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Abstract. In order to provide a unified treatment for the continuum and digital realm of multivariate data,
Guo, Labate, Weiss and Wilson [Electron. Res. Announc. Amer. Math. Soc. 10 (2004), 78-87] introduced the
notion of AB-wavelets in the context of multiscale analysis. We continue and extend their work by studying
the frame properties of AB-wavelet systems {DADBTkyZ)” (kezZ', 1< L)} in L2(R"). More precisely,
we establish four theorems giving sufficient conditions under which the AB-wavelet system constitutes a
frame for L?(R"). The proposed conditions are stated in terms of the Fourier transforms of the generating
functions.

1. Introduction

A complete representation of non-stationary signals requires frequency analysis that is local in time, result-
ing in the time-frequency analysis of signals. Although time-frequency analysis of signals had its origin
almost sixty years ago, there has been major development of the time-frequency distributions approach in
the last three decades. The basic idea of the method is to develop a joint function of time and frequency,
known as a time-frequency distribution, that can describe the energy density of a signal simultaneously
in both time and frequency. Unlike the case with orthonormal bases, series expansions of functions with
frames give such information at fixed discrete points in the time-frequency plane under relatively flexible
criterion. The theory of frames was initiated by Duffin and Shaeffer [7] with regard to certain interesting
problems in non-harmonic Fourier series, and more precisely with the query to determine when a family of
exponentials {ei“"t ‘ne Z} is complete for L?[a, b]. Apparently, the significance of the idea was not realized
by the mathematical community; at least it took almost 30 years prior to the next printed treatment. In 1986,
Daubechies et al. [4] revisited the theory of frames and pointed out that orthonormal basis like series expan-
sions of functions in L%(R) can be obtained via frames. This pioneering treatment had a profound impact
and the theory of frames began to be investigated in a broader context, particularly in the more specialized
areas of wavelet frames and Gabor frames. Nowadays, the theory of frames has attained respectable status
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in the realm of mathematics with numerous implications in signal and image processing, harmonic analysis,
Banach space theory, sampling theory and filter banks, and is a pivotal tool in the modern time-frequency
analysis [1, 5, 6].

It is a fact that wavelets serve as a promising and powerful analyzing tool for time-frequency analysis
and have been applied in a number of fields mainly due to the reason that wavelets offer good properties
like symmetry, regularity, continuity, and compact support. However, the standard orthogonal wavelets
suffer from three major limitations: poor directionality, shift sensitivity and lack of phase information.
These disadvantages severely restrict its scope for certain classes of singular integral operators, signal and
image processing applications such as edge detection, image segmentation, motion estimation, and so on.
To overcome these limitations, Guo et al. [8, 9] introduced the notion of AB-wavelet systems in L>(IR") as
a directional representation system in order to provide a unified treatment of the continuum and digital
realm. These systems have the following form:

Wap(y,j.k) = {DaDsTiy)' : A€ ABeBkeZ' 1< <L)

= {0(0) = g?Y(AB'x—k): jeZ, ke 2" 1 s L <L), (1.1)

where L = min{m : B" =I,m 2 1,m € Z}, Ty are the translations, defined by T f(x) = f(x — k), D4 are the
dilations, defined by

Daf(x) = q"*f(Ax) (q = |detA]),

and the sets A and B, which may not be commuting matrix sets, are denumerable subsets of GL,(IR).
Generally, certain constraints are put on the sets A and B. For instance, A is typically chosen to be a
collection of invertible matrices with eigenvalues |A| > 1 and B to be a group of uni-modular matrices.
Nevertheless, such constraints are not always necessary (see [14]).

The AB-wavelet system W g(, j, k) is referred to as a AB-wavelet frame, provided there exist scalars
Cand D (0 < C £ D < o) such that the following inequality:

L
=Y Y Y et = ol (12)

(=1 jeZ kezn

holds true for every f € L?(R"). We call the optimal constants C and D the lower and upper frame
bounds,respectively. A tight AB-wavelet frame refers to the case when C = D. Furthermore, a Parseval frame
refers to the case when C =D = 1.

