moreover, in this case,
ker(T) N ran(T") = {0} and ker(T*) N ran(T*") = {0} for some n € IN.

Proof. (i) Since R is complex symmetric and it has the single-valued extension property, it follows from
Theorem 3.1 and [8] that T and T* have the single-valued extension property. Then o(T*) = 0,(T*) and
a(T) = 04(T) (see [1] or [13]). For any T € L(H), 0,(T*) = 05(T)". Hence it holds that

04(T") = o(T") = 04(T)" = o(T)" = 05u(T)" = Tsu(T")-

Moreover, since T and T* have the single-valued extension property, we conclude from [14] that T is
biquasitriangular.

(ii) Assume that ker(R™) = ker(R"*!) for some m > 2. If T € PS,(R), then T" = X~'R"X for some positive
integer n. It suffices to show the inclusion ker(T"*!) c ker(T"). If x € ker(T"*!), then T"*lx = 0, i.e.,
T™x = 0. Since T € PS,(R), it follows that T"" = X"'R"™X, which implies that T""x = X"'R"™Xx = 0 and
so R"™Xx = 0. Since mn > n + 1, R"Xx = 0 and so T"x = 0. Hence x € ker(T"). Thus ker(T"*!) C ker(T"). So
T has finite ascent. Moreover, since R is a complex symmetric operator and R has finite ascent, it follows
that R* has also finite ascent by [11, Lemma 4.2]. Hence T* has finite ascent using the above similar way.

By the above statement, T has finite ascent. If y € ker(T) N ran(T"), then Ty = 0 and y = T"x for some
x € H which implies that T"*1x = Ty = 0. Since x € ker(T"*') = ker(T"), we have y = T"x = 0. Hence
ker(T) N ran(T") = {0}. Moreover, since T* has also finite ascent, we get that ker(T*) N ran(T*") = {0} using
the above similar method. O

Recall that for T € L(H), we define the Weyl spectrum ¢,,(T) and the Browder spectrum ¢;(T) by
0w(T)={A € C:T - A is not Weyl}

and
0p(T) ={A € C: T — A is not Browder}.

It is evident that
0e(T) C 0y(T) C op(T).
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We say that Weyl’s theorem holds for T if
o(T) \ oo(T) = 0w(T), or equivalently, o(T) \ 0(T) = 10(T),

where 710o(T) = {A € iso(o(T)) : 0 < dimker(T — A) < oo} and iso(c(T)) denotes the set of all isolated points of
o(T).
We define the definitions of some spectra;

0ea(T) := N0 (T + K) : K € K(H))}
is the essential approximate point spectrum, and
0a(T) := N{o,(T + K) : TK = KT and K € K(H)}

is the Browder essential approximate point spectrum.
We say that

(i) a-Browder’s theorem holds for T if 6e,(T) = 0a(T);

(ii) a-Weyl's theorem holds for T if 0,(T) \ 0ea(T) = 15, (T),
where 75, (T) := {A € is0 0,(T) : 0 < dimker(T — A) < oo}.

It is known that
Browder’s theorem <= a-Browder’s theorem

m m

Weyl’s theorem <= a-Weyl’s theorem.

Corollary 3.4. Let T € PS,(R) for some complex symmetric operator R € L(H). Suppose that R has the single-
valued extension property. Then the following statements hold:

(i) Weyl'’s theorem holds for T if and only if a-Weyl’s theorem holds for T.

(i) Weyl's theorem holds for T* if and only if a-Weyl’s theorem holds for T*.

(iif) Browder’s theorem holds for T and T*.

(iv) a-Browder’s theorem holds for T and T*.

Proof. (i) Since R has the single-valued extension property, it follows from Corollary 3.3 that o(T) = 0,(T)
and o(T") = 0,(T"). Hence 7§, (T) = 1t00(T) and 7t,(T*) = 7100(T"). Moreover, since T* has the single-valued
extension property by Theorem 3.1 and [8], it follows [1, Corollary 3.53] from that 0,,(T) = 0.,(T). If Weyl’s
theorem holds for T, then 7t,(T) = 100(T) = 0(T) \ 05(T) = 0a(T) \ 0ea(T). Hence a-Weyl’s theorem holds for
T. The converse implication is trivial.

The statement (ii) holds by similar methods (i). The statement (iii) and (iv) hold by [1] and (i). O

For an operator T € L(H), the commutant of T, denoted by {T}’, is the collection of all S € L(H)
commuting with T. We say that an operator T € L(H) has the property (E) if there exist sequences
{B,} ¢ L(H) and {K,} c K(H) such that ||B, — T|| —» 0, K,B, = B,K, for each n € N and {K,} is a
nontrivial sequence of compact operators. An operator T in L(H) will be said to have the property (PS) if
there exist sequences {S,} C {T} and {K,} € K(H) such that ||S, — K,|| = 0 and {K,,} is a nontrivial sequence
of compact operators. An operator T € L(H) is said to have the property (A) provided that for every (not
necessarily strict) contraction S, every operator X with dense range such that TX = XS, and every vector
x € H, there exists a nonzero polynomial p(z) such that p(T)x belongs to ran(X). An operator T € L(H) is
said to have the property (K) if for every A € o(T) and for every € > 0, there exists a unit vector x, ¢ in H such

that limsup, _, _ [(T - A)”x;\,ell% < € (see [7] for more details).