The redundancy and flexibility offered by wavelet frames have impelled their implications in nu-
merous areas of mathematics, physics and engineering. Owing to the increasing number of applications,
significant attention has been paid to find the necessary and sufficient conditions for the wavelet systems to
constitute frames in L?(R") in recent years. For instance, Daubechies [3] proved the first result on the neces-

sary and sufficient conditions for the following conventional wavelet system {1# i = a) 2¢(af x —kb) ke Z}

to constitute a frame for L2(IR"), Chui and Shi [2] refined the result of Daubechies in [3], Christenson [1] estab-
lished a stronger version of Daubechies sufficient condition for wavelet frames. Recently, these conditions
have been further refined and investigated by several authors (see, for example, [10-13, 15]). Therefore,
the main objective of this article is to establish conditions on the wavelet function ¢ and the dilation and
translation parameters so that the corresponding AB-wavelet system W 4g(1, j, k) given by (1.1) constitutes
a frame for L2(IR"). Particularly, we derive four sufficient conditions for the AB-wavelet system Wap(y, j, k)
to be a frame for L*(IR") using the machinery of the Fourier transforms.

The rest of this article is organized as follows. In Section 2, we first present some notations and
prerequisites related to the AB-wavelets. We then establish, in Section 2 itself, four sufficient conditions for
the AB-wavelet frames in L?(IR") via Fourier transforms.
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2. AB-Wavelet Frames in L2(R")

We shall use the following conventions throughout this paper. We adopt the notation that the time domain
is represented by R", and its elements will be column vectors denoted by letters of the Roman alphabet,
x = (x1,X2,...,x,)" € R". The elements of the frequency domain will be row vectors, & = (&1, &, ..., &) € R".
We denote by T" = [-1/2,1/2]" the n-dimensional torus and hence, clearly, the subsets of IR" are invariant
under Z" translations and the subsets of T" are often identified. We use the Fourier transform in the form
given by

f&) = f f(x)e ™. 2.1)
]RH
As such, the Fourier transform of the AB-wavelet system W4p(y, j, k) is given by
PiuE) = g RP(ATTB ), 2.2)

where A* and B* denotes the transpose of A and B, respectively. Before proceeding further, it is useful to
state a basic lemma the proof of which can be found in Christensen [1].

Lemma 1. Suppose that {fi};., is a family of elements in a Hilbert space H such that there exist constants
0 < C £ D < oo satisfying the following inequality:

2
> 2.3)

clill = L (5] =0l

for all f belonging to a dense subset © of H. Then the same inequalities (2.3) are true for all f € H, that is, { fi};_, is
a frame for H.

In view of Lemma 1, we will consider the following set of functions:
D= {f € L2(R") : f € L°(R") and f has compact supportin R" \ {O}}.

Itis clear that D is a dense subspace of L*(R"). Therefore, it is sufficient to verify that the AB-wavelet system
Wag(¥, j, k) given by (1.1) is a frame for L*(R") if (1.2) holds true for all f € D.

We now prove a lemma which will be used in the proofs of our main results.

Lemma 2. Suppose that the AB-wavelet system W ap(, j, k) is defined by (1.1). If f € Dand ess sup { Yi, Yiez (1][3((14*)—1'(3*)‘”5)|2 :
1§5§q}<oo,then

L L
Y Y YN e = [ el Y (e re) de+ v, 04

=1 jeZ kezr =1 jez

where

L
Ro(H=Y Y Y. fR FEPAYTBYEF (& + (A (BY'5)P((A) B *E +s)de. 2.5)

(=1 jeZ seZ"\{0}

Furthermore, the iterated series in (2.5) is absolutely convergent.
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Proof. For fixed j € Z and f € D, we first examine the expression

T lrvial = LI dial
=),

kezn

:qu

kezn

:qu f Ji (A*)]'(B*)fé)@ezmkédg f fmd}(ae—zmké i
kezn

_ ql Z Z f (A )](B ) &+ S)) ¢(5 +5) 62n1k5 déf W¢(g) e—2mk£ &

kezZnr seZ"

f f&q J/ZW 2B ATkE dé‘

AAYBY (e

R"

:qu f((A )i(B* )'f’é ¢(£){Zf A)J(B)(é+5))¢(£+s)}dé

seZ!

fféw (A)T(B) 1) {Zf £+ (AY(BY)'s) (A7) <B>fcf+s)} d.

seZ"
We then have
L
Y Y ) 22[ FO((any ) e) {Xf £+ (A (BYs) () I(B)- f&+s)} ae
t=1 jeZ kez" t=1 jeZ sezZ’
= Qu(f) + Ry(f), (2.6)
where

L

n=yy f |Fenp(ayi@yre) e, @7)

=1 jezZ

Ry(f) = ZZ, f FEB(AYTBYCENS (& + AV B)s) h((A) I (B)E +5)de. 2.8)

(=1 jeZ seZ"\{0

Implementing our assumption, it follows that Qy(f) is convergent.
We now turn to prove that the iterated series in (2.5) is absolutely convergent. We note that

|9 (7B ) (e +9) = 5 [[o (@@ )] + [fariEyie )]

It is easy to verify that the convergence of |Ry(f)| follows from the convergence of

VY Y [ el ey aror o)«

(=1 jeZ seZ"\{0}

f{ZZ q]'f (AYBYE)||f (VB &+ AV BYs)

(=1 jeZ seZ"\{0

I de.

Since s # 0 and f € D, there exists a constant | > 0 such that, for all j = ], we have

Ay B ) Ay E) e+ (A)(B)s)=0
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On the other hand, for each fixed j < ], the number of s € Z" for which the above product is nonzero is less
than or equal to Mg~/ for some constant M. We thus find that

L

YYY, dlf(@yeye)

(=1 jeZ seZ"\{0}

L
fay@ye+@ye)s)| smY Y AL s(@ye)e), @9
=1

=]

where 15(&) is the characteristic function on a compact set S in R" \ {0}. Since A is an expansive matrix and B
is a rotation matrix, so we observe that M; < |(A*)f (B*)'E | < M,, where M; and M, are constants. Therefore,
we can find a constant K > 0 such that the inequality (2.9) is less than MK“ ﬂji Thus, the iterated series in
(2.5) is absolutely convergent. The proof of Lemma 2 is complete. [

In order to derive the first sufficient condition for AB-wavelet frame in L?(IR"), we set

L
Ay(m) = ess sup Z Z |ﬁ¢<m, (A*)_j(B*)_[£)|, (2.10)
1=829°¢=1 ez
where
By (m, ) = Y B((AV B EP((AV (B (E +m)). (2.11)

k#0

We also use the following set:
A={ABpn+t:nezZ"1<L<q)

Theorem 1. Let i € L?(R") be such that

L
i) =ese s T T () - Tt tem] >0,

T t=1 jez meA

L
Di) = ess sup Y. Y [GAIEY ) + Y [Autm) Agom] < o

1=5q°0=1 jez meA

Then the AB-wavelet system W ap(y, j, k) given by (1.1) constitutes a frame for L2(R") with bounds Cy(¢) and
D1 (y).

Proof. Since the last series in (2.5) is absolutely convergent for every f € O, we can estimate Ry(f) by
rearranging the series, changing the order of summation and integration by Levi’s Lemma as follows:

L -
Ry(H=Y Y fR fed(arie)e) [Z f&+@AYB)n) (A7) T(B) e + n)} de

(=1 jeZ n#0

L —_
YY) (5)[ 2 2 9(A)IE) 1) (&4 Ay HE m) A By e+ (A*)k(B*)fm)]dg
je

=1 jeZ k#0 meA

L
fR " f(g)[ YY) (A THEBYTE)f (& + AVB) m) P(Ar) B E + (A*)k(B*)f’m)]dé

(=1 jeZ k+0 meA
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_r L
) fRf [ZZZf £+ (A B m) Y B EYe) w(<A*>k<B*>-f(<A*>—fg+m)}dg

(=1 jeZ meA k#0

L

22 2 F(E+ @B m)y(m, (A7) <B">‘€5)] a
(=1 jeZ meA

: [ T (& + e m) om0 E) e
(=1 jez meA Y R"

We further deduce that

Ry(f)]

I (& + aymym)| |y m, (A*>-f<B*>-fa)|] ae

=Y XX [ ol cay ey ce)] [ (e + cayieym) o om iy )| e

3 £ v |? P 121 P wirpel. AP 7ty —C 1
<Y A[ Joof fm @y <elae] | [ [f(es @@ ym) o arie e

11/2 ¢ L

| (=1 jeZ
/2

1

L

)3

=1

: L :1/2 i

Y f F© po(m, Ay i@y te)as| | Y f £ o = m, (A7) (B n)\dn]
(=1 jez YR" ]

| (=1 jeZ
1/2

lIA
|Mv|
%

Jf©f ayom dé]m [ f AL Aol m)dé]

3
m
>

(fof ae Y [Agn) - age-m)] .