Proposition 3.5. Let T € PS,(R) for some complex symmetric operator R € L(H). If R has the property P where P
is (E), (PS), or (K), then T" and (T")" have the property P for some n € IN.
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Proof. (i) If R has the property (E), then there exist sequences {B;} ¢ L(H) and {K;} C K(H) such that
IBj = RIl = 0, K;B; = BjK; for each j € IN, and {K;} is a nontrivial sequence of compact operators. Since
T € PS,(R), it follows that (X'B!X} ¢ L(H) and {X"'K!X} ¢ K(H) such that (X TK!X)(X'BX) =

(X‘lB;'X)(X‘lK;’ X)foreach j € N, and { X‘1K7X }is a nontrivial sequence of compact operators. Furthermore,
IXT'B;X)" = T"|| = X' B} X = T"|| = 0 @)

as j — 0. Hence T" has the property (E).

(ii) If R has the property (PS), then there exist sequences {S;} C {R}" and {Kj} ¢ K(H) such that
IS; — Kjll — 0 for each j € IN, and {K;} is a nontrivial sequence of compact operators. Since T € PS,(R), it
follows that {X‘ls;?X} c {T"}) and {X‘lK;?X} C K(H) such that

I(X71S;X)" — (XT'K;X)"|| = ||X‘1S']?X - X-1K7X|| -0 (8)

as j — 0and {X’lK;? X} is a nontrivial sequence of compact operators. Then we get that T" has the property
(PS).

(iii) Suppose that R has the property (K). This means that for every A € o(R) and every € > 0, there exists
a unit vector x, . in H such that

limsup (IR = A)x, 7 <e. (9)

]—)OO

For every u € o(T") = o(R") = o(R)" and every € > 0, there exists a A € g(R) such that u = A”". Since
T € PS,(R), it follows that

IT" = ) ypell = IXTHR" = 1) Xy ell
X7 j
mH(Rn — 1 xsell (10)
where ¢ 1= ”ij—ﬁi” is a unit vector. Hence
. IX7H i e |
IT" = @) yuelll < (m)’ IR = A"l
€
-1
X7 NS 0 N gt iy o
() QLA RYIIR = AVl (11)
© i=0

Taking limsup in both sides of (11),

lim sup [(T" = )yl < limsup (R = A)x, I < e

]—)00 ]—)OO

from (9). Hence T" has the property (K).

For the remaining parts, if R is complex symmetric and it has the property P, then it follows that R*
has the property P from [10, Proposition 3.12]. By similar arguments of (i)-(iii), we get that (") has the
property P. O

Corollary 3.6. Let T € PS,(R) for some complex symmetric operator R € L(H). Then the following statements
hold.

(i) If R has the property (E), then there exist sequences {C;} C L(H) and {E;} C K(H) such that ||C; — T|| — 0,
E;Cj = C/E; for each j € IN, and {E} is a nontrivial sequence of compact operators where o(C}?) does not separate 0
from oo for sufficiently large j. In this case, T has the property (E).

(ii) If R has the property (PS), then there exist sequences {D;} C L(H) and {E;} C K(H) such that |[D; - Ej|| — 0
and {E;} is a nontrivial sequence of compact operators where o(D;?) does not separate O from oo for sufficiently large j.
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Proof. (i) From (7) in Proposition 3.5, set C; = X 'B jX. Then we have
limsup G(C?) c o(Th.

]—)DO

For sufficiently large j, a(C}“) C (o(T"))e where (o(T")). is an open set containing o(1"). Then G(C;?) and o(T")
separate 0 from oo for sufficiently large j. So we can define log(C}’?) and log(T") by using the Riesz-Dunford

functional calculus and choosing an analytic branch of the function logz. Furthermore, for t > 0, the operator
Tt := ¢t is well-defined. From (7), we get that

nlllog(C;) = log(T)|| = [llog(C;)" — log(T™)|| = 0

as j — 0. Therefore [|log(C;) — log(T)|| — 0 as j — 0. Since ¢ is an entire function, it follows that ||C; — T|| =
llefos©) — elosMD|| - 0 as j — 0. Set E; = X'K;X, it is clear that E;,C; = C,E; for each j € N, and {E;} is a
nontrivial sequence of compact operators. Thus T has the property (E).

(ii) From (8), set D; = X™'S;X and E; = X'K;X, we have

lim sup O(D';) C O(E';).

]*)00

For sufficiently large j, o(D]’?) C (a(E;?))e where (U(E'j?))g is an open set containing O(E]’?). If (O(E]’?))e separates
0 from oo, then G(D}l) and G(E?) separate 0 from oo for sufficiently large j. From (8), we get that

nlllog(D;) — log(E))|| = [llog(D;)" — log(E;)"|| = 0

as j — 0. Therefore [[log(D;) — log(E;)|l — 0 as j — 0. Since ¢* is an entire function, it follows that ||D; — E;|| =
llelos®i) — o9 ED|| — 0 as j — 0 for each j € N and {E;} is a nontrivial sequence of compact operators. []

Corollary 3.7. Let T € PS,(R) for some complex symmetric operator R € L(H). Then the following statements
hold:

(i) If T # A and R has the property (PS), then T" and (T")* have nontrivial hyperinvariant subspace.

(ii) If R has either the property (PS) or (E), then T" and (T")* have the property (A).

Proof. (i) It follows from Proposition 3.5 and [7, Theorem 1.4].
(ii) It follows from Proposition 3.5 and [7, Proposition 2.1]. O
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