meA

Il
T

Consequently, it follows from the expression (2.4) in Lemma 2 that

f li6] {ZZ|¢ @yieye) Z[A¢<m>~A¢<—m>]”2}dsg

=1 jezZ meA

TMH

Z Z Kf ¢f;k>|2 (2.12)

and
L 1/2
Z () =f fef {ZZW @B E) + Y [Agtm) - Ag(-m)] }dg. (2.13)
=1 jeZ kezZ" =1 jeZ meA
Taking the infimum in (2.12) and the supremum in (2.13), we see that
L
il s LY, L)l s ol
(=1 jeZ kezZ"

holds true for every f € D. The proof of Theorem 1 is complete. [

[ Vol fpofm ayieyeefad XY [ (e e m)] s A>J<B>f5)|d5]
Z
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Theorem 2. Let iy € L?(R") be such that

L
Co() = ess mf {ZZ|¢) (A)(B)” €§)’2 ZZ

=1 jezZ t=1 jeZ k0

D, (1) = ess sup Z Z Z

1=¢29'¢=1 jeZ k=0

B IBYE)p(A) (B4 +K) } -0,

(A)TBY1E)((A) T (B)LE + k)‘

Then the AB-wavelet system W ag(y, j, k) given by (1.1) is a frame for L>(R") with bounds Cy(y) and Dy ().

Proof. We apply Lemma 2 to estimate Ry(f) in (2.5) for f € D by using another technique. We first deduce
that

L —
Rohl= |22, Zf FEOB(AYTBY1E)f (& + AV (B K) ((A)I(B) 1 + K)de
(=1 jeZ k+0 R"
L 1/2
W {f f&f ‘IP (A TBY&)P(A)T(B)- f£+k)‘d£}

=1 jeZ k+0

1/2
‘f 5 + (A*)]-(B*)gk)‘z ‘J}((A*)—j(B*)—[é)@((A*)—j(B*)—fg +k) dé’}

A

L 172
<2 {Zf ff |¢ (AT BYE)P((A)i(Br)- ‘é+k)‘d5}

=1 jeZ \ k+0

=

1/2
fR 7 (e + s )f’k' ‘Ip (A T(BY ) P((A) (B t’g+k)‘d5}

1/2

dg}
1/2

dn}

(AT BY e (A i)t +k)\ dz.

—_—
fon
*
S

=1

)LE)P((An) (B E+K)

/—/A

e k+0

.

*10(n B0 — k)d((A)i(B) )

—_——
i
H
o

=

)

1 je

L
(=

N

k#0

Using Levi’s Lemma once again, we obtain

Rl = [ 17 {ZZZ

(=1 jeZ k0

(A B ) (A i(B)- fa+k)}}da

Also, by applying (2.4), we have
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)f(é 12{2 p(ayieyte)| ZZZ\w () B)f’é)&((A*rf(B*)-fé+k)i}d5

(=1 jezZ t=1 jeZ k0

ZL: .2, |<f , ‘l’?,k>|2 (2.14)

t=1 jeZ kezZ"

IIA

and

ZL',Z (7.l flf(é)F{iZZ

=1 jeZ kE " =1 jeZ k#0

)BT P((A) (B E + k)'} dé. (2.15)

Now, by taking the infimum in (2.14) and the supremum in (2.15), we observe again that
L 2
S IN N ELACGI S
(=1 jeZ kez»

This completes the proof of Theorem 2. [J

In order to state our next sufficient condition, we first introduce some further notations. Given the
dilation matrix A and the rotation matrix B, similar to the ga-adic number [1], the AB-adic vector is defined

by
I={aeR":3(jmeZxZ" a=A)I(B)m1<l<L} (2.16)

Also, for all « € T, we define

o) ={(jm) e ZxZ":a = (AYI(B) ‘m1< <L), (2.17)
L

Y& =Y, Y, P B ) ((A) (B L+ m) (218)
=1 (jm)el(a)

and

L

&)=Y Y, (@B E)d((A)i(B)LE - m). (2.19)
=1 (jm)el(a)

Theorem 3. Let 1 € L2(R") be such that

Cs(y) = ess mf Y+(é) 2 |Y+(5

ael'\{0}

Ds()) = ess sup Z |T:;(é)| < oo,

15859 peT\ (o)

Then the AB-wavelet system W ag(, j, k) given by (1.1) is a frame for L>(R") with bounds C3(y) and D3(y).
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Proof. We first note that

Y50 = e e[

=1 }EZ

We apply Lemma 2 to re-estimate Ry (f) for f € D as follows:

Ry(f) = ZZf fEg(Aay @) e) {Zf £+ (AY(B) m) (A7) (BY) "cf+m)}d5

=1 jeZ m#0

L
Y LY [ RO o) (i@ )i e e+ mhis
{=

1 jeZ m#0

L
Y Y, f FOF (& + @AY BYR)P(AYTB)E((A)I(BY)E +k)de

(=1 aeT\(0} (jl)el(a) VR

f Of (E +a) { Y (A TEY (A B + k)} dé

(=1 (jk)el()

ael'\{0}

=), fR fofEroried (2.20)

ael\ {0}

Using the Cauchy-Schwartz inequality, Eq. (2.20) becomes

Ry(f)] < { f fef |Y+(E(dé} { f fEe+a)|rs 5)|d5}

ael\{0
{Z f fef 1T+(5)|d5} { Y, f fe+ o) |T+(£)|dé} . 2.21)
ael’\{0} ael’\{0}

For 1 = & + a, we deduce from a = A*/B*k for (j, k) € I(a) that
L

O =Y, Y (A E)p(Aa)iE)c+k)

=1 (jk)el(a)

L
=Y ) (@B - O)p((A) B - &) + k)
=1 (jk)el(a)
L - 669696
=Y ) (@) TBY - k)((AiB) )
=1 (jk)el(a)
=Y, ().
Therefore, we have
Y prel= Y
ael\{0} ael'\{0}

Replacing & + a by 1 in the last integration of (2.21), we find from (2.21) and (2.22) that

Z f |f(é)| (Y+(€)|d£} { dq} f \f(g)( {M\ |T;(5)|}d5.

ael\{0
(2.23)

ﬁ’ . (2.22)

Rt = {

ael\{0
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Lemma 2 and the inequality (2.23) imply that
) L
f £ {Tg(»:)— Y, m(aﬂ} <Y 92 eb]kl
R ael\ (0} (=1 jeZ kez"

and

1=

(i) = f |f<é>|2{Ya<«s>+ Y a(é)'}dé
R ael\ {0}

S
Il
—

J€Z kezZ!

or, equivalently,

Y Y Y re s [

(=1 jeZ kez»

{Z ) }da

ael

Upon taking the infimum in (2.24) and the supremum in (2.25), we see again that

L
Wl Y Y Y (vl < oswllA:

(=1 jeZ kez"

The proof of Theorem 3 is complete. [

With the notations in (2.18) and (2.19), we define the new sets as follows:

Q= esssup{|Y;(cf)| 15€EL q}, Q) = esssup{hf;(é)) 11£EL q}.

Theorem 4. Let 1 € L?(R") be such that

e =ess ot {3 ¥ (e }- ¥ ]

=1 jeZ ael’\{0}
and
Dy(y) = ess mf {ZZ‘W (A)I(BY)” fé)' } Z [HZ H;]l/z .
Lz alm(0)

Then the AB-wavelet system W ag (), j, k) given by (1.1) is a frame for L>(R") with bounds C4() and Dy(y).

Proof. By using the equation (2.20), we have

[Ry ()] = aemo}{f f@f rie) (dé} 2{f ‘f(£+a)‘2 |Y;(g))dg}

- ¥ { f fofbela) | [ Vof Felac)

ael\{0
fof ae.

1/2

a (X

=

3596

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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Proceeding similarly as in Theorem 1, we have

L
f £ ( (i) e | Z [ 1L, 1/2) EWIN (A | (2.29)
t=1 jeZ ael'\{0 t=1 jeZ kez"
and
L
ZZZKﬂ%k f fof ( Ay "€| + ) [ )dé. (2.30)
=1 jeZ kezZ" t=1 jeZ ael'\{0}

The last two inequalities (2.29) and (2.30) imply that

awlfb =Y Y Y[ eh) s awlflE

(=1 jeZ kezn

This completes the proof of Theorem 4. [

3. Concluding Remarks and Observations

The present investigation was motivated by the recent work on a unified treatment for the continuum and
digital realm of multivariate data by Guo et al. [8], who introduced the notion of AB-wavelets in the context
of multiscale analysis. Here, in this sequel, we have continued and extended their work by studying the
frame properties of the AB-wavelet systems {DADBTH[)‘) (keZ' 1t L)} in L?(R"). More precisely, we
have established four theorems (see Theorems 1 to 4 of the preceding section), each of which is intended
to give sufficient conditions under which the AB-wavelet system constitutes a frame for L>(IR"). We have
chosen to state the proposed conditions in terms of the Fourier transforms of the generating functions. Our
results are believed to be potentially useful in several areas of the mathematical, physical and engineering
sciences.
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